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AS SIMPLE AS POSSIBLE...

Over the years a series of techniques has been maturing, enabling the computation of many new soft and
beam functions at N2LO

[1102.4344] Jouttenus, Stewart, Tackmann, Waalewijn [1608.01999] Gangal, Gaunt, Stahlhofen, Tackmann
[1206.4312] Tackmann, Walsh, Zuberi [2012.09213] Bauer, Manohar and Monni
[1412.2126] Banfi, McAslan, Monni, Zanderighi [2204.02987] Abreu, Gaunt, Monni, Szafron
[1512.00857] Kasemets, Waalewijn, Zeune [2207.07037] Abreu, Gaunt, Monni, Rottoli, Szafron

* Compute new soft and beam functions as corrections to existing results
* Use non-Abelian exponentiation where possible
* Forthe remaining colour channels compute a simplified observable to capture (most of) the singularities
* Compute the remainder (mostly) numerically
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There is an existing automated, numerical code to compute soft functions at N2LO [SoftServe: Bell, Rahn, Talbert], but
here our aim is to make N2LO as simple as possible, and in a manner which can be readily extended to higher orders.
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PART 1: Analytic results for C-angularity soft function at NNLO

Based on [2512.23398] with
Alexander Bennett (Durham University), Jonathan Gaunt (University of Cyprus) and Elsa Lang (Trinity College Dublin)



DIJET EVENT SHAPES

Dijet event shapes, 7, , are distributions that are dominated by two almost back-to-back collimated sets of
particles in the limit 7, — 0. Awide class of event shapesine*e™ — X is given by

ro(X) = g RGN

1€ X

Factorisation as 7, — 0 [0801.4569] Bauer, Fleming, Lee, Sterman

1 do
o(0) dr.
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DIJET EVENT SHAPE LANDSCAPE

See Hannah’s talk

Why study ete™ event shapes in 2026 ?

* Future colliders: FCC-ee, CEPC, CLIC, ILC
« ete™ alliance: New measurements of thrust using archived DELPHI [2510.18762] and ALEPH [2507.14349] data

* Tensionin ag extracted from thrust [2412.15164], [2501.18173], [2603.06091],...
* Slicing variables in hadron colliders. t

See Paulo’s talk 1 S
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SOFT FUNCTIONS FOR DIJET EVENT SHAPES AT NLO
At NLO, the soft function for a dijet event shape is given by

 8CRpe® 1 (T>—1—2€

Slgare(l) (T) p

T =,

where the only dependence on the observable is given by the integral

©.@)
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For some classic event shapes, this rapidity integral is [1411.6633] Hoang et. al.
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SOFT FUNCTIONS FOR DIJET EVENT SHAPES AT NLO

At NLO, the soft function for a dijet event shape is given by

8CReT” 1 T
SPere)(T) = = Fy(e)~ (Z>
I'(1—¢) TN
where the only dependence on the observable is given by the integral
o= [ an(fm)* Fo= Y @l
—o° i=—1
For some classic event shapes, this rapidity integral is [1411.6633] Hoang et. al.
1 1 ['(e)?
Frog=—"—— _ = Foo =
’ (1 —a)e Fro € I 21" (2¢)

For C-angularity, we have

B a = 21;((62(61<1_f>;)) = ﬁ —€(2(l—a)+e ( ) (3 + O(e )

As an aside, the observable-dependence of the non-perturbative shape function, can be immediately obtained
by settinge = 1/2 [Lee & Sterman, hep-ph/0611061, hep-ph/0603066]



SOFT FUNCTIONS FOR DIJET EVENT SHAPES AT NLO

The renormalised soft function satisfies the RGE

q O(x) . ,x
u@Se(T, n) = [Ls Lo(T, 1) +450(T)] @1 Se(T, 1) £nl@, 1) = [ &

We expand the renormalized soft function in plus distributions
SONT) = —T& L4(T) = 43 Lo(T) + S 6(T)

In terms of the integrated shape function,

F, = / " @)

—
the coefficients of these distributions are given by

r% — 4pl-1po 50 — _8CRF s =20 [@Fe[—” _ ngﬂ

cusp



SOFT FUNCTIONS FOR DIJET EVENT SHAPES AT NNLO

At NNLO, there are three colour factors. 012%
Representative diagrams for these
colour factors are:

The coefficients Fe[_1 ], Fe[o ], Fe[l] fully determine the Cj term, which is given by “squaring” the NLO resullt.

2 1
ST = SINT) @7 SO(T)
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At NNLO, there are three colour factors.
Representative diagrams for these
colour factors are:

The coefficients Fe[_1 ], Fe[o ], Fe[l] fully determine the Cj term, which is given by “squaring” the NLO resullt.
(2.0%) e 1
SECR(T) = S8O(T) @7 SUNT)

For the non-exponentiating colour factors, it is useful to consider the inclusive analogue of the observable
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See also [2012.09213], [2604.1 3167]

We then write the full soft function as the inclusive soft function, plus a correction
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e—erg
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INCLUSIVE SOFT FUNCTIONS FOR DIJET EVENT SHAPES AT NNLO

Similar to what we did at NLO,

% = 4R 50 — _8CHED S =20k |GEEY - 2B

e cusp
solving the RGE lets us read off the 2-loop anomalous dimensions and constant term in terms of F,. The cusp is simply

Iy =4F. UL

cusp
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INCLUSIVE SOFT FUNCTIONS FOR DIJET EVENT SHAPES AT NNLO

Similar to what we did at NLO,
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cusp
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Finally, the boundary terms need the €! and €? coefficient of F,:
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CORRECTION FROM INCLUSIVE TO PARTONIC

Ssare(Q,c) (%ut) _ Ss?re(Z,c) (7::111:) 4+ 323261(2,6) (7—(:111;)

Recall our split

The correction from the inclusive can be written in terms of finite integrals

bare(2,c) 1 c,0 c,0 1 c,0 H ¢,
S / = I 21 477 1 I
e—er ( CUt) 2(1 . CL)E div. + reg. + 2(1 . CL) ( div. 108 (Tcut) + div.

which can be computed numerically, or analytically as an expansionin a.

. T : 300
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RNfLE o j 4
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| of ] |
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A 111 | SRS — = LO00EEEET T esmeranl e
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PART 2: Double-differential soft functions

Work with Jonathan Gaunt, to appear soon.



From ete™ to pp

In the first part of my talk we considered
dijet event shapesin ete™ collisions.

We now consider the production of a colour
singlet in pp collisions.
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In both cases the soft radiation only “ sees’ the
direction and colour of the jets/beams



RECENT PROGRESS IN JOINT RESUMMATION
[1401.4458] Larkoski, Moult, Neill, [1806.10622] Procura, Waalewijn, Zeune: Two angularities.

[1410.6483] Procura, Waalewijn, Zeune: pp — Z + 0j where the transverse momentum p; of the Z is measured and
jets are vetoed via beam thrust, J'. There is an interesting landscape of resummation, but in this talk, we focus on

T ~ pr, where the soft function is sensitive to both scales.

Z +

forward jet

leled

Order _ - ~
‘ d'o + 2 7 7 72 +
' dk™ §(p7— k1L +kot +k1|)6(T—kT)

1 |dQ2dy dp2dT

_: X [BQ(thlJ_v.ua V) B(f(m?a E2_L7“7 V) + (q NS Q)] S(k+a ELa.u'a V) .

v

> 69 H(Q? 1) / d%k1, d%ky, A%k,
q

1

pr

[1901.03331] Lustermans, Michel, Tackmann, Waalewijn: p7Z~ /Q and 7y /Q resummed to NNLL&NLO.

[1909.04704] Monni, Rottoli, Torielli: p¥ /my and p%/mH resummed to NNLL.

These double-differential results are also useful in studies of the Underlying Event [1602.08980], and could be used
to improve the formal accuracy of the GENEVA generator.



SOFT MEASUREMENT FUNCTIONS

Consider the production of a colour singlet h in addition to a hadronic final state, X, pp - h + X

Transverse momentum of h
M (pre) = 9(‘ Z kir| < pTc>
i

TMD N3LO [1604.01404]
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Consider the production of a colour singlet h in addition to a hadronic final state, X, pp - h + X
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SOFT MEASUREMENT FUNCTIONS

Consider the production of a colour singlet h in addition to a hadronic final state, X, pp - h + X

Transverse momentum of h
M (pre) = 9(‘ Z kir| < pTc>
i

TMD N3LO [1604.01404]

Jetvetoon X

M(TS) = 0( D Telhs) < T

Beam thrust N2LO [1105.3676]
‘Beam C-parameter’ N2LO [1812.08690]

MeJ(,]:hR) — H 9<7T8 (kj) < 72)
jeJ(R)

Rapidity-dependent jet vetos [1412.4792]
By, (; N2LO [1608.01999]

Auxiliary Measurements
Mey(Te) = 0(Te (3 ki) < 7Tc)

Inclusive angularity [2012.09213]
Inclusive C-angularity [2512.23398]
Inclusive N-jettiness [2604.13167]

MGU (7;) — 11
7
B;, C; N2LO [1608.01999]

0T (k) < Tc)

Joint measurement [this work]

MTe(me 7'c) — MT(pTC)Me(%>

MTGJ (pTC7 7-07 R) — MT(pTC)MeJ (7::7 R)

Auxiliary Measurements
MTeI (pTca 7::) — MT(pTc)MeI (,Tc)
!

Not IR safe, but a useful intermediate step

}
Mrey, (P1c, Te) = Mo (pre)Me,, (T¢)
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JOINT SOFT FUNCTION AT NLO

At NLO we have at most one real emission and the jet veto measurements coincide.

8;16) (7;7pTC7 s V) —

S (pre, pyv) + A

S’gﬂle) <7:Z7pTC)

Fore = B (thrust/O-jettiness, B, etc.) and ¢ = ( (C-parameter, C; etc.) we find a similar structure

4 N\
ASEL(Te, pre) = —8CRO (pre > To) 12 (qc) SW.(Te, pre) = —8CRO (pre > 270) IS (ue)
1 2
Iy(q) = §ln2q IS (u) = [ng( u) T (B 21n(1+ ) n (15 )]
\_ J J

[1410.6483] Procura, Wallewijn, Zeune

PTc

e

The ‘natural’ variables are and

dc =

(- ()
—4/1— respectively.
szc

11



NNLO: €2 CHANNEL

C2 85 (5p, T) = [s“) @71 S (G, T)

For the event-shape case, exponentiation is a double-convolution in momentum space:
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NNLO: €2 CHANNEL

For the event-shape case, exponentiation is a double-convolution in momentum space:

CR 5(2 CR)( T,T) [5(1) 7.7 S(l)](pT,T)

The jet-based case does not exponentiate, but we can write it as a correction to the unclustered soft function:

S;ilj]e@ CR)( pr, 7-cut7 R) S’_];E;re(2 Cr) (pTa 7::111:) + Sbare(Q Cr) (pT, 7::11’57 R)

Tles—eu]

which itself is given by a self-convolution:

are ]‘ are are —
C% S;€U<2 CR)(pT7 7'CU.t) — 5[5’?’6 W QT S;e (1>](pT7 7;11’5)
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NNLO: €2 CHANNEL

For the event-shape case, exponentiation is a double-convolution in momentum space:

L 1 L
Ch Sre™ (5r, T) = 5S¢ @1 Sp)(Br, T)

The jet-based case does not exponentiate, but we can write it as a correction to the unclustered soft function:

S;iie<2,CR)(ﬁT77-Cut7 R) _ S;i$(2,CR)<ﬁT77;ut) 4 S;are(2,CR)(ﬁTa7;utyR)

les—eu]

which itself is given by a self-convolution:

are — ]‘ are are —
C% S;GU <27CR)(pT7 7'CU.t) — 5[5’?’6 W QT S;e (1>](pT7 7;11’5)

We can perform this correction as a 3-fold numerical integral:

S} (e, T, R) = / dz dAy dAs O(AR < R)AZCR) (2, Ay, Ag)

T[GJ—GI

I
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For the event-shape case, exponentiation is a double-convolution in momentum space:

. 1 ,
Ch Sre™ (5r, T) = 5S¢ @1 Sp)(Br, T)

The jet-based case does not exponentiate, but we can write it as a correction to the unclustered soft function:

S;iie(2’CR>(ﬁTa7-cuta R) _ S’_;)"E;l;f(Q,CR)<ﬁT77::ut) 4+ S;are(2’CR)(ﬁT;7:;utyR)

les—eu]

which itself is given by a self-convolution:

are — ]‘ are are —
C% S;GU (Q’CR)(pTa 7'CU.t) — 5[5’?’6 W QT S;e (1)](pT7 7;11)5)

We can perform this correction as a 3-fold numerical integral:

S} (e, T, R) = / dz dAy dAs O(AR < R)AZCR) (2, Ay, Ag)

T[GJ—GI

I

\ . J
-~

MT[eU—eI] (pTc; 7;7 2y Ay7 A¢)

Weight-2 effective measurement 12




NNLO: €2 CHANNEL

For th m space:

0.

100t
g(2Cr) 1%
T[B,—B] —200%

The jethased case dc d soft function:

ba -3000
S Te —400 KV pd 0.0 ) R)
10—2 /V
which itself is given b 1071 e
100 05
1~
log(geut) 10
102 ¥
We can perform this cc 10> 10

S (pre, Te, R) = / dz dAy dAs O(AR < R)AZCR) (2, Ay, Ag)

T[GJ—GI

/ % d71?./\/1T(19Tc) [Meu (%)_MGI (72)}

\ >4
-~

MT[eU—eI] (pTc; 727 2y Ay7 A¢)

Weight-2 effective measurement 12




NNLO CRCA & CRnfTF

For the CrC4 and Cgns Ty, we can obtain the inclusive soft function by integrating the
fully-differential soft function

ASRE ) (pre, To) = / dgtdg~d*> %G AMre, (pre, To) Spx*®9 (¢t ¢~ Gr)

Lee, Mantry, Petriello, [1105.5171]

Then we write the partonic and jet observables as corrections to this inclusive function:

ASE (pre, Te) = AST (pre, Te) + S5 (pre, To)

ASY) (pre, Te, R) = ASY) (pre. To) + Syl o 1(pre. T, R)

For the jet measurement we can use the previous effective measurement!

Srs) o (pre, Te) = / dzdAy dAG (AR > R)Moiey —e ] A9 (2, Ay, Ad)

Tlej—er
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NNLO CRCA & CRTlfTF

! Eaorthe . (. and (. . n.T_. \we can nhtgin the-incluicivia enft fuinetinn hv intadgratinag thao

0.0
. =m. R
12— o
“‘m\} ;\,\%020
A8y perve i‘“\\ U ' AGE0
@ D6 -
9 -20
N gt | e 1o
02 log(gen) ) (p! e s

For the jet measurement we can use the previous effective measurement!

Srs) o (pre, Te) = / dz dAy dAGO(AR > R)Moiey —e A>9) (2, Ay, Ag)

Tles—er
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NNLO CRCA & CRnfTF

For the CrC4 and Cgns Ty, we can obtain the inclusive soft function by integrating the
fully-differential soft function

bare(c, — 12—2¢ = are(2,c — -
ASZD (pre, To) =/dq+dq 422Gy AMy., (pre, To) Spar*®9 (¢ *, 47, Gr)

Lee, Mantry, Petriello, [1105.5171]
Then we write the partonic and jet observables as corrections to this inclusive function:

ASEN (pre, Te) = ASE) (pre, To) + 55227 (pre, To)

[e—er]

2 2 2
ASE (pre, Te, R) = ASYY, (pre, To) + 557\ (pre, Te, R)
For the jet measurement we can use the previous effective measurement!

Srs) o (pre, Te) = / dzdAy dAG (AR > R)Moiey —e ] A9 (2, Ay, Ad)

les—er
For beam thrust the correction to this inclusive function is

S (pre,To) = / dz dAy dAd Moy, A% (2, Ay, Ap)

[e—er]
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NNLO CRCA & CRnfTF

For 15- T T T T TTTTT T T TTTTT T T T
full‘ oo eSSt oo
AS 10y i)
— E J D5.5171]
The clq S I on:
Z]D || S J
: ...°. : CanTF
—5; .. : ® ¢c=(C4
For the jet measure : N
5(2[,c 1072 107! 10° 10! 102 103
T€J
QCut
For beam thrust th

CUITocouivuri

Sé?,c)

le—er]

O Umnmo 1miocdsivo TaritCuaurt 1o

(pre, T2) = / Az dAy dAd Mape, o A% (2, Ay, Ag)
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SUMMARY OF CALCULATION

For p¥ and beam thrust/0-jettiness the complete NNLO soft function is

1 Teus
3;26) (pTCutyﬁut) — _/ dT/ d2pT[S(1) ®TT S(l)](ijT)
p

2 _’T <pTcut

‘|'CR Z C {S;Z,C) (pTc) + ASé?e,IC) (me 72) + 5;2[,66161] (me 7;)}

CE{CA,’)’LJCTF}

For p¥ and a clustering, rapidity-dependent jet-veto, the complete NNLO soft function is

1
S5 (Preut; Teut, R) = = / A*pr[Sy) @1 Sy (BL, Teur)+CRSTLT™. | (pre, Te, R)
p

2 _’T <pTcut

+Cr Y C[S(TQ’C) (prc) + AS(TQG? (pre, Te) + 5;2[’2_6[] (PTc, Te,s R)}

Both constructions use existing results, semi-numerical convolutions, analytic calculation of the inclusive
function, and 3-fold numerical integration of the double-real amplitudes and integrated measurement.
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SUMMARY OF (

For p¥ and beam thri ] 2 2 2
pr S s 4 AsE)

(2) | —s
STe (p Tcut 72 ----- Convolutions
| e - Inclusive
SR IR Amplitudes

20

For p¥ and a clusteri

1
S;QQ)J (pTcut77-cutaR) — 3 / d2 [S(l)®TS(1)](pJ_,T )—I‘ORS(Q CR) (pTC,'E.,R)
p

. Tlesj—eu
T <pTcut

—|‘CR Z C [S;Q’C) (pTc) + AS,}QQIC) (me 7::) + Sé?[;cj_ej] (pT(w 7;7 R)}

Both constructions use existing results, semi-numerical convolutions, analytic calculation of the inclusive
function, and 3-fold numerical integration of the double-real amplitudes and integrated measurement.



SUMMARY

A focus on calculational efficiency and simplicity makes make the computation of many
NNLO soft and beam functions highly tractable (and fun) problems

The general strategy is not confined to NNLO, and the same approach should bring more
N3LO calculations within reach.
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Thanks for your attention!
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INCLUSIVE SOFT FUNCTIONS FOR DIJET EVENT SHAPES AT NNLQO Seealso[2604.13167]

The inclusive soft function is constrained by dimensional analysis to have the form

bare(l (1) dgtdg~ :UQ :
Seare( )(T) = Jr (67 Ncanf)/ T ( n _) 5(721 — T)
q q q q
€EVYE
where fT(l) is some scale-less function. At NLO we can simply read off }U (e, NC) — i?fe )
— €
At higher loops, a convenient way to determine this function is to note
bare(l) — [ doTda—SP2eD (ot 47)8 _ [1909.00811] Billis, Ebert,
Se (T> / q q 5 (C] 4 ) (721 T) Michel, Tackmann
2 —1+4+le
So we can read off st (g, q7) = £ (e, Noyny) <qfq—>

For illustration, the two-loop ne T factoris,

(2,nfTF)( )= 16e2€7E (1 — €)I'(1 — €)I'(—¢) Allorders using [1105.5171]
T _ (3 — 8¢ + 462)F(1 _ 2€>2 Lee, Mantry, Petriello




NNLO: CrCy & CrnsTr CHANNELS See also [2012.09213] ,[2604.13167]

For the non-exponentiating colour factors, it is useful to consider the inclusive analogue of the observable

Me(Teur) = 0 (Z Te(ki) < 72111:) Me, (Teut) = ( Zk )

We then write the full soft function as the inclusive soft function, plus a correction

Sgare(2’c)(7::ut) _ Sff‘re@’c)(%ut) 4 S:ireeI(Q’C)(%ut)

(ki k)%
(ki + k7 )t=e

To be concrete, for C-angularity, Tc o (ki) = , the measurement for the correction is

i)t ) ) g (W ) g )

Me—eI 7211 =0 — —
(Teut) <%T+h> (k3 + ko ) (k¥ + ki + k3 4+ ky)t-e

This measurement vanishes in all but two IR limits, meaning the inclusive piece captures almost all of the poles.
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Figure from [1810.12911] Michel,
Pietrulewicz, Tackmann

Quick advertisement. With Thomas Clark and Jo Gaunt, we have applied
a similar methodology to compute the NNLO quark beam function for a

pr-veto with a rapidity cut on jets,
2
Bc(l )(x,p%ut’ Tlcut > I, V)

This should appear on the arXiv soon.



