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Collinear factorization of amplitudes

The statement of “Strict collinear factorization”:  
 depend only on (color and momenta) of  and the parent parton Sp(i) p1, p2 P̃ ≃ p1 + p2 (P̃2 = 0)

Loop corrections preserve 
strict factorization

• Loop corrections induce dependence 
on non-collinear partons 

• New surprises at every loop!

• Time-like splitting: • Space-like splitting: 

Consider an amplitude in color space (with the colors of external legs unspecified)

collinear loops

Glauber 
pinch

soft loops 
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IR poles of the Splitting matrix
The IR poles in the  can be predicted from the general IR factorization formulaSp(i)
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IR poles factorization

Make use of the color identity:

<latexit sha1_base64="Sd7QS7DhN3pJoSpmaTSSBISX4zE="></latexit> 
X

i2C

T i

!
Sp(0) = Sp(0)T P̃ = Sp(0)

0

@�
X

j2NC

T j

1

A

At one-loop comparing the two sides:

This procedure yields:

IR poles in  captured by this objectSp(i)
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CFV @ two-loops
Repeating the procedure at two-loops yields

The genuine two-loop CFV piece results from the following commutator:
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One-loop CFV
IR poles associated with 
non-collinear partons

Catani, de Florian, Rodrigo JHEP 07 (2012) 026
Forshaw, Seymour, Siodmock 10.1007/JHEP11(2012)066

What is special about ? I(1)
ℳ
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 starts to involve kinematic invariants and color factors associated with the non-collinear partons.I(1)
ℳ
While we can predict the poles, the IR factorization offers little insight from the perspective of IR regions 
exhibiting the Glauber mechanism
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• Computation of  in  SYM: Henn, Ma, Xu, Yan, Zhang, Zhu Phys. Rev. D 112, 076003 (2025)  

• Very recently computed in QCD: Buccioni, Fang, Yan 2603.27123

Δ(2)
C 𝒩 = 4

<latexit sha1_base64="FiwnSOQk7Dcg8oD3T5gsBccUmqk="></latexit>

�(2)
C (✏) = µ̄2✏

X

k>3

[T 2 · T in,T 2 · T k] (2⇡i)

⇢✓
1

2✏2
� 1

2
⇣2

◆h
ln |zk|2 + i⇡

i
+

1

6

✓
ln3 zk

z̄k
+ 4⇡2ln

zk
z̄k

◆
+ 2⇣3

�

<latexit sha1_base64="DDayAK7t/mj6Ds2BcBC5iEghM8k="></latexit>

�(2)
C = 2⇡i µ̄2✏

nX

k=4

[T 2 · T 3,T 2 · T k]

⇢✓
1

✏2
� ⇡2

6

◆
(y2 � yk) +

i⇡

2

�
+

1

6

�
ln3e2i�k2 + 4⇡2lne2i�k2

�
+ 2⇣3

�

Specific frame choice  and  collide head on:p1 p3

The cross-ratio is the difference of rapidity

Non-analytic dependence on the azimuthal angle
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CFV @ two-loops
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This work: all-order subgraph factorization of CFV
• Capture all-order CFV effects associated with a single 

gluon pinched in the Glauber region 

• A highly constrained form: Glauber attachment to 
incoming hadron @ tree-level, no collinear subgraphs for 
other legs, …  

• No non-analytic regulator 

• A new regulator designed in the process for rapidity 
divergences that preserves analyticity  

• Yields a new algorithm to isolate hidden regions in spac-
like limit 

• All-order rapidity resummation 

• Make a precise connection with Reggeiztion in high-
energy limit of amplitudes 

• + more
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Outline

• Introduction: Forward scattering and the formalism of Glauber SCET 

• Derivation of the all order subgraph factorization of CFV in space-like splitting amplitudes 

• Prediction from IR factorization and all-order resummation of rapidity logarithms
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• Derivation of the all order subgraph factorization of CFV in space-like splitting amplitudes 

• Prediction from IR factorization and all-order resummation of rapidity logarithms
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#1 The forward scattering limit
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Regge limit 
| t | ≪ s

Leading order Regge Trajectory:

A fruitful interplay with the IR factorization:

In the Regge limit, the structure of IR poles simplifies:

Relates the cusp anomalous dimension with 
the IR poles of the Regge trajectory

See the review: Del Duca, Magnea 1812.05829 

T. Becher, S. Caron-Huot, V. Del Duca, C. Duhr, E. Gardi, I. A. Korchemskaya, G. P. 
Korchemsky, L. Magnea, M. Neubert, M. G. Sotiropoulos, G. F. Sterman, C. D. White, …  
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#2 SCET
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The SCET Lagriangian describes the low energy soft-collinear dynamics dressing a hard scattering.

A copy of collinear Lagrangian 
for each -collinear sectorni

Soft wide angle emissions
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The collinear building blocks are made (collinear) gauge invariant with Wilson lines
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#3 SCET with Glauber Operators
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The Glauber operators enable soft and collinear sectors to interact at leading power

The propagators are already expanded assuming Glauber scaling

Lipatov vertex

I. Rothstein, I. Stewart JHEP 08 (2016) 025
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Composed of gauge invariant bilinear operators for 
quarks and gluons that describe forward scattering:
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Reggeization from Renormalization
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Rapidity resummation 
= Reggeization

In the EFT, the Reggeization arises from evolution 
of collinear and soft matrix elements in rapidity

At leading order:

Each graph has a rapidity pole and the corresponding anomalous 
dimension is the leading order Regge trajectory αsNcωG(q⊥)

I. Rothstein, I. Stewart JHEP 08 (2016) 025 
Moult, Raman, Ridgway, Stewart 2207.02859 
Gao, Moult, Raman, Ridgway, Stewart 2401.00931,  
2411.09692
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Glauber/Coulomb Phases  Glauber Regions≠
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Criteria for Glauber region in momentum space: the  both must remain pinched to follow the Glauber scalingq±

This pole is not needed!

Here one need not pick the  pole:  are separately pinched:q2 + i0 q±

Expanding this propagator in the Glauber limit  does not keep q2 → q2
⊥ q± ∼ Qλ2
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Glauber Phases  Glauber Regions≠
The Glauber phases cannot be extracted naively. Typical in Glauber SCET: non-analytic regulator
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• Makes computations at higher orders quite challenging 

• it tangles the  components:  and prevents their multipole expansion 
in collinear and soft matrix elements 

• Cannot separately integrate over  when that’s possible.

q± qz = q− − q+

q±
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Chiu, Jain, Neill, Rothstein, 1202.0814

This is problematic:
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Problems with a blunt use of Glauber SCET
The Glauber and soft graphs give the same 
Coulomb pole. This requires zero-bin subtraction in 
the soft graphs.

<latexit sha1_base64="dEUbMmvZIcB0QLfM6b1vpASETjk="></latexit>

SC
AB = GAB = i !

" sCF

2!

!
1
#

+ ln
µ2

m2

"

.

Can get extremely unwieldy at higher loops



16

Problems with a blunt use of Glauber SCET
The Glauber and soft graphs give the same 
Coulomb pole. This requires zero-bin subtraction in 
the soft graphs.
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Not true!

A consequence of 
contour deformation 
and a smart choice of 
rapidity regulators



Outline

• Introduction: Forward scattering and the formalism of Glauber SCET 

• Derivation of the all order subgraph factorization of CFV in space-like splitting amplitudes 

• Prediction from IR factorization and all-order resummation of rapidity logarithms
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Factorization of the eikonal pole contributions

The gauge invariant collinear building 
blocks captures Wilson line contributions at 
tree and loop level

Use of Ward identities on the eikonal 
(real) part enables us to bring sum over 
all attachments into the Wilson line

What happens with the Coulomb poles 
and when do Glauber regions arise?
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The time-like case
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All other single  propagator are not pinched: deform from q+ q+ ∼ Qλ2 → Qλ For timelike case, all the 
Glauber insertions either 
vanish or can be moved 
into the hard vertex

Goes through all loops!
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The space-like case

• Insertions in the black circles vanish 

• Brown circles yield single propagators: deform and move the Glauber in the hard vertex 

• The insertion in the red circle traps  to  and generates a new contribution!  

• Note that  but  
 
 

• Now the longitudinal  integrations do not vanish!

q+ Qλ2

p−
2 > 0 p−

1 + p−
2 < 0

q±
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For the spacelike case, 
insertions on the outgoing 
parton get pinched.
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General argument
• Assume there are at least two propagators in the collinear 

subgraph with poles q+ = ± δ(±)(p1, p2, {ℓi}) ± i0

<latexit sha1_base64="GqjuALQ+botHyg9LoiDI4KtOoVI="></latexit>

I A j
n i

(q! , p, k) !
!

ødq+
! "

i

ødd! i
N A j (q+ , q! , p, k, { ! i } )
Dn i (q+ , q! , p, k { ! i } )

 defined independently of the 
regularization choice! 
IAj
n

<latexit sha1_base64="1uzklceImF1LkGcwmxkt5N1tK3w="></latexit>

= i2 g2
s

!
ødd! 2q"

q2
"

I A j
n (q" , p1, p2)

!

reg
ødqz ! iT A j

j

2qz ± ! (± ) ± ! j ± i0

=
" ig2

s

2

!
ødd! 2q"

q2
"

I A j
n (q" , p1, p2) T A j

j , Discontinuities should work here.
q−

• Sum over the bottom attachments: 

•  results from the standard i0 prescription in the Wilson lines but  is the CFV effectT2 ⋅ TP̃ −2T2 ⋅ Tin

<latexit sha1_base64="dQ0tmCpulIZxXLce+h0RD52SdSs="></latexit>!

j

sign(s2j )T 2 áT j = T 2 á
"

! 2T in + ( ! T 1 ! T 2)
# $% &

! T ÷P

'



22

Defintion of the collinear subgraph
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We thus define the all-order definition of the collinear subgraph with single Glauber insertion:
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One-loop corrections 
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Two capture the two-loop CFV effect, we 
need to consider one-loop collinear 
subgraphs

Naively, there are numerous (~130) such 
graphs.
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One-loop corrections 
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Two capture the two-loop CFV effect, we 
need to consider one-loop collinear 
subgraphs

Naively, there are numerous (~130) such 
graphs.

Only a handful of graphs survive!
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One-loop corrections 
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Two capture the two-loop CFV effect, we 
need to consider one-loop collinear 
subgraphs

Naively, there are numerous (~130) such 
graphs.

These graphs have rapidity divergences

Only a handful of graphs survive!
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• Rapidity poles in these two graphs cancel: 
 

• Rapidity poles arise from graphs involving hard 
Wilson lines: 
 
 
 
 

• And the Regge pole: 

26

Rapidity divergent graphs
We can restrict to a set of graphs that exhibit an rapidity divergence that cannot be regulated by dim reg
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• Rapidity poles in these two graphs cancel: 
 

• Rapidity poles arise from graphs involving hard 
Wilson lines: 
 
 
 
 

• And the Regge pole: 
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Rapidity divergent graphs
We can restrict to a set of graphs that exhibit an rapidity divergence that cannot be regulated by dim reg
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The Collinear subgraph contains the 
same Regge pole as in the forward 
scattering
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A BFKL-Ladder
The collinear subgraph combined with tree-level soft yields 
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Consistently cancelling this rapidity pole requires a BFKL ladder like structure:
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The  structure arises after sum over all collinear graphs:T2 ⋅ T1 − Nc/2
Forshaw, Kyrieleis, Seymour arXiv:0808.1269
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Problem #1: The soft sector looks formidable

This vanished as a simple 
consequence of the 
Coleman-Norton theorem

The soft sector correlates multiple collinear directions and has a lot richer structure. 

These topologies do not confirm to 
the subgraph factorization picture:
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Problem #2: Standard rapidity regulators are not suitable
Standard rapidity regulators are designed for a soft sector that sits in mid-rapidity or for rapidity divergences 
associated with real phase space.
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• The complete absence of collinear dynamics in other sectors imply that we only 
have one-sided rapidity divergences! 

• In the Glauber regions the  components get pinched: Avoid minus 
momenta in the regulators
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The analytic phase space regulator:
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A new regulator for the CFV problem
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• Captures the one-sided rapidity divergences with the -collinear sector 

• Two distinct scales  for the  and  for  (collinear same as the CMU regulator) 

• Either the soft or the collinear can be evolved in  and the scales combine  

• This regulator has the unique advantage of preserving analyticity in  soft momenta
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Drastic simplifications with the new regulator 

This vanished as a simple 
consequence of the 
Coleman-Norton theorem

Upshot: The soft subgraph must involve 
a connection to the incoming Wilson line

Analyticity with the new regulator leads to all these topologies vanishing to all loops!

The zero bins cancel graphs with a 
bottom Glauber rung. Checked one-
loop, expected to hold true generally
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The soft subgraph operator definition

Soft subgraph definition:
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This concludes the derivation of the subgraph factorization:

At one-loop, only one graph possible!
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Cancellation of the rapidity poles
The soft graph has a rapidity pole as well as the required non-analytic azimuthal angle structure
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The rapidity pole cancels against the one-loop collinear subgraph. 
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The two scales combine with ν+ν− → p2
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The kinematic CFV pieces 
involve contributions from both 
Glauber region and phases



Outline

• Introduction: Forward scattering and the formalism of Glauber SCET 

• Derivation of the all order subgraph factorization of CFV in space-like splitting amplitudes 

• Prediction from IR factorization and all-order resummation of rapidity logarithms
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CFV @ three-loops
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We can keep going. At three-loop many terms arise: 
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We are keen on isolating the highest power of rapidity log: αℓ
s /ϵℓyℓ−1

2

This form allows us to 
immediately spot where the 
rapidity logarithm comes 
from

Barcaro, Gao, AP, Gaunt



37

<latexit sha1_base64="fAfi+2ASZg6r8kuCJ8nmPKfm7Tk="></latexit>

S(3 ,R )
P =

1
6

!
I

(1)
,
!
I

(1)
, ! (1)

2C

""
S(0 ,R )

P + Òless divergent or with less rapidity logsÓ

CFV @ three-loops

The term that leads to  comes solely from the following nested commutator: α3
s /ϵ3y2
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which evaluates to
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We expect this pattern of nested commutator at an arbitrary order: 
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• We can keep going and painfully bootstrap the result, but what is the significance of the nested commutator? 

• Connect this with what we learned from the subgraph factorization.

Barcaro, Gao, AP, Gaunt
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The nested commutator structure is secretly a BFKL ladder: 
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The color in the nested commutator can be simplified by moving  to the end: Tin
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This is precisely the consequence of a multiplicative evolution:
Regge trajectory

A new CFV contribution
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A color charge-dependent anomalous dimension

The rapidity anomalous dimension Barcaro, Gao, AP, Gaunt
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We can now derive a leading logarithmic rapidity resummation with tree-
level boundary conditions:
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With  this mirrors the form of LL Reggeized Gluon:y2 ∼
s
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Reggeization in Factorization Violation
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Conclusions
• Provide a bottom up picture for the collinear factorization violating pieces 

• Make precise the connection between reggeization in the high-energy limit and the space-
like collinear limit 

• Uncover an interesting BFKL ladder type structure: only hints seen previously 

• Simplify an immensely challenging multi-loop computation 

• Pave the way for systematically studying Glauber regions from an IR perspective 

• This approach leads to a general algorithm for finding hidden regions for general space-
like kinematics 

• Develop the framework for “bottom-up” resummation of SLL, designing IR subtractions for 
Glauber regions in cross-sections, analysis of PDF factorization, …



Thank you
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Backup



(Strict) Collinear Factorization Violation @ 1-loop
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• Time-like splitting: 
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rational pieces

• Space-like splitting: generalization for  involves not only an i0 prescription but also entails 

colors of non-collinear partons,   for 

z2 < 0
Tj j > 2
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IR poles

b, de Florian, Rodrigo JHEP 07 (2012) 026
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Different sign between 3 = in and 4,5,.. = out prohibits the use of color conservation

s23 < 0 , s24, s25, … > 0
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(Strict) Collinear Factorization Violation @ one-loop

Dependence on color charges of the non-collinear partons arises in the imaginary part:
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