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Issues:

»

>

Schwarzian quantum mechanics leads to a continuous spectrum
which is in contradiction with the finite entropy of the black hole.

This finiteness requires a discrete spectrum with level spacing of
order e=%.

Restoring spectral discreteness with random statistics requires the
introduction of a left confining potential that becomes relevant
when the renormalized wormhole length /,., = —2x (= —q) reaches
order e*.

a~ O(—e%0)



Modified QM formulation (= SSS Matrix Model)

» The known perturbative results of JT gravity are recovered within

>

this modified framework.
We also demonstrate that this modification resolves the black-hole
singularity.

The confining potential generates a repulsive force at exponentially
large wormhole length, preventing the indefinite growth that would
otherwise lead to a singularity.

We explain in detail how this turnaround arises and explore its
implications for late-time bulk gravitational dynamics, the
disappearance of horizons, and possible observational consequences.
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JT Gravity dual to [Saad—Shenker—Stanford] Matrix Model

» The AdS2 dilaton gravity is consisting of
1 ) 1
= lhop+ 1org [ xVEOR+2)+ o | dey=r otk —1)
where

1
Itop = _i |:/ \/§R+ \/,VKj| (*> ef(2g+n72)50)
27T 2 Mg OMg

» The equations of motion read

R+2 =0 (— AdS, with arbitrary genus g)
V.V — gabv2¢ + g9 =0



» The leading-order (g = 0) geometry is given by the global AdS,

62 L R
ds® = 5 (—d7? + du?)
cos? [ T
where the coordinate w is ranged from
—m/2 to +m/2. (Two sided!)
yE= 3 I a=+%

» The vacuum (BH) solution for the dilaton field is given by

¢—C<G(T) +O(cos;1,)> LT _ 5y

cos [t cos [t

» Make the coordinate transformation

r  cosT Lt, sinT
- = , tanh — = —
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Two-sided black holes

» One is led to the corresponding AdS Rindler metric and the dilaton

field:
_ L2 KQ
ds? = — g dty + 27L2dr2
¢ = or

The boundary time t (= +tp|om)
runs over (—oo, 00).

» The singularity is determined by ®? = ¢y + ¢ = 0 where ®? plays
the role of radius squared of the transverse space from the viewpoint
of the dimensional reduction from the higher dimensions as in

ds; = dshgs, + 15 ©*(d6? + sin®0d?)

» The geometry is intrinsically two-sided!



Schwarzian description of the bulk — bdry particle picture

» Any bulk fluctuation can be reflected through the boundary
fluctuation: This is nothing but the mode of reparameterization.
These fluctuations are described by the Schwarzian dynamics.

» 1. First we take the dilaton as the size
of transverse space and introduce a
cut-off trajectory in term of the dilaton

oo = ( SE0)

1
cos pc(t) + O(COSMC)) =¢ €

» 2. The induced metric at the cut off
trajectory will be fixed by

1 H(t)dt \?

cos puc(t

» ¢ is the physical boundary time running from (—oo, +00).
—7=G(1)



» Using the rules, evaluate the on shell gravity action. This leads to

C %r/l 2 )
S= | dtL, dtl,, L= == -
/ +/ : T2 [(Tr//) Tr/l}

Introducing the Lagrange multiplier term, one may rewrite the
above Lagrangian as

Lr// = gxg/l - %62)(’// + Pr./ (i_r/l - éexr/l>
= Then by introducing the p, ,
conjugated to the variable x,/;, one
finds left right Hamiltonians

Lr// = pT,//7.-r/l + px,//).(r// - Hr//

17, )
Hr/l - i |:pXr/l + 2pTr// exr/! +e Xr/li|

> Note eX/! = C7,/y = dom cos pam(t) ~ O(% -€).



Liouville quantum-mechanics

> After fully fixing the large gauge symmetries with constraint
quantization, the left and right sectors become identical and the
total boundary Lagrangian reduces to

. 1
Liotat = Ly + Ly = C(X)* — Eezx

with x = x; = x, and %px = Px, = Px;-

» This is a Liouville quantum-mechanical system that involves
Hamiltonian

H=p;+ V(q)

with V(q) = €7 (= *X) and JHyorat = Hj = H, = H.

» Note that the renormalized geodesic length between two boundary
points 7, = 7, is given by

277,

00, 00, cos? =T
gren = gbare (Z 0) *wa =In <2> = *2X



(Classical) boundary dynamics

» Classical equation of motion: With eX =C7 =CG(7) and x = G,

- "e //_7£__ 2
Cx=CG"t=CGG" = o= CG-.

» = G” = —G. This is the equation satisfied by the vacuum black
hole solution, G = cosT.

» With 7 = G = cos T, one has
7 =cosT=1/cosht,

where we fix the integration constant 7(0) = 0.



Black hole singularities

» As t goes to infinity, the velocity 7 — 0 and 7 — 7/2. With
Ct=eX, lyenp = —2x ~ 2t — 2log2 — co. The wormhole length
and the corresponding complexity grows indefinitely. [susskind]

» The boundary time evolution terminates
at the limiting value 7 = 7/2. 2

./

» The boundary trajectory therefore '
accumulates at a finite value of global
time 7 while the renormalized geodesic
length diverges. In the bulk picture, the
future left/right horizons are located at

T = FU.

» The bulk spacetime develops a causal pathology behind the horizon.
This is the familiar black-hole singularity.



Left confining potential

>

>

>

B

I q

q~ O(=e0)

The needs for the left confining potential may be argued in the
following ways.

First of all, the spectrum is continuous, which is in contradiction
with the finite density of states with the finite level spacing.

Note the complexity operator may be identified with £,., = —q
where £, is the geodesic length. With the Liouville Hamiltonian,
we have

d2
F(thd = —2(eM) g

where we use the TFD state as an initial states.



Liouville potential

a7
2./
v q
qN(;(—es") ! 2
» As l,, = —q becomes large, the force in the right side becomes
negligible and

Eren = _<q>tfd ~ Cl t

with C; to be an O(1) positive coefficient. Even including the
perturbative (and nonperturbative) contributions the above

behaviors continue until t < e%.
o s

trop ~ €% i



Left confining potential W

T q

a~ O(=e%0)

» With the confining potential the spectrum naturally becomes
discrete. We introduce

V(@) = e+ W(X), X =—qe®

with the expansion W(X) = Wo(X) + 302, w,(X) e~ ™.
» The left confining potential W/(X) becomes O(1) only when
lren = —q becomes of O(e™).
> As e goes to infinity, the effect of the confining potential
disappears completely leading to the continuous spectrum.

» The functions w,(X) represent random potentials, introduced
in order to reproduce the random nature of the level spacing.



Confining potential

e9

q~ 0(-e%0)

» Let us obtain the shape of the left-confining potential Wy which
reproduce the desired JT density of states [stanford and Witten]

pir(E) = eSH(E),  PE) = gy sinh2nVE
T

» The density of states in the semiclassical limit with the left right
confining potential is given by

1 d q+ .
—= | daV/E - V(q) = e™H(E)

rdE J,

where the left and right turning points g+ are defined by the
relation E = V(g1 ).



JT solution

» This is solved by

27X = \/ WQ(X) I1(27T\/ Wo(X))

which is the JT solution to the “string equation”.

» For small X, one finds
Wo(X) = 2X — 2m°X? + O(X?)

» For the large X,

Wo(X) = 2i In ((27r)3/2x)] 2 (14+O(InInX/In X))

i
I/eq

I q

g~ O(—e%0)



SSS duality—a review

» Consider an N x N Hermitian matrix M with eigenvalues
AN (i=1,2,---,N). Defining Z =tre #M =3". 7PN the
averaged matrix-model partition function is

@)= [ SRR Z().

where P(X) is a JT ensemble weight with [ dXP(X) = 1.

» One takes the double-scaling limit in which N — oo while the
level-spacing parameter e~ is held fixed and small.

» In the limit, the averaged matrix-model partition function admits
the genus expansion

<2>X >~ eSOZO)l + Z ef(2g71)SOZg71 ,
g=1



SSS duality-genus expansion

» In the limit, the averaged matrix-model partition function admits
the genus expansion

<Z> e 201+Z (2e—1)5 ()Zg1~

» This can be generalized to the connected multi-boundary correlation
function

(Z(B)Z(B2)+ Z(Ba))5com = € CEHINZ, (B1, Bo, -, Bn)
g=0

» Under the SSS duality, the matrix-model expansion described above
is mapped term by term to the JT gravity path integral.

0B

:‘;



QM formulation = MM

» With this additional left confining potential, the spectrum becomes
discrete once e~ is kept finite. The corresponding Hamiltonian
takes the form

H — 67250p)2< + e*XeSO + W(X),

with px = —i0x.

> We now define a change of variables from the matrix eigenvalues
{A} to the collective variables {w(X)} such that

(Z(Br) -+ Z(Bn))5 = (Zu(Br) -+ Zu(Bn))
/DWG ZH(K))l) ZH(ﬂn)

where Zy;(3) = tr e #" is the quantum-mechanical partition
function associated with the Hamiltonian H.



Ensemble-averaged QM formulation

» One can show that the perturvative expansion is recovered with
appropriate correlations of the random potentials w,.

» For two-point correlations of wy, one finds
(i (X)wi(Y)) = 2WG(X)3(X — ¥)
» For three-point correlations of wy, one finds
(i (X)wi (V)W (2)) = h22W/(X)5(X = Y)a(Y — 2)

with h=e . == Zy,, Zy3, -+, Zon




Resolution of singularities

V,

h

I q

g~ O(—e50)

» If we introduce the extra confining potential W, the boundary
dynamics is modified at scales y ~ —O(e>).
» The total potential takes the form

Vv W
(X)—Y+ .

» The equation of motion becomes

e2x

CY=CG"+=CGG" = -~ —

W,



g~ O(—e50)

At early times, the effect of the confining potential W is negligible.

As —x increases, the velocity x approaches an approximately
constant value and remains nearly constant until y ~ —O(e>).

This regime corresponds to the well-known linear growth of
complexity.

tigp ~ €5 t



q~ O(-e%0)

» As time evolves further, the system eventually reaches the left
turning point x, ~ —O(e>), at which the velocity vanishes,
y=G'=0.

» At this point, 7 = G = €X/C attains its minimum value. Therefore,

eXip

C

T2




Krylov spread complexity

» Once the random potential is included, the spectrum exhibits
random-matrix statistics: the level spacing is of order e~ and
displays level repulsion. Accordingly, at time scales t ~ O(e*), the
evolution begins to deviate from purely classical motion.

» We can take the thermofield double state
1 B o o;
t — 2 :e_(7+2't)E"
|¢( )>tfd \/? .

as an initial state.
» We have

n, n)

d

E<q>t{d = —i{[q,2H])tta = 4(p) ta

%<P>tfd = —i{[p, 2H]) et = —2(V") tfa

» One has a cancellation in the late time (t >> e):

d 2i _8 (B —
E<q>tfd =Z2.¢€ 2 (Bt En) 2it(En=E) (£ — E.Y(m, m|q|n, n) ~ 0

m,n



The evolution begins to deviate from purely classical behavior after
the top region.

In particular, the vacuum expectation value of the renormalized
geodesic length, (€ren) s = —2(X)tta starts to decrease and
eventually approaches a constant plateau value.

In this late-time regime, the boundary trajectory remains nearly
parallel to spatial infinity.

At very late times, phase decoherence induced by random-level
statistics suppresses coherent evolution, leading to an effective
freezing of the expectation values in the plateau region.




Bulk interpretation

>

From the view point of the dual TFD state, it is clear that one
cannot send a physical signal from one side to the other since the
left and right systems are noninteracting with each other.

Its induced change is given by

t

S g = i / ot ([ H(2'), X(£)]) g = O

— 00

Hence from the left side, the change in
the right side cannot be detected.

From the bulk perspective, once the horizons disappear the
geometry appears transparent.

A signal sent from the right boundary at a time t; ~ O(1) reaches
the left boundary only at a doubly exponentially late time t,(ts) as

T=eX/C~ e=0(¢™) after the turnaround.



At this doubly exponentially large time scale t,, the spread
complexity of the TFD state has already approached its plateau
value. The system is then in a regime of extreme complexity and
effective randomness.

Any small perturbation becomes indistinguishable from the intrinsic
background fluctuations.

Moreover, by the time it reaches the
opposite boundary, the signal itself has
been thoroughly scrambled and fully
delocalized over the available Hilbert
space.

No practically recoverable information
can be transmitted in this manner.



Bulk negative energy

» We now turn to the corresponding bulk description of the dilaton
field, incorporating the modification of the boundary dynamics.
Note that, in the presence of the energy—momentum tensor T,p, the
dilaton satisfies

VaVid — gabV20 + gabd = — Tap .
» The dilaton takes the form

¢ =C(G(7)/cosp — cos pu K(1)) 55

where one finds

K(r) = e oW

» Negative bulk energy contributions!
(Ebu/k = —4CK < 0)



Higher-order contributions (g > 1)

Higher dimensions?

» A full verification of the new framework requires matching
higher-order contributions Zg , (g > 1).

» One needs to establish compatibility with topological recursion
beyond the leading orders.

» This should be generalized to higher dimensions since the concept
of complexity (~ wormhole volume) is universal!

Thanks a lot for your attention!



Double-scaling limit and genus expansions

» Taking into account the Vandermonde factor in the Hermitian
matrix model, the large N saddle point equation is given by

U'(E) = %][dA (E(j)x)

» As a specific JT density of states, SSS suggested the following
expression:

650 ) 2a
p(E,a):4—71_25|nh2m/E(17E/23), N:/0 dEp(E, a)

which determines U(E, a) from the saddle point equation.

» The double-scaling limit is defined by N — oo and a — oo, while
keeping e> finite (e~ is the level spacing! ). This leads to

Jim p(E, a) = pyr(E)



Topological genus expansion

D22+~

» The connected part of n correlators (the n connected boundaries in
the geometric side) is encoded in the topological expansion

oo

<Z(B1) ce Z(ﬂn»conn = Z 6750(2g72+n)zg7n(E1a Tty En)
g=0



JT-SSS correspondence

Z1,3(P1, B, B3) =

» These correlators are known to satisfy specific topological recursion
relations and then related to Weil-Petersson volume of the moduli
space of a genus g surface with n geodesic boundaries of length
by, -, by

» According to the SSS duality, all such correlators can be determined
completely by two initial inputs: disk partition function Zy;s(8) and
trumpet partition function Zyympet(53, b)-

» Both of these quantities are computed from Schwarzian boundary
wiggles in Euclidean pure JT gravity. — A precise agreement!



