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Introduction

Microstates of BPS black holes in AdSs x S° from maximal SYM
- Studies at strong coupling — hard.
- Study at weak-coupling: Hope certain non-renormalization of spectrum
& (qualitative) lessons on the quantum states themselves.

- BPS BH entropy counted from protected index — Ensures certain weak-coupling studies

Various weak-coupling studies:
- Free limit - Too many BPS states even at low E «< N.
Non-BPS oscillating strings become accidentally BPS at 1 — 0.
Free BPS sector doesn’t respect the basic structures of AAS/CFT.
- 1-loop BPS states: Correct low E supergraviton spectrum (all other string modes lifted)
— Question: Correct BPS BH states/entropy at E ~ N2?
- Conjectured that classical conomologies (1-loop BPS states) are all protected. [Minwalla]

(2006) [Grant, Grassi, SK, Minwalla] (2008) But counter-examples are found recently.

Plan: Review the classical supercharge cohomologies & discuss their guantum natures



Classical conomology problem
1/16-BPS states in 4d maximal SYM

3 chiral multiplets:  ¢,,, @™ and VY, , Y™ (m =1,2,3)
vector multiplet: A, ~A4,; and 2,44 w=1,-,4 (a=+a=1+)
- Among 160Q + 16S, pick a pair Q & S = QT that the BPS states preserve.
2{Q,QT}=E—Egps=E—(Ry+R;+Rs+ ], +]3)
- Nilpotency Q% = 0 : BPS states ~ harmonic forms Ltol Q-cohomology classes.

(Q-closed operators w/ O ~ 0 + [Q,A})

Gauge-invariant local BPS operators: (at x* = 0 on R*)
- Free (gyy — 0): All gauge invariants of the invariant fields under Q & QT:
O™, Yoy, /Td, f++ = Fiti2 3+ia & holomorphic derivatives 0; + id, = 044 , 03 + 10, = 04 -

- Many of them are non-BPS at gy, # 0 : At small gy < 1,

Q qu =0, QYmys ~ gYMemnp[(Enr ¢_)p] ) Qf++ ~ gYM[¢m+ ,qgm] , Q Zd =0, [Q:D+a] ~ gYM[A(x ) }
- Classical Q w/ interaction — anomalous dimension QQt + QTQ ~ E — Ezps at 1-loop, 0(gz,).

Question: Spectrum of 1-loop BPS operators (« classical cohomology classes)
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Gravitons vs. black holes

Constructing the representatives of supergraviton cohomologies:
1. (Partly) anti-symmetrized scalars in trace are Q-exact. E.g.
tr (m bm R (,T)) ~ Qtr (q; e €M q_))
Symmetrized scalars — chiral primaries of single trace (~ single particle) cohomologies
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& the derivatives d.; acting on them (conformal descendants)

3. Products of all these single-traces: multi-trace (~multi-particle) cohomologies

- Large N & low E: #(trace) = #(particle). This construction provides BPS multi-gravitons.
- We'd like to regard all the rest as (at least containing) “black hole cohomologies.”

- However, to be more precise, we have to view all these cohomologies at finite N,



Monotone vs. fortuitous

Even at finite N (E > N), “gravitons” (previous slide) still represent cohomologies:
- Continue to be Q-closed at any matrix size: didn’t use specific value of N.
- But these operators may be redundant (i.e. overcomplete) due to trace relations:

E.g. for SU(2), 2tr(Z*) —[tr(Z»)]* =0

- Gravitons subject to these effects: “giant gravitons” (heavy particles polarized to D3-branes)

A characterization of the two types of finite N cohomologies: [Chang, Lin] (2024)
- gravitons — “monotone”

Since | didn’t specify N on the previous slide, Q-closed at all N — sequence of operators
- black hole states — “fortuitous”

Basically, all the remainders: those not cohomologous to gravitons

A necessary condition — Q-closed by trace relations at specific N.

- This algebraic characterization distinguishes two classes even at small rank, e.g. SU(2).



Quantum corrections

Recent progress in constructing classical fortuitous cohomologies.

- Many constructed, or their spectrum studied & some physics explored.

Quantum correction —» They may survive or get lifted to non-BPS states.
- Convention/notation change: Q® ., ~ 9ym[Pcan Pean]l = Pean = ©/gym = QP~ [P, D].

- From now on, call this tree-level supercharge Q,, and exact supercharge Q.

Perturbative corrections to @ and cohomologies:

ﬂJ = ﬂ)f} + g%’M (}21 + O (g;lrm} (Q 0O = ((;Jﬁ + .g%’I\-I CJI)(OU + 9‘2[’1-] 01) + O (g';ll’I\-'I)
O = Oy + gy O1 + O(gynr) = Q000 + g3 (Q100 + QoO1) + O(gi)

- Start from a classical cohomology @, with respect to Q,.
- Promoted to 1-loop cohomology if Q-closed & not Q-exact at 1-loop level:
Q-closed : Q,0,is Q,y-exact.
Not Q-exact: Shouldn'tbe Oy = Q1A + QoA W/ a classical cohomology A,
- Even at 1-loop, we will find counterexamples to the conjecture [Minwalla] (2006) [Grant, Grassi,

SK, Minwalla] (2008) that perhaps “all” classical cohomologies are protected.



SO(7)
Motivations of [Gadde, E. Lee, Raj, Tomar] [Chang, Lin] (2025):

- Test if the conjecture is compatible with the S-duality of maximal SYM.

- Can test it nontrivially for classically inequivalent pairs: Simplest is SO(7) vs. Sp(3).

Extra pair of f/m cohomologies for SO(7): [Chang, Lin] (2025)

- fortuitous: O; = Tr[YTr[X | Tr[X Z]? — ATV TY[X Z|TY[Z X 23] — TY[X Z]* Tx[ZY 3 Y]
— ATY[X Z]*Te[ZY 3] + 8Tr[X Z| Te[ZXY? Zofa] 4+ ATt [X Z| Te[ZX ZY y)3Y )
+ 16Tr[ X Z) Te[ZX ZY 1)5) — ATY[Z9s| Te[ ZX| Te[ZXY?) + 8TY[Z X Z4)5 Y[ XY ZY ]
[Gadde, E. Lee, Raj, Tomar] (2025): — OTY[Y 2 Te[Z0s| Te[ZX ZX] + 8Te[ZX ZX|Te[Y 2 Z4)s] + 2Tr[ZX ZX|Te[Y ZY 1]
See this paper for the notation + 16Te[Y ZUs] Te[ZX ZXY) + 8Te[Z4s| Tt [ ZX ZXY?) + STe[Y | Tr[ZX ZX Z4bs]
+16Tr[ZX ZXY ZY U] — STY[ZX ZX ZY UsY] — 32TX[ZX ZX ZY *1)s] — 16TY[ZX ZY XY Z)s]
— 16Tr[ZXZY X ZY 3] — 16Tx[ZX ZY? X Z1)3] — (grav)

- monotone: “multi-graviton” type 0,, = M; — M, — 4M3, M, = e (W™ S)u™u?
Ms = €mnpeqrs(Sh ST )u™ uP® |

Expression from [J. Choi, E. Lee] (2025) M3 = €pnp€qrs S U™ UP*

u™ = Trgm ¢, S = TeAAY, S = Trd™A, . S™" := TrA A% g™

- Contradicts S-duality = Non-renormalization conjecture isn’t completely true.

Shown that they pair & lift by 1-loop effect: Q05 ~ 0, [J. Choi, E. Lee] (2025)



SU(2): classical
Are such perturbative liftings ubiquitous, from the simplest SU(2) theory?

Many SU(2) classical cohomologies known [Choi, SK, E Lee, S. Lee, Park] (2023). E.g.

- An infinite tower of fortuitous cohomologies (w/ n = 0,1,2, ...)

On = tr(ff) e tr (¢, ) tr (e, ) tr (Vatlp e, )
n _ e .- o o o
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- Also, product cohomologies: (0, or its descendants) X g;

(g; - graviton (monotone) cohomology with spin j)
- Many of them are nontrivial cohomologies if j of graviton is large enough .

- Interpreted as microstates of the BPS hairy BH’s of “grey galaxy” type
[S.Choi, Jain, SK, Krishna, Kwon, E.Lee, Minwalla, Patel] (2025)
[Jones, Krishna, Larsen] (2025)




SU(2): 1-loop
Unlifted at 1-loop:

- Lightest fortuitous cohomology: (O = 12 tr (¢% 1)y, ) tr (¢ e, ) tr (g Uy Uiy )

- Product ‘hairy’ cohomologies which dress 0, or its superconformal descendants:

wo(y = tr (gblf — 5:,-92':,-93) R O (0 e, ) tr (-rpb e, ) tr (g Uy 1,-)63)
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Lifted at 1-loop:

- Heavier core fortuitous cohomologies: Checked that they lift for n = 1, 2, 3.

O, = tr(ff)" e tr (6™, ) tr (0"1e,) tr (Yaptde,)
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- They lift by making fortuity-fortuity pairs. This leads us to ask:

Can the large charge entropy differ between classical vs. quantum cohomologies?



Estimation of the over-estimate

Large charge entropy over-estimate of classical cohomologies:

- E.g., evenif 50% of the large charge classical cohomologies are quantum-lifted,

Sel — S _ ~
e cl = 2 e’true — Scl — Strue + logZ ~ Strue

Cannot answer this question directly, but we make a related estimate by using the

index & the ‘refined index’ [Chang, Yin] (2013) for classical cohomologies.
- The index: Captures absolutely protected states w/ (—1)F.
[Romelsberger] [Kinney, Maldacena, Minwalla, Raju] (2005)
Strongly believed that “indicial entropy = true 1/16-BPS entropy” asymptotically.

(~+ Index accounts for the Bekenstein-Hawking entropy of BPS BH’s.)

- ‘Refined’ index: 3 U(1) ‘bonus’ symmetry at classical level. Y = # of letters

(reduces to the index for uvw = pq)

Z(u,v,wip,q) = Tr|(— 1) Ep /T g fat Ty =Ty Re =Ty R T] T=Ri+Ry+Rs—Y

= / dU exp
U(N)
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A lower bound on the quantum lift

Refined indices decompose the protected index as

eSUi) — Z(i)es«;l (Jib)

b
- S(@j;) :indicial entropy (= true 1/16-BPS entropy at large charges)

S (i, b): indical entropy of classical cohomologies w/ bonus charge b = R; + R, + R; — 3T.

- If Iterms on RHS w/ S, /S > 1 at large charges — macroscopic cancelations / quantum lifts.

- In particular, we study the “maximal term” on RHS

Cardy limit: (Took Ry = R, = R; = R; j; = J; + R) (e'?: fugacity for b)
max(S,;)/S ~ 1.012: over-estimates entropy by ~ 1.2% (™)
max(Sg; (i b)) = 3(N?jyj2)"? Re[f (9.)]'/3 :
S(i) = 3(N?jyj)'/3 Re[f (+2m/3)]'/3
f(@) = —Liz(1) + 3 Liz(e'?) — 3Liz(e??) + Liz(e3®)

1.0

- Most classical cohomologies are lifted. 05

eS/emaX(Scl) ~ e—0.0lZS &1




Concluding remarks

Explained general conomology program for the BPS BH microstates

And reviewed the concrete studies at weak-coupling regime (classical Q)

Quantum lifts of classical cohomologies:

Even at 1-loop, we find many examples lifted.

In the Cardy limit, our estimation suggests that most of them are lifted.

Further comments:

Would be nice to better understand which are lifted and which are not.

Still classical cohomologies are a nice toy model of the BH sector of quantum gravity.
Exhibits proper hierarchies of energy scales, entropies behave qualitatively similar, ...

Cohomologies of matrix QM (BMN model): Certain SUSY non-renormalization proved.

[Chang, Du, Duary, Liu, Tao] [Colin-Ellerin, Papadodimas] (2026)

Failure of complete non-renormalization — interesting dynamical information of QFT
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