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Introduction

Microstates of BPS black holes in 𝐴𝑑𝑆5 × 𝑆5 from maximal SYM

- Studies at strong coupling → hard.

- Study at weak-coupling: Hope certain non-renormalization of spectrum

& (qualitative) lessons on the quantum states themselves.

- BPS BH entropy counted from protected index → Ensures certain weak-coupling studies

Various weak-coupling studies: 

- Free limit → Too many BPS states even at low 𝐸 ≪ 𝑁.

Non-BPS oscillating strings become accidentally BPS at 𝜆 → 0.  

Free BPS sector doesn’t respect the basic structures of AdS/CFT.

- 1-loop BPS states: Correct low E supergraviton spectrum (all other string modes lifted)

→ Question: Correct BPS BH states/entropy at 𝐸 ∼ 𝑁2?

- Conjectured that classical cohomologies (1-loop BPS states) are all protected. [Minwalla] 

(2006) [Grant, Grassi, SK, Minwalla] (2008) But counter-examples are found recently.

Plan: Review the classical supercharge cohomologies & discuss their quantum natures
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Classical cohomology problem

1/16-BPS states in 4d maximal SYM

3 chiral multiplets:   𝜙𝑚 , ത𝜙𝑚 and   𝜓𝑚𝛼 , ത𝜓 ሶ𝛼
𝑚 (𝑚 = 1,2,3) 

vector multiplet:    𝐴𝜇 ∼ 𝐴𝛼 ሶ𝛽 and   𝜆𝛼 , ҧ𝜆 ሶ𝛼 (𝜇 = 1,⋯ , 4)   (𝛼 = ±, ሶ𝛼 = ሶ±)

- Among 16𝑄 + 16𝑆, pick a pair 𝑄 & 𝑆 = 𝑄† that the BPS states preserve. 

2 𝑄, 𝑄† = 𝐸 − 𝐸𝐵𝑃𝑆 = 𝐸 − (𝑅1 + 𝑅2 + 𝑅3 + 𝐽1 + 𝐽2)

- Nilpotency 𝑄2 = 0 : BPS states ~ harmonic forms         Q-cohomology classes. 

(Q-closed operators w/ 𝑂 ∼ 𝑂 + [𝑄, Λ})

Gauge-invariant local BPS operators: (at 𝑥𝜇 = 0 on 𝑅4)

- Free (𝑔𝑌𝑀 → 0): All gauge invariants of the invariant fields under 𝑄 & 𝑄†:

ത𝜙𝑚,  𝜓𝑚+,  ҧ𝜆 ሶ𝛼,  𝑓++ ≡ 𝐹1+𝑖2 , 3+𝑖4 & holomorphic derivatives 𝜕1 + 𝑖𝜕2 ≡ 𝜕+ ሶ+ , 𝜕3 + 𝑖𝜕4 ≡ 𝜕+ ሶ−

- Many of them are non-BPS at 𝑔𝑌𝑀 ≠ 0 : At small 𝑔𝑌𝑀 ≪ 1,  

𝑄 ത𝜙𝑚 = 0 , 𝑄𝜓𝑚+ ∼ 𝑔𝑌𝑀𝜖𝑚𝑛𝑝[ ത𝜙
𝑛, ത𝜙𝑝] , 𝑄𝑓++ ∼ 𝑔𝑌𝑀[𝜓𝑚+ , ത𝜙

𝑚] , 𝑄 ҧ𝜆 ሶ𝛼 = 0 ,  𝑄, 𝐷+ ሶ𝛼 ∼ 𝑔𝑌𝑀[ ҧ𝜆 ሶ𝛼 , }

- Classical 𝑄 w/ interaction → anomalous dimension 𝑄𝑄† + 𝑄†𝑄 ∼ 𝐸 − 𝐸𝐵𝑃𝑆 at 1-loop, 𝑂(𝑔𝑌𝑀
2 ). 

Question: Spectrum of 1-loop BPS operators (↔ classical cohomology classes)
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Gravitons vs. black holes

Constructing the representatives of supergraviton cohomologies: 

1.    (Partly) anti-symmetrized scalars in trace are Q-exact. E.g.

Symmetrized scalars → chiral primaries of single trace (~ single particle) cohomologies

2. 𝑃𝑆𝑈 1,2 3 ⊂ 𝑃𝑆𝑈(2,2|4) descendants: All single-trace cohomologies

E.g.

& the derivatives 𝜕+ ሶ𝛼 acting on them (conformal descendants)

3. Products of all these single-traces: multi-trace (~multi-particle) cohomologies

- Large N & low E: #(trace) = #(particle). This construction provides BPS multi-gravitons.

- We’d like to regard all the rest as (at least containing) “black hole cohomologies.”

- However, to be more precise, we have to view all these cohomologies at finite 𝑁.
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Monotone vs. fortuitous

Even at finite 𝑁 (𝐸 > 𝑁), “gravitons” (previous slide) still represent cohomologies: 

- Continue to be Q-closed at any matrix size: didn’t use specific value of 𝑁.

- But these operators may be redundant (i.e. overcomplete) due to trace relations: 

E.g. for SU(2),  2 𝑡𝑟 𝑍4 − 𝑡𝑟(𝑍2) 2 = 0

- Gravitons subject to these effects: “giant gravitons” (heavy particles polarized to D3-branes)

A characterization of the two types of finite N cohomologies: [Chang, Lin] (2024)

- gravitons → “monotone” 

Since I didn’t specify N on the previous slide, Q-closed at all N → sequence of operators

- black hole states → “fortuitous” 

Basically, all the remainders: those not cohomologous to gravitons 

A necessary condition → Q-closed by trace relations at specific 𝑁.

- This algebraic characterization distinguishes two classes even at small rank, e.g. 𝑆𝑈(2).
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Quantum corrections

Recent progress in constructing classical fortuitous cohomologies.

- Many constructed, or their spectrum studied & some physics explored.

Quantum correction → They may survive or get lifted to non-BPS states.

- Convention/notation change: 𝑄Φ𝑐𝑎𝑛 ∼ 𝑔𝑌𝑀[Φ𝑐𝑎𝑛, Φ𝑐𝑎𝑛] → Φ𝑐𝑎𝑛 = Φ/gYM → 𝑄Φ~ [Φ,Φ]. 

- From now on, call this tree-level supercharge 𝑄0, and exact supercharge 𝑄.

Perturbative corrections to 𝑄 and cohomologies: 

- Start from a classical cohomology with respect to 𝑄0.

- Promoted to 1-loop cohomology if Q-closed & not Q-exact at 1-loop level:             

Q-closed     :           is 𝑄0-exact. 

Not Q-exact: Shouldn’t be                                w/ a classical cohomology Λ0

- Even at 1-loop, we will find counterexamples to the conjecture [Minwalla] (2006) [Grant, Grassi, 

SK, Minwalla] (2008) that perhaps “all” classical cohomologies are protected.
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𝑆𝑂(7)

Motivations of [Gadde, E. Lee, Raj, Tomar] [Chang, Lin] (2025):

- Test if the conjecture is compatible with the S-duality of maximal SYM.

- Can test it nontrivially for classically inequivalent pairs: Simplest is 𝑆𝑂(7) vs. 𝑆𝑝(3).

Extra pair of f/m cohomologies for 𝑆𝑂(7): [Chang, Lin] (2025)

- fortuitous: 

- monotone: “multi-graviton” type 𝑂𝑚 = 𝑀1 −𝑀2 − 4𝑀3, 

- Contradicts S-duality → Non-renormalization conjecture isn’t completely true.

Shown that they pair & lift by 1-loop effect: 𝑄1𝑂𝑓 ∼ 𝑂𝑚 [J. Choi, E. Lee] (2025)
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[Gadde, E. Lee, Raj, Tomar] (2025): 

See this paper for the notation 

Expression from [J. Choi, E. Lee] (2025)



𝑆𝑈(2): classical

Are such perturbative liftings ubiquitous, from the simplest 𝑆𝑈(2) theory?

Many 𝑆𝑈(2) classical cohomologies known [Choi, SK, E Lee, S. Lee, Park] (2023). E.g.

- An infinite tower of fortuitous cohomologies (w/ 𝑛 = 0,1,2, …)

- Also, product cohomologies:   (𝑂𝑛 or its descendants) × 𝑔𝑗

(𝑔𝑗 : graviton (monotone) cohomology with spin 𝑗)

- Many of them are nontrivial cohomologies if 𝑗 of graviton is large enough .

- Interpreted as microstates of the BPS hairy BH’s of “grey galaxy” type

[S.Choi, Jain, SK, Krishna, Kwon, E.Lee, Minwalla, Patel] (2025) 

[Jones, Krishna, Larsen] (2025)  
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𝑆𝑈(2): 1-loop

Unlifted at 1-loop: 

- Lightest fortuitous cohomology:

- Product ‘hairy’ cohomologies which dress 𝑂0 or its superconformal descendants:

Lifted at 1-loop: 

- Heavier core fortuitous cohomologies: Checked that they lift for 𝑛 = 1, 2, 3.

- They lift by making fortuity-fortuity pairs. This leads us to ask:

Can the large charge entropy differ between classical vs. quantum cohomologies? 
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Estimation of the over-estimate

Large charge entropy over-estimate of classical cohomologies:

- E.g., even if 50% of the large charge classical cohomologies are quantum-lifted,

𝑒𝑆𝑐𝑙 = 2 𝑒𝑆𝑡𝑟𝑢𝑒 → 𝑆𝑐𝑙 = 𝑆𝑡𝑟𝑢𝑒 + log 2 ≈ 𝑆𝑡𝑟𝑢𝑒

Cannot answer this question directly, but we make a related estimate by using the 

index & the ‘refined index’ [Chang, Yin] (2013) for classical cohomologies.

- The index: Captures absolutely protected states w/ −1 𝐹. 

[Romelsberger] [Kinney, Maldacena, Minwalla, Raju] (2005)

Strongly believed that “indicial entropy ≈ true 1/16-BPS entropy” asymptotically.

(∵ Index accounts for the Bekenstein-Hawking entropy of BPS BH’s.)

- ‘Refined’ index: ∃ 𝑈(1) ‘bonus’ symmetry at classical level. 𝑌 ≡ # of letters

(reduces to the index for 𝑢𝑣𝑤 = 𝑝𝑞)
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A lower bound on the quantum lift

Refined indices decompose the protected index as

- 𝑆(𝑗𝑖) : indicial entropy (≈ true 1/16-BPS entropy at large charges)

𝑆𝑐𝑙(𝑗𝑖 , 𝑏): indical entropy of classical cohomologies w/ bonus charge 𝑏 = 𝑅1 + 𝑅2 + 𝑅3 − 3𝑇.

- If ∃terms on RHS w/ 𝑆𝑐𝑙/𝑆 > 1 at large charges → macroscopic cancelations / quantum lifts.

- In particular, we study the “maximal term” on RHS

Cardy limit:                                               (Took 𝑅1 = 𝑅2 = 𝑅3 ≡ 𝑅; 𝑗𝑖 = 𝐽𝑖 + 𝑅) (𝑒𝑖𝜙: fugacity for 𝑏)

max(𝑆𝑐𝑙)/𝑆 ≈ 1.012: over-estimates entropy by ∼ 1.2%

max(𝑆𝑐𝑙 𝑗𝑖; 𝑏∗ ) = 3 𝑁2𝑗1𝑗2
1/3 𝑅𝑒[𝑓(𝜙∗)]

1/3

𝑆 𝑗𝑖 = 3 𝑁2𝑗1𝑗2
1/3 𝑅𝑒 𝑓(±2𝜋/3) 1/3

𝑓 𝜙 ≡ −𝐿𝑖3 1 + 3 𝐿𝑖3 𝑒𝑖𝜙 − 3𝐿𝑖3 𝑒2𝑖𝜙 + 𝐿𝑖3(𝑒
3𝑖𝜙)

- Most classical cohomologies are lifted.

𝑒𝑆/𝑒max(𝑆𝑐𝑙) ≈ 𝑒−0.012 𝑆 ≪ 1
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Concluding remarks

Explained general cohomology program for the BPS BH microstates 

- And reviewed the concrete studies at weak-coupling regime (classical Q)

Quantum lifts of classical cohomologies:

- Even at 1-loop, we find many examples lifted.

- In the Cardy limit, our estimation suggests that most of them are lifted.

Further comments:

- Would be nice to better understand which are lifted and which are not.

- Still classical cohomologies are a nice toy model of the BH sector of quantum gravity.

Exhibits proper hierarchies of energy scales, entropies behave qualitatively similar, …

- Cohomologies of matrix QM (BMN model): Certain SUSY non-renormalization proved. 

[Chang, Du, Duary, Liu, Tao] [Colin-Ellerin, Papadodimas] (2026) 

- Failure of complete non-renormalization → interesting dynamical information of QFT
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