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Introduction

@ In gravitational theories observables are typically defined
at the asymptotic boundaries of spacetime.

@ These quantities may be conserved charges, or they may
be time dependent, for example capturing the flux of
gravitational waves arriving at asympotia.

@ Extensive study of gravitational charges has been carried
out both by physicists and indeed by mathematicians.

@ In this talk, we will construct gravitational charges and
fluxes in de Sitter and discuss their physical interpretation.
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Symmetries in non-gravitational systems

@ Global symmetries
o Noether’s first theorem (conserved currents)
68 = / dx0ej = O " =0,

olc)= [ akf = Z=0 = 0lc)=0lc

e Flux-balance laws in the presence of boundaries:
0[] - 0lc) =~ [ ds.p
oc

@ Energy and momentum: j* = T, ¢*
e (* (conformal) Killing vector

@ Local symmetries
@ Noether’s second theorem: Q = 0.
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@ Fluxes and charges in de Sitter
spacetimes are subtle:
@ no global timelike Killing vector
e compact spatial sections
o divergences associated with future
and past infinity
@ Clearly of importance:
@ in the context of inflation
dark energy
gravitational waves in cosmological
backgrounds
holography for dS
etc.

Static coordinates of de Sitter
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What are natural “observables” in de Sitter?

@ When A = 0, the natural observables are
scattering amplitudes.

@ When A < 0, the natural observables are
boundary correlators.

@ What about A > 07?

@ Transition amplitude from past infinity to future infinity: (f|:)

e |i) is determined by a conformal class of Riemannian
metrics up to diffeomophisms at past infinity, and the same
for |f) at future infinity.

e (f]i) is determined by computing the gravitational path
integral with these boundary conditions.

o It was suggested that this yield a Hilbert space for dS
quantum gravity witen (2001).

@ Here our discussion will be classical and we will focus on
symmetry constraints.
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AdS

@ Poincaré patch of AdS,

12
- ds* = /;)%S (dp® — dr* + dy* + dz?)

i @ Conformal boundary is p — 0.
@ In asymptotically AdS we define

a conserved mass corresponding
to Killing vector 0, on a surface of

constant r.
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Analytic continuation

Starting from the Poincaré patch of AdS,

2

I
ds® = % (dp? — dr* + dy* + dz?)

and rotating as

2

By— By p*P— -7 P — —x

we obtain the Big Bang patch of dS

12
ds* = % (—dT2 +d® +dy* + dzz)
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Patch of de Sitter

@ These coordinates cover half of
de Sitter, as shown, with 7 — 0
being future infinity and the
coordinate horizon being at
T — —OQ.

@ The region near radial infinity of
AdS is mapped to future infinity in
ds.

@ There is an identical discussion
for the other half of de Sitter:
the near radial infinity of AdS is
mapped to past infinity in dS.
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Domain-wall/Cosmology correspondence

> AdS/dS relation is an example of a more general
Domain-wall / Cosmology correspondence («s, wonwsend 2006

FRW solutions of + Domain-wall solutions of
the theory with potential V() the theory with potential
—V(®).

Domain-wall solutions

ds® = dr* + ) gyl dy
b =d(r)

FRW spacetimes

ds* = —di* + a*(t)dx'dx’
O = (1)
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Asymptotically locally AdS

@ In AdS/CFT we study asymptotically locally AdS
spacetimes, which admit Fefferman-Graham form as p — 0

l2
ds* = % (dp* + gav(p, x)dx"dx")
where (in four bulk dimension)

8ab = &(0)ab T ng(Z)ab + p3g(3)ab + e

@ Here g(g) is the background metric for the dual CFT while
g(3) characterises the state in the CFT (e o, sooduin, ks (2000,
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Charges in asymptotically locally AdS

@ The holographic stress tensor is given by

Tap ~ &@G)ab

and for any boundary conformal Killing vector (“ one can
construct conserved charges as

QO = / ds,Tict
oC

where 9C is the boundary of a spacelike surface.

@ This is not a prescription; these are the gravitational
charges, as can be shown by a first principles application
Of Noe’[her’S methOd [Papadimitriou, KS (2005)].
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Asymptotically locally dS in four dimensions

@ Solutions of Einstein equation with positive cosmological
constant,

l2
ds* = % (—dT2 + gup(T, x)dx“dxb)
Near the conformal boundary, 7 = 0, (starobinsky (1983))

8ab = 8(0)ab T 7'28(2)ab + T38(3)ab +e

@ The conform boundary carries a conformal class [g(] and
g(0) Is a representative.
> When [g(o)] = 1 the spacetime is asymptotically de Sitter
> Gravitational radiation requires [g()] # 1

@ The coefficient g(3) is conserved and traceless
vag(3)ab =0, g?3) a 0

As we will see, this is related to non-trivial values of
charges and fluxes.
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Variational problem for dS gravity

@ Requiring a well-posed variational problem:
0S=0 < EOM

where the conformal class [g(g)] up to diffeomorphisms is
kept fixed at ¥

68(0)ij(x) = 20(x)g(0)ij + ViG + V(G
requires the addition of boundary terms at .7

1 .y 6
—m ng(’“ez)

+ﬁ d3x\[(—1<+2—R[27])

@ The blue terms are the analogues of the AdS counterterms

[Henninsgon, KS(1998)] [Balasubramanian, Kraus (1999)] [de Haro, KS, Solodukhin (2000)]....

[Papadimitriou, KS (2005)]
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Asymptotic symmetries

@ One may derive the asymptotic symmetries by requiring
that

o they preserve the boundary conditions
e the gravitational action, including boundary terms, is
invariant under them
m The results depend on boundary conditions. We will
consider two cases:
@ Preserve the conformal class [g(g)]

@ Preserve the conformal class [g(g] up to boundary
diffeomorphisms
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A conformal class [g)] is preserved

@ Asymptotic symmetries are bulk diffeomorphisms ¢ that
asymptote to boundary Killing vectors ¢ with specific fall off
conditions.

m We call such vectors ¢ asymptotic conformal Killing vectors
(ACKYV).

@ Now that we have an action that is invariant under a
symmetry we may use Noether’s first theorem to derive the
corresponding charges, Q,

0:[C] = / dS,TEC", TS ~ gt
ocC

where ( is the conformal Killing vectors associated with the
bulk ACKV ¢.
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Conservation

It Ac g+t

@ Conservation means:
0¢[C] = Q¢[C] r f !

@ This conservation under
radial translations, not
under time evolution. dS: timelike slices, intersecting
future/past infinity
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Covariant phase space formalism

@ The gravitational theory is described by a diffeo covariant
Lagrangian d-form L(v), with ¢» denoting the metric and
other fields.

@ Onshell variations of L take the form
oL = doO

where ©(1, §v) is the symplectic potential (d — 1)-form.

@ The (d — 1) form symplectic current w is the
antisymmetrised variation of ©

w(th, 019, 021p) = 010(¥, 0210) — 620(¢), 619)

@ A crucial property is that w is closed onshell.
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Noether currents

@ Given a diffeormorphism generated by £ we can associate
a (d — 1) form Noether current

J(&) = O(¥, Leyp) — icL

where i¢ contracts £ with the first index of L.
@ Jis closed onshell and is thus locally exact

J(§) =dQ(¢)
with (d — 2) form Noether charge Q.
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Wald Hamiltonians

@ The variation of H, can be written as

st = [ (300 - 0w, 00)
ac
where 9C is the boundary of C.

@ One can integrate this equation to obtain H; iff the right
hand side is a total variation, requiring

[ icetw.s0) = [ ines.o0)
ac oc
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Wald Hamiltonian for dS

@ For a bulk vector ¢ that is an ACKV
st ac+ _ approaching (. at s+

He[C] = 0 — 0,

where
C
0:[C) = / ds T4
oc*
. @ Note that the C is a time-like
= o " hypersurfaces.
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A conformal class [gg)] is preserved up to bdry diffeo

@ Asymptotic symmetries are bulk diffeomorphisms ¢ that
asymptote to boundary vector ¢ with specific fall off
conditions.

m The gravitational action, including boundary terms, is now
invariant under a local symmetry.

@ Noether’s second theorem: Q@ =0

= Q¢[Ci] — Q¢[Cy] = —/F& Fe = (TLcgoym) &

w This is a flux-balance law.
@ A charge is conserved iff

[¥e=o0

If £ is ACKV then F¢ = 0, but there may be more general
solution to this equation.
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Modified Wald Hamiltonians

@ When T“bﬁcg(o)a;, # 0,

/ig@(?,[),(sw)#(s/ igB(1), 6v)
ac aoc

and we cannot integrate 6H, to obtain H,

@ In such cases, [Wald, Zouples (1999)] proposed a procedure
to obtain modified Hamitonians that exist but they are not
conserved.

@ They satisfy the same flux-balance law we just derived.
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Conservation under time evolution

@ In the presence of radiation, ¢ is no longer
an asymptotic conformal Killing vector.

@ With zero net flux

12

0[] - 0f [C1] = 0. [Co] — O (€],

I

[ 5 F+ :/ F.
/% /Bj; o Je, o

So zero-net flux implies that

/ AQ¢ = 0¢[Cy] — Q¢[C1]

is preserved under time evolution.

@ If the net-flux is non-zero AQ™ will differ
from AQ' by the net amount of radiation in
the shaded region.
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Example 1: Schwarzschild dS

@ Ouir first example is Schwarzschild dS, with metric in the
future patch r > /3/A:

1
ds* = —h(r)df* + ——dr* + r*dQ3

h(r)
A, 2M
h(r)—l—gr —T

@ In Kruskal-like coordinates (sazanski, Ferrari (19861,

4A63 1 9

5
ds? = =25 r = ) Foe (5 )2 dUAY + 2dO3
r

where ry, r. are two roots of (r) = 0 and &, = r,/(1 — Ar}),
5c = —r./(1 — Ar?) are positive constants.
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Schwarzschild dS

@ These coordinates cover the shaded area of the Penrose

=0 v aC UV =1 =0
D
U=>0lV=>0 4
U>0,V<0 ) 4 U<0V>0
U<0lV<0
- Vd L N N
e — Ty S

@ A bulk vector that is ACKV on both ends .#* is

1
$= %,

@ The Wald Hamiltonian is equal to

(Udy — Vdy) = 8,

n
G )
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Example 2: Radiative Robinson-Trautman solution
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Example 2: Robinson-Trautman-dS

@ The cosmological Robinson-Trautman solution takes the
form

ds* = —F(r,u,z,7)du* — 2dudr + 2r%e®@3 drdz .

Here z is a complex coordinate and ®(z, z; u) satisfies the
Robinson-Trautman equation

3m0,® + AAD =0,

where the operator A = ¢=%0.0..
@ The function @ is given by

2 A
F:raufb—A(I)——m——rz,
r 3
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Robinson-Trautman equation and the Calabi flow

> The Robinson-Trautman equation coincides with the Calabi
flow on $? that describes a class of deformations of the
metric
ds3 = 2e*@31) dzdz .

> The Calabi flow is defined more generally for a metric g ;
on a Kahler manifold M by the Calabi equation
O’R

08 = ——
8ab 0z407°

where R is the curvature scalar of g.

w |t provides volume preserving deformations within a given
Kahler class of the metric.
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Calabi flow on S?

> Starting from a general initial metric g,;(z,z; 0), the flow
monotonically deforms the metric to the constant curvature
metric on 2, described by

Dy _ 1 .
(1 +2z/2)°

> Curvature perturbations of the round sphere dissipate
under Calabi flow.

> The RT-dS solution asymptotes to Schwarzschild de Sitter
at future infinity.
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Robinson-Trautman-dS

r=0, Bas ) ) r =00
Hy o / :
W
7
N
r=0
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Asymptotics

@ The metric at .# 7" is

6 ~
ds%o) =dr + Keq)dzdi

where & the value of ® at .7 .

@ For generic solution of the RT equation, this metric has no
conformal isometries.

@ The subleading component that determines the charges is

4mA? 4dmA
— ar’
27 + 9
1[2A

5 |5 o Adyanaz + o, <;(azé>)2 _ agé) dzﬂ

2 dzdz

2
dS(3) =

c.C.
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@ Charges are conserved iff the flux vanishes:
+ — ab
AQf = /B " F, F¢ (8(3)£§g(0)ab> €3

e No conformal Killing vectors, but flux vanishes for:
@ & =0, ngfdQ:Az-
Calabi-flow is area preserving.
e & = Voo, Qg ~ [ RdQ), the genus.
Genus is preserved under Calabi-flow.
@ If the flux is positive-definite we have a monotonic charge:
d
EQ? <0

o Bondi Mass: & = exp(1(® — @0))dr, OF = Mponai
[Singleton (1990)] [Chrusciel (1992)] [Bakas, KS (2014)]

e Calabi functional: & = (V®)29, 0f, ~ [R*dQ.
e New example: & = $9,, 0 = [ ®dQ
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Conclusions/Outlook

@ We constructed gravitational charges associated with
timelike slices in asymptotically locally de Sitter
spacetimes.

@ These charges are independent of the timelike slice C if
gravitational flux is absent, while in the presence of flux
AQ(Cy,Ca) #0.

@ We illustrated these charges and fluxes with exact 4d
solutions.

@ We have seen there can be conserved charges without
isometries.

@ Can we relate our charges and fluxes to measurable
effects?

@ Relation with memory effects in dS?
@ Interpretation in the context of holography for dS?
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