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Introduction

Black hole entropy and the supersymmetric index

o Statistical explanation of black hole entropy is a central achievement of string
theory. For large classes of supersymmetric black holes, Snicro = Sy at

large charges.
Strominger, Vafa — 1996; Sen — 2007 (review)

@ The microscopic count is organized as a supersymmetric index,
T="Tr(-1)FePH, (1)

well-defined at any S > 0: non-BPS states pair up and cancel, so Z is
S-independent.

The basic tension

Regular Lorentzian supersymmetric black holes are necessarily extremal: they exist
only at 8 — oco. The index is defined at finite 3, and counts bosons and fermions
with opposite signs, unlike Sgp. What is the gravitational computation that gives
7
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Index from the gravitational path integral

@ There exist gravitational saddles of the index — smooth, complex
Euclidean spinning black holes that are supersymmetric but not extremal.

Cabo-Bizet, Cassani, Martelli, Murthy — 2018 (AdS); lliesiu, Murthy, Turiaci — 2021 (flat space)
o Formally: finite-temperature solutions saturating the BPS bound.

@ They impose periodic boundary conditions on fermions around the thermal
circle = correctly implementing the (—1)¥" insertion.

The new attractor mechanism

At the north and south poles of the rotating Euclidean horizon, the scalar moduli
are attracted to values fixed by the charges alone — not by 5 or the asymptotic
moduli. The on-shell action, and the gravitational index, is -independent.

Boruch, lliesiu, Murthy, Turiaci — 2023
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Boruch—Emparan—lliesiu=Murthy: 5D black strings

@ 5D index saddles built by uplifting 4D index saddles on the M-theory circle.
@ The D6 charge I'? of the 4D seed fixes the topology of the uplift:
o ' =1: 5D black hole saddle,

Gaiotto, Strominger, Yin — 2005
o T'° =0: 5D black string saddle wrapping an S*.

@ For the black string, they found a novel decoupling limit: lowering the
temperature the throat becomes a complex, finite-temperature BTZ x 52
saddle.

@ This saddle computes the index of the dual CFT.
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This talk: the D1-D5-P black string

The natural question

The D1-D5-P black string famously has an AdSs; x S near-horizon region, with
microscopics governed by the D1-D5 CFT. What is the gravitational saddle in six
dimensions that computes the index of the D1-D5 CFT?

@ The relevant brane system is M2-M2-M2 (BMPV in 5D).

@ We construct a new four-charge index saddle in the 4D STU model as the
BPS limit of the non-extremal rotating solution.

o Uplift: 4D — 5D (recover the index saddle for BMPV) — 6D (Type |IB): the
D1-D5-P index saddle.

@ A systematic decoupling limit yields the BTZ x S3 saddle computing the
D1-D5 CFT index.

Amitabh Virmani, CMI (CMI) Index saddle for the D1-D5 black string July 14, 2026 7/40



Roadmap

4D index saddle
four-charge BH, STU model)

l 4D-5D map, I'’ =1

g
BMPYV index saddle
(ACS saddle, 5D)

l Type 1B uplift
D1-D5-P index saddle ]

(6D black string, 11B)

decoupling limit R > I3

BTZ x S index saddle
(AdS3/CFT3)

5 independent groups are working on closely related issues. Solutions with

AdSs x S x T* boundary conditions were discussed by Larsen and Sharma.

Papers by other groups are not yet out. (Murthy; Cassani; Turton)
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The index saddle for a four-ch black hole

Outline

© The index saddle for a four-charge black hole
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The index saddle for a four-cl

The 4D STU model

e N = 2 supergravity coupled to three vector multiplets; prepotential

X'x2x3
5 ()

F(X): X0 )

@ Bosonic content: metric g,,,,, four U(1) gauge fields (A°, A;), three dilatons

©;, three axions y;;
i

o= X Hie (3)

Why the four-charge black hole?
Natural next case beyond those known in the literature.
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The index saddle for a four-charge black hole

Non-extremal four-charge black hole

@ Six parameters — mass m, rotation a, magnetic charge of A% (v4), electric
charges of A1,273 (’}/17273).
Cvetic, Youm — 1996; Chow, Compere — 2013, 2014

@ Physical charges (c; = coshyy, sy = sinhy):

4
GiM = % 12—:1 cosh 27y, G4J = ma (ci234 — S1234),
po = 2msycy, q; = 2ms;c;.
@ Metric:
2_9 2 0052 6
ds2  — T mr‘/;/l—a coS (dt+w3)2

w2 s
r2 — 2mr + a2

(r2 — 2mr + a?) sin? @ 42
r2 — 2mr + a? cos? 0

with W, ws, gauge fields, and scalars known explicitly.
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The index saddle for a four-charge black hole

Finite-temperature supersymmetric limit

@ BPS limit: m — 0, y; — oo with charges held fixed,

. 0
eV = 2‘]—7; (i=1,2,3), e%:\/%, (4)

keeping the rotation parameter a unchanged.

@ Result: rotating, supersymmetric, but non-extremal solution,

w 2

72 + a2 cos? 6
e s v T ds
r2 +a2cos2f  Pase’

W (dt+w3)2 +

(5)

2
dsgpg = —

with ds%ase flat R3 in Boyer-Lindquist type coordinates.

The 4D index saddle

This finite-temperature BPS solution is the index saddle for the four-charge black
hole. The construction via the BPS limit of the non-extremal solution is new.
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The index saddle for a four-charge black hole

The Bates—Denef form

@ Any such supersymmetric solution admits a canonical form
Behrndt, Liist, Sabra — 1997; Bates, Denef — 2003

ds* = —e®9(dt + w)? + e 29ds? ., (6)

controlled by eight harmonic functions {H™ H,} via the generalized
stabilization equations

yM_yM_—;gM, Gy — Gy = iHyy, (7)
with YM = e=9pXM  G(Y) = F(X) Gu =0ymG(Y). ¢ phase factor.
@ For our saddle the harmonic functions are two-centered:

H— h+7+’ﬁ rNn.s =71 Fiacosh. (8)
N rs

@ The two centers are complex conjugate poles. They sit at the north and
south poles of the (Euclidean) horizon.
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The index saddle for a four-charge black hole

Pole charges of the four-charge saddle

Magnetic and electric components at the north pole:

0 ; 0
0 p i ? 99k P . .
= 0, = —_— A ]{j 5
W=575 W= m (i #j#k)
No = — i 919293 s =
16v2\ p° 82

@ South pole: complex conjugates, VX = (WA)*, vsar = (ywamr)*.
@ Note: pole charges are complex — the saddle is a genuinely complex
solution.

o Constants: h’ = hy = hy = hg = % rest zero.

@ We verified full agreement (metric, scalars, vectors) between the BPS limit
and this harmonic-function presentation.
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The index saddle for a four-charge black hole

Another example of the new form of attraction

e Old attractor: single center, charges {PM Q)/} at 7 = 0; near-horizon
scalars fixed by

@ New attractor: the charge splits between the two poles, v +vs = I, with
the split fixed by demanding regularity at each pole separately:
Boruch, lliesiu, Murthy, Turiaci — 2023

The four-charge index saddle is yet another example of the new attractor
mechanism.
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Where we are

4D index saddle
(four-charge BH, STU model)

Amitabh Vi
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The index saddle for the BMPV black hole

Outline

© The index saddle for the BMPV black hole
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The index saddle for the BMPV black hole

The ACS saddle for the BMPV black hole

Anupam—Chowdhury-Sen (ACS) presented five-parameter solution of 5D
U(1)? supergravity saturating the BPS bound at finite temperature.

Charges 1, @2, Q3 and angular momenta Jsp, J3g.
Anupam, Chowdhury, Sen — 2023; Adhikari, Dharanipragada, Goswami, AV — 2024

Compact form:

ds? = —fQ(dt + kodd + kwdw)Z + f_ldsid—base’ (11)

4d Base: Ricci-flat.

Reality conditions of the index saddle:

D =./4Q1Q2Q3 — Jz; >0, —iJsg >0 ie. J3g purely imaginary: the

saddle is complex.
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The index saddle for the BMPV black hole

Eight harmonic functions

@ The ACS base is Gibbons—Hawking:
ds?ld—base = V_l(dZ + A)2 + Vdsgd—basev *SdA = d‘/ﬂ (12)

with adapted angles z = ¢ — ¢, p = ¢ + .
e Full solution from eight harmonic functions (V, K1, Ly, M) on flat R3.

@ ACS saddle: two-centered with poles at imaginary positions.
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The index saddle for the BMPV black hole

Pole data for the ACS saddle

All harmonic functions are of the form:
H=h + —_— —|— — (13)
N TS

with residues
. «_ 1 Jsr I ooy _ L Q1Q2Qs
vy = (vs) —2(1+ D>’ ky = (ks) _27Q1D ,

my = (ms)" = — 312 <J3L+ ( —%))7 lin = (lrs)” —QI (1— %)

@ The two-centered solution is genuinely supersymmetric at finite 5.
Hegde, AV — 2023

@ We are now ready to compare with the 4D attractor pole charges.
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The index saddle for the BMPV black hole

4D-5D connection

@ The four 4D gauge fields play different roles:

o Aj 23 — the three 5D gauge fields. ¢; = Q;;
o AY is the Kaluza—Klein vector: the uplift proceeds along it; the base becomes

Taub-NUT; asymptotic flatness in 5D fixes T0=p° =1 ;
o the 4D rotation a maps to J3gr; the KK electric charge would map to Jsy..

The attractor pole charges of the 4D index saddle map exactly onto the ACS pole
residues. The 4D index saddle uplifts to the 5D ACS saddle.
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The index saddle for the D1-D5-P black string

Outline

@ The index saddle for the D1-D5-P black string
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The index saddle for the D1-D5-P black string

M-theory form

The 5D solution has natural M-theory interpretation.

Three stacks of M2-branes wrapping orthogonal T2 C T°:
M2(12)-M2(34)-M2(56).

Bena, Warner — 2005, 2007

Metric: ds?; = ds? + ds2; with

ds? = —(Z,2273) "5 (dt + k)? + (21 Z2Z3) % hyppda™ da™, (14)

Supersymmetry < the linear Bena—Warner system
Reduction on T%: 5D U(1)? (STU) supergravity.

W = (2,2:23)7Y3 7,

with h1h2h3 = 1.
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The index saddle for the D1-D5-P black string

Type |IB uplift: the D1-D5-P frame

@ Reduce on zg, T-dualize along zs, 24, 23: any 5D U(1)? solution uplifts to
Type 1IB on T* x S1,

dstig = (h*)'/2ds? + (h%) 732 (dy + A®)? + B' (h®)'/%dg,y,  (15)

1
29 h

e

Fgy = (') %5 F' + F? A (dy + A®). (16)

Many authors discovered this, see, e.g., A.V. 2011.
o Charge dictionary:

o F': D5-branes on T* x S*,
o F%: Dl-branes on the y-circle,
o F3: momentum P along the Kaluza—Klein circle 3.

@ Suppressing the T*: the six-dimensional D1-D5 black string.
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The index saddle for the D1-D5-P black string

The D1-D5-P index saddle in six dimensions

@ Inserting the ACS saddle into the IIB uplift, in the standard D1-D5-P frame:

dt + k)  Zs

ds2 = (7 \ 2173 hoppndz™ dx™ dy + A3)? 17
Z

P Flay = (202327273 %5 FY + F2 A (dy + A%).  (18)

=7
@ Smoothness, Killing spinors, and periodic fermion boundary conditions all
descend through the uplift from the ACS saddle.
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The index saddle for the D1-D5-P black string

Where we are

4D index saddle
(four-charge BH, STU model)
l 4D-5D map, I'’ =1
BMPYV index saddle
(ACS saddle, 5D)
l Type 1B uplift

D1-D5-P index saddle
(6D black string, 11B)
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© The AdS3 x S decoupling limit
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The AdSg x S decoupling limit

Decoupling limit: setup

@ Goal: isolate the low-energy excitations of the D1-D5 bound state — the
AdS3 x S3 throat — from the flat asymptotic region.

o Quantized charges (S! of length 27 R, T* of volume (27()%):
04’3 20/4
Q1 = ga'Ns, Q2 = géTNla Qs = %27]\711 (19)

AdS; length: I3 = (Q1Q2)*; supergravity reliable for Ny N5 > 1.

The limit: make R the largest scale, hold N1, N5, Np and the quantized
ADM angular momenta fixed.

standard in the fuzzball literature, see e.g., Chakrabarty, Turton, A.V. — 2015
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x 53 decoupling limit

Scaling of the harmonic data, R — RA

@ Harmonic functions:

Lig~ O(A?), Ly ~ O(1), M ~ O(A),
K% ~ O(0), K3 ~ O(A?), V ~ O(A?)

@ These assemble consistently: Z; 5 ~ O(A?), Z3 ~ O(1), so

(dt + k)*

V2175 ds? g ppee ~ O(1), — 2 ~ S8
4d-b (1) 7o/ 7,25 7 7y

after rescaling t and y by A.

Every block of the ten-dimensional solution approaches a finite limit as A — co: a
smooth limiting geometry.
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x 53 decoupling limit

The BTZ x S° saddle

o Shift ¢ = 5"' K1t + Koy, Y = {E— Kot — K1Y, with K12 = J“f%: the
3
metric becomes a manifest product

ds® = dsgry(t,y, p) + 15 A3 (20)

@ Reading off the parameters of rotating BTZ:

R2

J3 = (D*+ J55) =
213

Headline result

The decoupling limit of the D1-D5-P index saddle is a smooth, complex,
finite-temperature rotating BTZ x S geometry: the gravitational saddle
computing the index of the D1-D5 CFT.
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The AdSg x S decoupling limit

CFT5 interpretation

observations based on Larsen’s papers; not yet fully understood (by me)

Under AdS3/CFTy, I3M3 4 J3 o left/right conformal weights Lg, Lo:
IsMs + J3 < D? = 4Q1Q2Q3 — J3;, IsMs — J3 o< —J2g. (22)

Left sector: fixed entirely by the charges and the left R-charge J31;
independent of J3g. Controls the Cardy degeneracy /Ly o D reproduced by
the index.
Right sector: governed by J3p alone. Since J3p is purely imaginary,
J2p <0, 50 Ly > 0: the right-movers are thermally excited, not frozen in the
Ramond ground state as for the extremal BPS black hole.
Supersymmetry nonetheless survives at finite temperature.

Larsen, Sharma — 2026; cf. Larsen, Lee — 2021, 2025
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3 decoupling limit

Where we are

4D index saddle
(four-charge BH, STU model)

l 4D-5D map, I'’ =1

BMPYV index saddle
(ACS saddle, 5D)

l Type 1B uplift

D1-D5-P index saddle
(6D black string, 11B)

l decoupling limit R > I3

BTZ x S index saddle
(AdS3/CFTs)
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Summary

What we did

@ Constructed the four-charge index saddle in the 4D STU model as the BPS
limit of the non-extremal rotating solution — a new instance of the new
attractor mechanism, independent of BMPV.

o Uplifted it via the 4D-5D map to the BMPV index saddle, and via the Type
IIB chain to the D1-D5—-P index saddle — the same gravitational solution
seen in different duality frames.

@ Took an explicit large-R decoupling limit and obtained the BTZ x S® saddle
computing the index of the D1-D5 CFT.

v
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Conclusions

Open questions

@ Which complex saddles are admissible in the gravitational path integral?
Confront our solutions with:
o the Kontsevich—Segal-Witten allowability criterion,
o the Lorentzian path-integral approach of Kolanowski—Marolf,
e the minisuperspace contour analysis of Mahajan—Singhi.

@ Relation to the work of Larsen—Sharma (and other groups) needs to be
explored more.

Thank you!
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A. Supersymmetric limit of the non-extremal D1-D5-P black string
(JMaRT — index saddle, directly in 6D)

B. Emparan—Maccarrone zooming-in procedure
(4D-5D decompactification, non-extremal)
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A. The non-extremal D1-D5-P black string (JMaRT)

o Jejjala—Madden—Ross—Titchener wrote the general non-extremal D1-D5-P
black string: parameters (M, aq, az, 91,95, 9p).
Jejjala, Madden, Ross, Titchener — 2005

@ Dictionary to the ACS non-extremal seed:

M = 2m, ay = 7127 ag = 7Z1, 51757[, = 581762783. (23)
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|
A. Reduction on the y-circle

o KK form: ds2y;.qr = F~1/3ds? + F(dy + A3)2.
o Substituting, ds? is exactly the non-extremal ofAnupam-Chowdhury—Sen
metric.

Strategy

Take the ACS supersymmetric limit directly on the 6D non-extremal black string:
an independent route to the 6D index saddle.
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|
A. Finite-temperature SUSY limit directly in 6D

e M — 0, §; = oo, holding Q; = M sinh §; cosh §; and Jsz,, J3r fixed

@ Divergences cancel between a1, as and the pieces of cosh §;, sinh §;.

Consistency check

The result is precisely the six-dimensional index saddle constructed in the main
text via the 4D — 5D — 6D uplift chain — an independent confirmation of the
full logic.
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|
B. Emparan—Maccarrone zooming-in procedure

@ Emparan—Maccarrone: a non-extremal rotating dyonic KK black hole, with
magnetic charge sent to infinity, becomes the general vacuum Myers-Perry
black hole sitting at the tip of Taub-NUT.

Emparan, Maccarrone — 2007
@ Our 4D black hole is of exactly this type — KK magnetic charge 4, no KK
electric charge — plus three electric charges 7; 2 3.

@ Limit y4 — oo with v; 2 3 fixed: decompactifies the KK circle and yields the
general non-extremal 5D three-charge black hole with special values of the
angular momenta.

@ This is the non-extremal counterpart of the 4D-5D connection.
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