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Motivations

Holography motivates the study of supersymmetric solutions,
especially asymptotically (locally) AdS ones

A susy solution can be used to compute various “observables”. In
particular, a key observable in holography is the on-shell action

Supersymmetric solutions of D = 5 gauged supergravity were fully
“classified” by [Gauntlett,Gutowski]

Finding explicit (analytic or numerical) solutions is extremely hard

It is interesting to develop methods to evaluate the on-shell action of
supergravity solutions, without having to solve the equations

In this talk I will focus on 1) localization approach to evaluate the
on-shell action of conjectural solutions 2) other methods, applicable
for co-homogeneity one solutions
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Black holes and all that in D = 5 supergravity

In this talk I will consider five-dimensional gauged supergravity

The quintessential supersymmetric solution of this theory is the
electrically charged, rotating, black hole whose explicit solution (also
non-susy!) was presented in [Chong,Cvetic,Lu,Pope] (CCLP)

We believe that this is just the tip of the iceberg, and that the theory
contains a plethora a gravitational “black objects”, with very
interesting thermodynics

These should be relevant to holography as “saddles” for various field
theoretic partition functions/indices
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Preview of the rest of the talk

The supersymmetric black hole and its complex black saddle avatar

Recovering the supersymmetric black hole theromodynamics from the
on-shell action, evaluated using localization methods

Localization results give us access to the thermodynamics of much
more general supersymmetric gravitational configurations: horizon-less
solitons, multi black holes, black lenses, black rings, etc →
(conjectural) saddles of the superconformal index (SCFT on S1 × S3)

Supersymmetric field theories can be placed in more general
backgrounds: spindle ×T 2, Riemann surface ×T 2, ... →
corresponding 5d supergravity backgrounds?!

Disappointingly, not much is know about such (AlAdS5) backgrounds
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Preview of the rest of the talk

Hopefully, localization can be employed to study such backgrounds,
but some non-trivial extensions have to be addressed: non conformally
flat 4d backgrounds, multiple patches on the conformal boundary,
non-toric solutions, supersymmetric solutions in the null class

Before even starting this extended localization program, it would be
nice to have at least one example, like the CCLP black hole!

In [Bobev,Dimitrov,DM] we have achieved this goal: constructed a
non-extremal, non-toric, (supersymmetric) solution, with conformal
boundary Σg × T 2 (needing two patches to define the gauge field),
which is a saddle of the topologically twisted index (TTI)
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Black hole entropy via complex black saddles

A by-now well-known procedure for studying supersymmetric black holes in
supergravity was introduced in [Cabo-Bizet,Cassani,DM,Murthy]

1 Consider a deformation of the solution that keeps supersymmetry but
makes the horizon non-degenerate

2 There is no contradiction, as such solutions are necessarily
complex-valued

3 Compute the on-shell action I of such a complex solution, as a
function of chemical potentials ω1, ω2, φ

4 Extremize −I − ω1J1 − ω2J2 − φQ with respect to the fugacities
ω1, ω2, φ, subject to the constraint ω1 + ω2 − 2φ = 2πi

5 Finally, require that charges and entropy are real: this is equivalent to
taking the extremal limit and it produces the entropy of the black hole
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Going beyond explicit solutions

This procedure was tested on the supersymmetric CCLP black holes

The on-shell action of the complexified black saddle was computed

I =
π ℓ3

108G5

(
ω1 + ω2 − 2πi

)3
ω1 ω2

The resulting BPS entropy agrees with S = A
4 and reads

S = π
√
3Q2 − π

(
J1 + J2

)
Bonus: if we can compute the on-shell action of a complex
deformation of a black hole, then we can extract its entropy
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Localization of the on-shell action

Can we use localization to compute on-shell actions, relevant for
supersymmetric black holes and other gravitational saddles?

In D = 5 gauged supergravity there are some new ingredients:

▶ non-compact solutions – need to address boundary terms

▶ Lorentzian supersymmetry – supersymmetric solutions with Euclidean
supersymmetry have not been classified

▶ odd dimensions – ABBV formula does not work well

▶ there is a Chern-Simons term, that is not gauge-invariant

In order to evaluate the on-shell action using the technique of
equivariant localization first of all one needs to regularize it

1 Holographic renormalization → caveats with the finite counterterms

2 Background subtraction → works well only for AAdS5 solutions

In [Colombo,Dimitrov,DM,Zaffaroni] we used 2)
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D = 5 minimal supergravity and its susy solutions

The action functional is

S =

∫ [(
Rg +

12

ℓ2

)
⋆g 1 −

3

2
F ∧ ⋆gF − A ∧ F ∧ F

]

Susy solutions of the “time-like class” [Gauntlett,Gutowski]

ds2g = − f 2η2
0 + f −1ds2γ A = −(f η0 +

ℓ

3
P + dΛ)

f = −
24

ℓ2Rγ

, ds2γ is Kähler, dP = R (Ricci form) and η0 = dy + ω

Subject to a complicated sixth-order equation on the Kähler base
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The localization formula for odd-dimensional foliations

Localization formula [Goertsches,Nozawa,Toeben]: ξ defines the
foliation and X is an arbitrary generic Killing vector

We consider a D-dimensional toric manifolds, with U(1)
D+1
2 isometry.

E.g. in D = 5 there are three Killing vectors

∫
η ∧ ΦD−1 = (−2π)

D−1
2

∑
L

Φ0

∣∣
L ·
∫
L η∏ D−1

2

i=1

(
X 0

L
ξ0

L
ξi
L − X i

L

)
︸ ︷︷ ︸

IL

+(bdry terms)

η is a 1-form such that ιξdη = 0 and Φ = ΦD−1 + · · · + Φ0 is a
basic (i.e. ιξΦ2k = 0) poly-form that is equivariantly closed:

dXΦ = 0 LXΦ = 0 with dX = d − ιX

A localization locus L is a S1 submanifold that is invariant under the
U(1)

D+1
2 isometry
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The calculation (for a subclass of solutions)
Choose Λ such that A is regular (*)

Define another regular one-form

η ≡ f η0 + A = −
ℓ

3
P − dΛ

Using the supersymmetry conditions we get ⋆gL =

= − η ∧ dη ∧ dη︸ ︷︷ ︸
equivariant

+ d
[
f η0 ∧ f −2 ⋆γ df + 2f η0 ∧ η ∧ dη + η ∧ f η0 ∧ d(f η0)︸ ︷︷ ︸

regular

]

In particular, in the localization formula we use Φ = dXη ∧ dXη

We implement AdS5 background subtraction and collect all the
contributions in the subtracted on-shell action

I =
i

16πG5

∫
η ∧ (dη)2 + d(regular) =

=
∑
L

IL + (bry terms) + d(regular)︸ ︷︷ ︸
total boundary terms I∂
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The on shell action

I − IAdS =
∑
L

IL −
∑
L

IAdS
L + I∂ − IAdS∂

The result is:

▶ Finite

▶ Independent of X

▶ The boundary terms cancel I∂ − IAdS∂ = 0

(*) requiring that A is globally defined is equivalent to a topological
condition akin to the CY condition for toric CYs:

νiV a
i = 1 for all V a

The subtracted on-shell action is given by the formula

I − IAdS =

(
ℓφ
)3

2πiG5

VolY (ξ) φ =
1

3
ν · ξ
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The black hole

The on-shell action is an analytic continuation of the Sasakian volume
[MSY] VolY (ξ) of a compactified geometry Y !

E.g. for a black hole (not necessarily the explicit [CCLP] solution) the
toric fan of the non extremal geometry is given by

V 0 = (0, 0, 1)

V 1 = (1, 0, 0)

V 2 = (0, 1, 0)

which is the same as the
fan of S5!

The susy Killing vector is ξ = β−1 (2πi ∂ϕ0 − ω1 ∂ϕ1 − ω2 ∂ϕ2

)
The subtracted on-shell action is I − IAdS =

π ℓ3

108G5

(
ω1 + ω2 − 2πi

)3
ω1 ω2
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Generalizations
In [CDMZ-2] we discussed various generalizations:

1 “Non-CY” solutions: patch-wise computations

2 D = 5 gauged FI supergravity coupled to n vector multiplets

The key new issue is the non-gauge-invariance of the Chern–Simons term

To define the Chern-Simons term, take a 6D manifold M̄ such that
the 5D space-time manifold M = ∂M̄ and define Ā with Ā|M = A:

SCS ≡ −
∫

M̄
F̄ ∧ F̄ ∧ F̄

Cover M with 5D patches and extend these to 6D patches of M̄ . In
each patch there is a regular gauge field Aa (below they will also be
denoted schematically as Ā patch, A patch)

SCS = −
∑

6D patches

∫
6D patch

d(Ā patch ∧ F̄ ∧ F̄ )
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Patch-wise integration

A patch around each localization locus La is needed + one for the
boundary: the gauge field Aa in the a-th patch is regular if

ιV a−1 Aa
∣∣
Da−1

= 0 = ιV a Aa
∣∣
Da

where Da is the 3D sub-manifold where the vector V a degenerates

Repeated application of Stokes’ theorem yields

SCS = −
∑

5D patches

∫
patch

A patch ∧ F ∧ F

+
∑

4D interfaces

∫
interface

A left ∧ A right ∧ F

+

∫
3D intersection

∑
a

A0 ∧ Aa ∧ Aa+1
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Sketch of the strategy

In FI supergravity we have gauge fields AI and scalars X I , with
I = 1, . . . , n . On-shell, the Lagrangian is written in a form that is
suitable for localization:

⋆gL =
1

6
CIJK ηI ∧ dηJ ∧ dηK + d(regular) ηI ≡ f X I η0 −AI

Apply the localization formula to the term
1

6
CIJK ηI ∧ dηJ ∧ dηK in

each patch separately

Combine the interface integrals from the Chern-Simons action with
interface integrals coming from application of Stokes and the
localization formula

The final result only depends on the fan V a, the susy vector ξ and
the expansion in cohomological classes of dηI −→ the coefficients
of this expansion can be related to the magnetic fluxes
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Magnetic fluxes

The general expression in the non-minimal theory is quite complicated. Let
us consider the effect of the magnetic fluxes in the minimal theory

Consider a generic solution with fan given by V 0, . . . ,V d where

V a = (na, xa, ya) , |na| =
{
1 =⇒ “horizon”

0 =⇒ “bubble”

Generically such solution can support magnetic fluxes ma. For a bubble

ma ∼
∫
Na

F , Na ≡ normal space to the bubble

The on-shell action can be written in terms of the equivariant volume!

I ∝ (ξ0 φ)
3 V(0)(ξ)+3(ξ0 φ)

2 V(1)(ma, ξ)+6ξ0 φV(2)(ma, ξ)+6 V̂(3)(ma, ξ)
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A glimpse of “new physics”

We derived an expression for the on-shell action valid for a large class
of (putative) AAdS5 solutions of D = 5 gauged supergravity!

This can be specialized to various sub-classes of (putative) solutions
of physical interest, such as:

▶ Black rings, black lenses, multi black holes or black lenses, topological
solitons, Euclidean (complex) saddles..

We can also access all these solutions in the ungauged supergravity,
where they can be written down in explicit form (using the results of
[Gauntlett,Gutowski,Hull,Pakis,Reall]) [Cassani,Ruipérez,Turetta’25]

Remarkably, the same expression for the on-shell action I is valid. The
only difference is the constraint (VI ≡ Fayet-Iliopoulos parameters)

ω1 + ω2 − 2πi = VIφ
I (VI = 0 for ungauged supergravities)
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The black ring

V 0 = (0, 0, 1) V 1 = (1, 0, 0) V 2 = (0, 0,±1) V 3 = (0, 1, 0)

D1 ∼ S2 × S1 horizon. D2 ∼ S3 “bubble”

The geometry supports magnetic fluxes

mI ∝
∫

S2
F I ∝

∫
N2

F I

Asymptotically-flat solutions are known (in the extremal limit)
[Elvang,Emparan,Mateos,Reall]

Asymptotically-AdS solutions are not known. Nevertheless, we can
predict the on-shell action of a (Euclidean, non extremal) black ring

I ∝
1

ω1

CIJK mI
(
3φJφK ± 3ω2 mJφK + ω2

2 mJmK
)
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The black ring

The magnetic fluxes are subject to the constraint 3κVImI = 1 ∓ 1

In the ungauged theory (VI = 0) only the upper sign is possible. This
matches the analysis of [Cassani,Ruipérez,Turetta’25]

[Kunduri,Lucietti’07] classified general supersymmetric near-horizon
geometries of the STU theory and found that an extremal horizon of
a putative black ring in AdS5 should obey the constraint 3κVImI = 2

Thus if a black ring in AdS5 exists, the fan should be that of the
“lower sign”: V 2 = (0, 0,−1)

Dario Martelli (Torino) 15/7/2026 21 / 40



Entropy of a black ring from the localized on-shell action

The entropy is found as the extremal value of

S = −I − ω1J1 − ω2J2 − φIQI + Λ (ω1 + ω2−3κVIφ
I︸ ︷︷ ︸

=0 for ungauged

−2πi)

The charges obey the constraint

πκ3

24G
CIJKmImJmK − mIQI +

3κ

2
C IJKCKLMVIQJmLmM = 0

The entropy at extremality is

S = 2π

√√√√J2
2 + (J2 − J1)mIQI +

1
4
C IJKCKLMQI (QJ + 6κJ1VJ)mLmM

−1 + 9κ2

4
C IJKCKLMVIVJmLmM

Dario Martelli (Torino) 15/7/2026 22 / 40



More general “black saddles”

Localization very powerful, but some assumptions have been made

▶ AAdS5: 4d boundary is conformally flat

▶ A single patch for the 4d boundary: specifically ≃ S1 × S3 topology

▶ Toric: in Euclidean, there is a U(1)3 isometry

▶ Supersymmetric solutions in the time-like class

Suppose you want to describe a gravitational solution that is a saddle
of the TTI. The 4d susy background is Σg × T 2:

▶ AlAdS5: 4d boundary is not conformally flat

▶ Two patches for the 4d boundary: needed to define magnetic
monopoles on Σg

▶ Non toric: in Euclidean, there is a U(1)2 isometry

▶ The extremal solution (with AdS3 × Σg extremal horizon) is known to
belong to the null class
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Supersymmetric black strings (D3 branes wrapping Σg)

1 Static, AlAdS5, AdS3 × Σg extremal horizon
[Chamseddine,Sabra’99], [Klemm,Sabra’00]

2 Generalised by [Benini,Bobev’13] to STU model

3 Rotating, AlAdS5, AdS3 × Σg extremal horizon [Bernamonti et
al’07,Hong’21]

All these solutions are characterized by a magnetic flux threading Σg

1

2π

∫
Σg

dA ∝ p

All in the null class of [Gauntlett,Gutowski]

All co-homegenity one: ansatz depending on one “radial” variable
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The black string

In the modern post-CCMM era, in order to shed light on the
thermodynamics and the holographic matching with the physics of
the TTI, one would like to obtain a non-extremal supersymmetric
version of the above solutions, with topology R2 × S1 × Σg

An attempt to construct non-extremal (static and non
supersymmetric) black strings was made in [Bernamonti et al’07]:
numerical solutions, plus an analytic one, for a specific value of the
magnetic flux p, corresponding to the susy value at the boundary

We looked for (and found) a non-extremal, rotating, AlAdS5 solution,
with R2 × S1 × Σg topology. In general the solution is not
supersymmetric and supersymmetry can be imposed on top

Mirrors the rotating, electrically charged black hole story
(CCLP+CCMM): non-susy, non extremal → susy, non-extremal
(complex black saddle) → susy, extremal
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Rotating black string ansatz
The symmetries/properties of the solution determine the following
co-homegenity one ansatz

ds2 = − gtt(r)dt2 + dr2 + gφφ(r)(dφ + w(r)dt)2 + gΣ(r)ds2Σ
A =at(r)dt + aφ(r)(dφ + w(r)dt) − pωΣ

where the above A is a local expression, valid in a patch, and∫
Σ
dωΣ = 4π(g − 1)

We feed this in the equations of motion

Rµν + 4gµν −
3

2
F 2
µν +

1

4
gµνF 2 = 0

d⋆F + F ∧ F = 0

and obtain a complicated set of coupled 2nd order ODE’s
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Patches on R2 × S1 × Σg

The topology R2 × S1 × Σg , together with non-zero magnetic flux
imply that the manifold has to be covered by (at least) two patches.
This fact plays an important role throughout the analysis!

Patches on Σ: pick a point p ∈ Σg and let D− ⊂ D+ be two small
geodesic disks around p. Define two patches as US ≡ D+ and
UN ≡ Σg \ D̄−. Then the overlap is the annulus

UN ∩ US = D+ \ D̄− ≃ S1 × (0, 1)

Effectively, we can take the patches to overlap on an arbitrary circle
S1
ϕ ⊂ UN ∩ US ≃ S1 × (0, 1)

We then get two patches on the full 5d manifold, with 4d overlap
Γ∞ = R2 × S1

φ × S1
ϕ
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Generalised currents and radially conserved charges
Consider the following one-parameter three-forms

Qc1 = ⋆5 F + c1A ∧ F

Jc2 = ⋆5 d
(
(∂φ)

♭
)
+ 3

(
ι∂φA

)
(⋆5F + c2A ∧ F )

where c1 and c2 are two arbitrary constants

Integrating Qc1=1 on S1
φ ×Σg gives the Page charge and integrating

Jc2=2/3 gives the Noether-Wald charge

These forms are closed, however the corresponding charges are not
radially conserved because the three-forms are not globally defined on
the 5d manifold! Instead, using

dQc1 = (c1 − 1)F ∧ F

dJc2 =
3c2 − 2

2

[
(3ι∂φA)F ∧ F − ι∂φ(A ∧ F ∧ F )

]
and computing the associated charges using the two patches, we can
show that the charges with c1 = 2 and c2 = 1 are radially conserved
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Two more integrals of the motion (IOMs)!

Vasko spotted a matrix-valued scalar current µ(T ) for which

µt ≡ µ

([
−1 0
0 1

])
, µs ≡ µ

([
0 1
1 0

])

are two more radially conserved IOMs: ∂rµt = 0 = ∂rµs

So in total there are four IOMs: µt , µs , q, j

Moreover, it turns out that µid ≡ µ

([
1 0
0 1

])
is such that

Lon-shell = ∂rµid + p
(
AφA′

t − A′
φAt

)
So, the on-shell action contains two terms: a total derivative that
“localizes” at the horizon and at the boundary!
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Boundary conditions
In the UV (r → ∞) we take standard Fefferman-Graham (FG) form

ds2 = dr2 + e2r
[
− c2

t dt
2 + c2

φdφ
2 + c2

Σds2Σ
]

A = − Φdt − Ψ∞dφ − p ωΣ

In the IR (r → 0) we take standard thermal form

ds2 =

(
dr2 − r2

(
2π

β

)2

dt2
)

+ L2
φ(dφ − ΩHdt)2 + L2

Σds2Σ

A = − ΨH(dφ − ΩHdt) − p ωΣ

In Euclidean (t = −itE ) we impose the usual twisted periodicities

(tE , φ) ∼ (tE + β, φ − iΩHβ) ∼ (tE , φ + 2π)

ensuring regular metric and regular gauge field
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UV boundary data

In Euclidean signature the boundary is T 2 × Σ with

cφ = size of the T 2 cΣ = size of the Σ

and

τ =
β

2πi

(
ΩH −

ct

cφ

)
τ̄ =

β

2πi

(
ΩH +

ct

cφ

)
is the “tilt” of the T 2 arising from the thermal IR boundary
conditions

{Φ, Ψ∞, p} is the gauge field data at the boundary

Φ = electric potential Ψ∞ = Wilson line p = magnetic charge
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The strategy

1 Solve perturbatively in the UV as r → ∞. There are log terms in the
FG expansion as the boundary is not conformally flat

2 Solve perturbatively in the IR. All the functions are assumed to have
Taylor expansions around the horizon r = 0

3 Use the IOMs to relate UV and IR subleading data to {q, j , µt , µs}

4 Numerically shoot from the IR to connect the two expansions

In the IR the physical requirement of a thermal horizon eliminates one IOM

µs + µtΩH =
j
2
(1 + Ω2

H)

Moreover, all the log terms at all orders vanish if p = ptop. twist =
1
3
,

because the boundary is a supersymmetric background [Cassani,DM]
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On-shell action, charges and entropy
The on-shell action is obtained through holographic renormalization with
standard counterterms

Î = − β
π(g − 1)

2G5

[
µid

∣∣∣∣rc
0

+ p
∫ ∞

0

dr
(
AφA′

t − A′
φAt

)]
+ GHY + counterterms

The charges (E , J,Q) are obtained from the holographic stress energy
tensor Tij and conserved holographic current ji :

E = − lim
r→∞

∫
S1×Σg

T t
t J = lim

r→∞

∫
S1×Σ

T t
φ

Q =
3

16πG5

lim
r→∞

∫
S1×Σ

⋆F +
2

3
A ∧ F

The entropy is obtained from Bekenstein-Hawking

S =
Area

4G5

=
π(g − 1)

G5

β(µt − jΩ)
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Quantum statistical relation (QSR)

Combining everything we obtain the following QSR

Î = − S + βE − βΩJ + βΦQ + βΦΨ∞P

where P ≡ π(g−1)
2G5

p is the effective magnetic charge

As explained earlier, the UV boundary conditions are such that we are
in a mixed ensemble with fixed β,ΩH , Φ, Ψ∞,P

The fluctuating variables are the charges E , J,Q
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Supersymmetry on top

Of course, to make contact with the TTI, eventually we should
impose supersymmetry!

After the analysis in the null class fails, the only hope is to impose
time-like supersymmetry

We do that and we find (still numerically) a family of solutions that,
in the extremal limit, reduce to the known supersymmetric, extremal,
rotating, analytic solution of [Hong], that belongs to the null class

We reproduce the physics of TTI in the Cardy limit
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Supersymmetric thermodynamics
We impose supersymmetry both in the UV and the IR order by order,
finding additional relations between the parameters of the solution

In this process the solution becomes intrinsecally complex, as expected

In the variables

ω ≡ β

(
ct

cφ
− ΩH

)
, φ ≡ βΦ

we obtain

Î = −S + β

=0 (BPS relation)︷ ︸︸ ︷(
E −

ct

cφ
J
)

+ωJ + φQ + φΨ∞P

with the constraints

φ = ± 2πi p , p = ptop. twist =
1
3

in accordance with the field theory analysis of the TTI
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Supersymmetric thermodynamics

Defining the central charge of the 2d (2,0) SCFT in the IR as

c ≡
4π(g − 1)

3G5

The holographically renormalized on-shell action reads

Î = −
πic
12τ

−
1

4
icπΨ∞

The first term matches log ZTTI in the Cardy limit

Although the interpretation of the other term is not 100% clear, we
can bypass this by defining the following “entropy function”

I ≡ − Îsusy − ωJ + φQ + φΨ∞P

whose extremization should yield the entropy of the supersymmetric
extremal black string
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Supersymmetric thermodynamics in field theory variables
Defining τ = − ω

2πi we obtain the following expression

I =
iπc
12τ

+ φQMax − 2iπJτ

where QMax is the Maxwell charge

QMax = Q −
π(g − 1)

9G5

Ψ∞

that matches perfectly with the field theory calculation!

Extremizing with respect to τ gives

∂I
∂τ

= 0 =⇒ J = −
c

24τ 2

and substituting this value back in I gives the entropy

S⋆ = −
2iπ
3

QMax +
iπc
6τ

Requiring real Q and S implies QMax = 0
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Outlook

D = 5 gauged supergravity should contain several types of
gravitational objects: black holes, black lenses, black rings, Euclidean
saddles, solitons, black strings, black Saturns...

Localization gives access to a wealth of gravitational solutions
(assuming they exist), even without knowing them explicitly

New gravitational saddles → via AdS/CFT predictions for new
saddles of the superconformal index! Where are they?

Non-extremal black strings could not be studied with present
localization technology. We constructed, partly numerically, a family
of solutions from which we could extract physical properties and
obtained a match with the Cardy limit of the TTI

Can we use localization to cover further types of supersymmetric
solutions, such as the above new black string and generalizations?
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Thank you!
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