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Motivation



Quantum Black Holes
String theory microstates

• UV approach - Fuzzball 
paradigm for example

∑

Euclidean path integral approach

• Effective approach using super-
JT gravity

• Not well understand how these two approaches are connected 
and remains an important and challenging problem

• Quantum black hole cohomologies See Seok’s talk



Mass Gap
• From path integral approach, supersymmetric blacks holes are predicted to 

have a mass gap Iliesiu, Turiaci Iliesiu, Heydeman Turiaci and Zhao

• Mass gap is predicted to be 

• This gap is reproduced in string theory (D1D5 system), connection?

• For work on spectrum discreteness in non-susy case see Dongsu’s talk

Egap ∼ 1/N



Review of D1D5 system



D1D5 CFT
•Gauge Theory - Consider  and  D1’s,  D5’s wrapping  

•Low energy limit, ( ) Nonlinear Sigma Model, 1+1 SCFT which is a 
symmetric product orbifold theory: twisted, untwisted sectors

M4,1 × S1 × T4 N1 N5 S1 × T4

T4 ≪ S1

(T4)N /SN N = N1N5

ψ(i)
1 , ψ(i)

2 , ψ(i)
3 , ψ(i)

4 → dαA(i)
rX(i)

1 , X(i)
2 , X(i)

3 , X(i)
4 → α(i)

A ·A,n

ctotal = 6N

David, Mandal, WadiaLarson, Martinec

𝒩 = (4,4)

Ln, GαA
n , Ji

n
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T4
N1N5

A, ·A, α = ±
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● Base space

● Cylinder coordinate

z = ew

Base Space

{ D-branesN1N5

τ =
it
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, σ =
y
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Twisted Sectors
•The D1D5 system contains twisted sectors by action of a twist operator

Twisted sectors

Untwisted sectors

X(i) → X(i)

z → ze2πi

i = 1,…, N

z → ze2πi

σk : X(1) → X(2) → … → X(k) → X(1) h(σk) =
6
24 (k −

1
k )



Mass Gap

•Consider left moving momentum on maximally wound sector

αn |0N⟩, N = N1N5

αnα−1/Nᾱ−1/N |0N⟩

•Small excitation above the gap

•Level matching condition (required by momentum conservation)

ΔE =
2

N1N5

•Mass gap in free D1D5 CFT is thought to be origin of black hole mass gap 
 ∼ 1/N



Mass Gap

•Is this agreement a consequence of the free theory and does it breakdown in the 
supergravity regime?

•From the Euclidean path integral perspective the gap computed there would 
correspond in the D1D5 CFT to gap of D1D5P states, D1D5P black hole

•We won’t focus on this case but a simpler case: the gap of D1D5 states dual to a 
very small, D1D5 states, D1D5 black hole

α−nα−1/Nᾱ−1/N |0N⟩

α−1/Nᾱ−1/N |0N⟩



• Two charge - D1D5 microstates - super tube mass gap -  geometries end in 
smooth cap, length of throat gives gap ∼ 1/N1N5

•Three charge - D1D5P smooth microstates - superstrata cap off smoothly 
reproducing the gap

Mass gap in string theory

Martinec, Warner 

Mathur, Lunin

→
S1

T4
N1N5D1-D5 common 

direction

Back reaction gives 2 charge 
microstates called Supertubes

AdS3

L2
AdS = ∼ N1N5

→
S1

T4
D1-D5 common 
direction

P

Back reaction gives 3 charge 
microstates called SuperstrataN1N5

Bena, Guisto, Russo, Martinec, Shigemori, Turton, Warner



Corrections to energy and gap



•To address this we consider corrections to the energy spectrum or ‘lifting’ of 
conformal dimension 

•We consider large winding  limitN ≫ 1

Corrections to Spectrum

SDH, Mathur, Zadeh

αA ·A,− 1
N − k

ᾱB ·B,− 1
N − k

|0−−
N−k⟩∏

i

|0αiᾱi
ki

⟩nαiᾱi
ki

ki, k ≪ N

•Energy                                                                 highly degenerate

•Level Spacing

•Free spectrum gap           with nearest neighbor spacing 

EN−k =
1

N − k
+

1
N − k

=
2

N − k

EN−k − EN ≈
2k
N2

Guo, Mathur

∼
2

N2

 - cycleki - cycleN − k

∼
2
N



•Consider marginal deformation  D

Deformation and Twist Effects

D =
1
4

ϵ
·A ·Bϵαβϵᾱβ̄Gα·A,− 1

2
Ḡᾱ·B,− 1

2
σββ̄

2 (z, z̄), S = S0 + g∫ d2zD(z, z̄)

•  can split and join effective strings, supercharge

•Consider  - cycle +  - cycle goes to ( ) - cycle

σ2

w k w + k
σ++

2 (z0)α(i)
−n1

α( j)
−n2

|0w⟩(i) |0k⟩( j)

= (∑
p1>0

fi[−n1, − p1]α−p1 ∑
p2>0

fj[−n2, − p2]α−p2
+ Cij[n1, n2])exp(γmnα−mαn) |0w+k⟩

•Dynamics described by 3 effects: pair creation , propagation , contraction γ f C

G : B → F, F → B



•For long cycles,  the twist effects simplifyw ≫ k

Deformation and Twist Effects

•In this limit the joining process only depends on the topological changes 
and not dynamical details

σ++
2 (z0)α(i)

−n1
α( j)

−n2
|0w⟩(i) |0k⟩( j) ∼ α(i)

−n1
α( j)

−n2
|0w+k⟩



Energy corrections in long cycle limit
•Again considering the state 

•Perturbation

•For large N

αA ·A,− 1
N − k

ᾱB ·B,− 1
N − k

|0−−
N−k⟩∏

i

|0αiᾱi⟩nαiᾱi
ki

D =
1
4

ϵ
·A ·Bϵαβϵᾱβ̄Gα·A,− 1

2
Ḡᾱ·B,− 1

2
σββ̄

2 (z, z̄)

First order correction level spacing E(1) ∼
1

N5/2
≪ ∼

1
N2

Second order correction  similar to level spacing E(2) ∼
1

N2
∼

1
N2



Computing second order lift: Gava Narain method
•2nd order lift, long cycle limit 

•Gava-Narain operator

•Examples of nonzero elements

•State on long winding sector unchanged
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Gava, Narain
Guo, Mathur



Nonzero second order corrections
•We record nonzero second order corrections 
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Effective Second Order Hamiltonian
•Can diagonalize directly but by noticing the similarities with simple quantum 
mechanical system

•Can make association

•Can think that  creates a short cycle, , of winding  and occupation 

•Must treat unperturbed, , spacing and second order spacing, , together since 

both are of order 

aαᾱ,†
p |0αᾱ

p ⟩1 p nαᾱ
p = 1

E(0) E(2)

∼
1

N2

a |n⟩ = n |n − 1⟩, a† |n⟩ = n + 1 |n + 1⟩

λ2π2

2N2
kikj n−−

ki
n++

kj
→

λ2π2

2N2
pqa−−†

p a++†
q



Effective Second Order Hamiltonian
•Can write second order effective Hamiltonian as 

H = E(0) + E(2)

N2H = ∑
p>0

(a−−†
p a−−

p + a−+†
p a−+

p + a+−†
p a+−

p + a++†
p a++

p )

+
λ2π2

2 ∑
p,q>0

pq{(a−−
p a++

q − a−+
p a+−

q + a−−†
p a++†

q − a+−†
p a−+†

q )

+(a−−†
p a−−

q + a−+
p a−+†

q + a+−†
p a+−

q + a++
p a++†

q )}



Near Gap Spectrum

•Considering  and  subsystem with  and −− ++ a−−
p ≡ ap a++

p ≡ bp

H1 =
n

∑
p=1

p(a†
pap + b†

pbp) +
λ2π2

2

2

∑
p,q=1

pq [(apbq + a†
pb†

q) + (a†
paq + bpb†

q)]

H1 =
n

∑
i=1

μi(Γ†
S,iΓS,i + Γ†

A,iΓA,i) + (
n

∑
i=1

μi −
n(n + 1)

2 )
•Boboliubov transformation

•Where the eigenvalues are given by the relation

1 = λ2π2
n

∑
p=1

p2

μ2 − p2

•New and old creation operators related by 

Γ†
S = KS

n

∑
p=1

p( a†
p + b†

p

μ − p
+

ap + bp

μ + p ) Γ†
A = KA

n

∑
p=1

p( a†
p − b†

p

μ − p
+

ap − bp

μ + p )



Near Gap Spectrum - Higher Orders
•Once second order correction is found, all higher orders can be 
determined from second order correction

δH = E(0) + E(2) E =
1

N2
+ 2δH + O(N−4) =

1
N

+ δH + O(N−3)

O(N−2)

•Higher order terms are supressed by large  so the result upto  is exact 
in  

•For , energy required to create  cycle is 

•For , energy satisfies

N ∼ 1/N2

λ

λ = 0 p p/N2

λ ≠ 0 1 = λ2π2
n

∑
p=1

p2

μ2 − p2

Gaberdiel, Gopakumar, Nairz
Beisert



Near Gap Spectrum - Example

μi = {1.04959, 2.09977, 3.15118, 4.2046, 5, 26109
6.32223, 7.39072, 8.47207, 9.58228, 62.1756}

•For , energy required to create  cycle is  (in units of )

•For , energy satisfies

•Consider 

λ = 0 p p 1/N2

λ ≠ 0

λ = 1, n = 10

1 = λ2π2
n

∑
p=1

p2

μ2 − p2



Near Gap Spectrum
•Generally, for any  and  eigenvalues obeyn λ ≠ 0

1 < μ1 < 2 < μ2 < 3 < … < n − 1 < μn−1 < n < μn

•For  and  large energy eigenvaluen λ

μn ∼ λπ
n3

3
≫ n

•Still true that first  values  close to those of free theory

•Near-gap spectrum still robust even after deforming away from free theory!

n − 1 μ1, …, μn−1



Mass Gap Revisited

•Mass gap correction is positive

ΔEGap =
2

N2 (
n

∑
i=1

μi −
n(n + 1)

2 ) ≫ 0

•Parametrically smaller than free gap

ΔEGap ∼
λn3/2

N2
≪

2
N

= E(0)
Gap

•Mass gap is also robust!

•Significant since the gap is a crucial part of black hole microstates

1 ≪ n ≪ N



Conclusions and future 
directions



Relation to chaotic dynamics and black hole 
microstates
•D1D5 states were found to be non-chaotic

•We similarly find that D1D5PP̅ states slightly above the gap are non-chaotic 
(integrable - structure)

•Agrees with common thought that small black holes are not very chaotic

•Chaotic behavior may appear at higher order in  

•Recent results suggest signatures of chaotic dynamics at finite  

1/N

N
Zhang

Chen, Lin, Shenker
Chen, Ellerin, Mamroud, Papadodimas



Conclusion
•Order , the near gap spectrum remains robust1/N2

•Mass gap and spectrum remain robust for large  (black hole regime)λ

•Consider gap of D1D5P states, dual to states of large black holes

•Recent constructions (D1D5PKKm) suggest possible states within gap. Are they 
lifted? Can we test this?

Future Directions

Emparan, Heidmann



Future Directions Cont.
•This paper considered a specific model microscopic model

•One can also discuss more universal features exploiting 2D CFTs such as 
considering OTOC’s in heavy states in the large c limit and coarse-graining

WIP SDH, Panopolous, Vos



Thank You!


