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Tidal forces in Newtonian Gravity

Tidal force
Differences of gravitational force due to the finite size effect

Multipole Expansion of Newtonian Gravitational Potential

Tidal acceleration in terms of multipole moments;
Φ(|X⃗ = r⃗ − r⃗0|) ≈
Φ(|X|)X=r + (X̂ · ∇Φ(|X|))|X=r +

1
2(X̂ · ∇)2Φ(|X|)|X=r · · ·

Dipole moments would be canceled after taking a center of mass
frame.
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Two View Points on Measure the Tidal Effect

How is it measured?

The First Kind: Measuring deformation of the shape of the
body

It is the direct measurement of the tidal effect; e.g., “tide”

The Second Kind: Measuring potential by a deformed body

Caveat: It is different from measurements of tidal force itself.
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What is Love numbers?

Love Number of the First Kind: Shape Love Numbers

This measures deformation of event horizons of black holes
[Damour, Lecian 2009]. It measure universal tidal effects.

Love Number of the Second Kind: Tidal Love Numbers or k2
This measures relativistic gravitational potential of black holes after
the deformation of the horizon. In GR dipole moments vanish, so it
starts from quadrupole moments.
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Tidal Love Number

Multipole Expansion of Newtonian Gravitational Potential

Normalization fixed in Weak Field Limit (Newtonian Matching)

Normalization for tidal Love Number

Eµν =Wµανβu
αuβ

Newtonian Limit−−−−−−−−−−−−→ Eij =W0i0j = ∂i∂jΦext,

Qij =
∫
dm
(
xixj − x2δij

3

)
, Φtot = 1

2Y20E
(2)
ij r

2
(
1 + 2k2

r5s
r5

)
⟨Qij⟩ = −4CEEij = −2

3k2
R5

G ∂i∂jΦext
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Usages of Tidal Love Numbers

• All of the black holes (Schwarzschild, Reisner-Norström, Kerr,
Kerr–Newman) have no tidal Love number k2.
[Damour, Nagar 2009, Binnington, Poisson 2009, Kol, Smolkin
2011, Chakrabarti, Delsate, Steinhoff 2013, Gürlebeck 2015,
Porto 2016, Hui, Joyce, Penco, Santoni, Solomon 2020, Chia
2020, Le Tiec, Casals, Franzin 2020, Charalambous, Dubovsky,
Ivanov 2021]

• Non-trivial Tidal Love Number: Other Compact Objects
• An Observable in Gravitational Wave Experiments [Flanagan,

Hinderer 2007, Abbott et al(LIGO Scientific, Virgo) 2019]
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Motivations

A Sum Rule from Gravitational Amplitudes

A hint of a sum rule for tidal Love number appeared during a
project on Lorentzian Taub-NUT spacetime as gravitational dyon
and related scattering amplitude at 1-loop or 2 Post Minkowskian
order O(G2) [Kim, MS 2020]

Quantitative Study of Hawking Radiation?

Applications: Quantum Corrections from the Sum Rule
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A Simple Nature of the Sum Rules in Perturbation Theories

A Toy Model: 1d Simple Quantum Harmonic Oscillator under
Linear Perturbation

H = HSHO + Vint, Vint = −λx.

Susceptibility in Linear Response Theory of Quantum
Mechanics

χx ≡ d⟨x⟩
dλ

∣∣∣∣
λ=0

=
∑
n′ ̸=n

2|⟨ψn′ |x|ψn⟩|2

En′ − En
.
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A Simple Nature of the Sum Rules in Perturbation Theories

Transition Rates of Spontaneous Emission [Many QM
textbooks]

The numerator of χx is also shared by the transition rate Γn→n′

under periodic perturbations λx cos(ωt).

Γn→n′ =
2π

ℏ
λ2|⟨ψn′ |x|ψn⟩|2 δ(En − En′ ± ℏω) .
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A Simple Nature: Linear Response + Transition Rates

• χx ≡ d⟨x⟩
dλ

∣∣∣
λ=0

=
∑

n′ ̸=n
2|⟨ψn′ |x|ψn⟩|2
En′−En

,

• Γn→n′ = 2π
ℏ λ2|⟨ψn′ |x|ψn⟩|2 δ(En − En′ ± ℏω) .

The Sum Rule for the Simple Harmonic Oscillator

χx =
ℏ
πλ2

∑
n′ ̸=n

Γn→n′

En′ − En
.
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Other Examples: A Hydrogen Atom [Many QM textbooks]

An Electron of Hydrogen Atom in Electric Fields

H0 =
p2

2me
− e2

4πr , HStark = eEz

Electric Susceptibility

αn =
∑

n′ ̸=n α
(n′)
n , α

(n′)
n ≡ 2e2 |⟨n

′,1,0|z|n,0,0⟩|2
En′−En

Spontaneous Emission Rate to s-Orbital States

Γ(n′,n) ≡
∑

m∈{0,±1}

ω3
(n,n′)e

2

πℏc3
|⟨n′, 1,m|x⃗|n, 0, 0⟩|2

3
.
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Other Examples: A Hydrogen Atom

The Same Nature

αn =
∑

n′ ̸=n α
(n′)
n , α

(n′)
n ≡ 2e2 |⟨n

′,1,0|z|n,0,0⟩|2
En′−En ,

Γ(n′,n) ≡
∑

m∈{0,±1}

ω3
(n,n′)e

2

πℏc3
|⟨n′, 1,m|x⃗|n, 0, 0⟩|2

3
.

The Sum Rule

αn = 2πc3

(∑
n′>n

Γ(n,n′)

ω4
(n,n′)

−
∑
n′<n

Γ(n,n′)

ω4
(n,n′)

)
, ω(n,n′) =

|En′ − En|
ℏ

.
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Schematic Derivation

Contact Interaction where the susceptibilities defined

Figure 1: Contact Interaction as like Four-Fermi Theory
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Schematic Derivation

Figure 2: In low energy limit yields the contact interaction
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Strategy: Matching perturbative amplitudes with worldline EFT

Absorption and Emission of Spin-1(2) Radiation

Γm′→mγ(h) ∼
∑

m′,γ(h)

∣∣Am′mγ(h)

∣∣2 =∑m′,γ(h)

∣∣∣AEFT
m′mγ(h)

∣∣∣2
Worldline EFT of a Relativistic Particle as black holes
There are electric/magnetic Love numbers and electromagnetic
susceptibility.

S =

∫
dτ2(−m− qAµu

µ − α

2
EµE

µ − χ

2
BµB

µ

+ CEEµνE
µν + CMBµνB

µν)

k
(E/M)
2 are dimensionless parametrization of CE/M .
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Amplitudes in QFT/Worldline EFT

Amplitudes in Spinor-Helicity variables [Arkani-Hamed, Huang,
Huang 2017]

Amplitudes QED QG

|A++
m′mγ(h)|

2
(
eC
m

)2 [ 2
∆m + 4

m

] m[23]2

2

(
κC̃
m

)2 [
1

∆m + 4
m

]
m[23]4

|A++
m′mγ(h)|

2
EFT (α− χ)m[23]2

2
κ2(CE−CB)

16 m[23]4

|A+−
m′mγ(h)|

2
(
eC
m

)2 2
∆m

[2|p1|3⟩2
2m

(
κC̃
m

)2
1

∆m
[2|p1|3⟩4
m3

|A+−
m′mγ(h)|

2
EFT (α+ χ) [2|p1|3⟩

2

2m
κ2(CE+CB)

16
[2|p1|3⟩4
m3

Table 1: Parallelism between QED and QG: Reminiscence of double copy
relation.
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From Amplitude Matching to the Sum Rules

Electric Polarizability in QED

α =
(
eC
m

)2 [ 2
∆m + 2

m

]
, Γm′→mγ =

(
eC
m

)2 ω3

π ,

⇒ α = 2π

[ ∑
m′>m

Γm′→mγ

(∆m)4
−
∑
m′<m

Γm→m′γ

(∆m)4

]
.

Electric Tidal Love Number in QG

CE =
(
4C̃
m

)2 [
1

∆m + 2
m

]
, Γm′→mh =

(
κC̃
m

)2
4ω5

π ,

⇒ CE =
1

8G

[ ∑
m′>m

Γm′→mh

(∆m)6
−
∑
m′<m

Γm→m′h

(∆m)6

]
.
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Implication of the Sum Rules to Schwarzschild Black Holes

Vanishing of “Classical” Tidal Love Number

All of the black holes in 4d GR have vanishing tidal Love numbers!
There is balanced cancellation of emission and absorption

CE =
1

8G

[ ∑
m′>m

Γm′→mh

(∆m)6
−
∑
m′<m

Γm→m′h

(∆m)6

]
= 0
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Dimensional Analysis

CE is a Property of a Material

CE = 1
8G

[∑
m′>m

Γm′→mh
(∆m)6

−
∑

m′<m
Γm→m′h
(∆m)6

]
There is G−1 as a overall factor, and there is κ2 ∼ G from Γ.
Eventually, CE ∼ G0. The tidal Love number is merely one of
material properties

Hawking radiation contribute classically?

At a first glance, ℏ is absence in the expression for Γ of Hawking
radiation. Since there is a result that Hawking radiation does not
contribute classically to tidal Love number [Goldberger, Rothstein
2019], we conclude there is delicate cancellation of classical
contribution of Hawking radiation.
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Simple Application to the Schwarzschild Black Holes

Low Frequency Approximation ω ≪ 1

CHR
E =

c5

8G

∑
ω>0

Γ(M + ℏc−2ω;ω)− Γ(M ;ω)

ω6

=
c3ℏ
8G

∫ ∞

0

dω

ω5

∂

∂M

[
dΓ

dω
(M ;ω)

]
.
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Non-trivial Quantum Corrections!

Graviton Transition Rates of Hawking Radiation [Page 1976]

dΓ

dω
=

16

45π2
AM4ω6

e2πω/κ − 1
=

256

45π

(G/c3)6M6ω6

e8πGMω/c3 − 1
.

Quantum Correction to Tidal Love Numbers

CHR
E = G3M3ℏ

135πc9
, k2 =

3×CHR
E

MR2(R/c)2
= 1

90

(mPl
M

)2
.
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What’s for the next?

Cross-checking by Comparison with Independent Computation

Quantum Simulation of Black Holes surrounded by Hawking
Radiation

Holography?
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Discussions and Future Directions

Discussions

1: Further sophistications might reduce the gap; Outgoing Vaidya
is a primitive model of evaporating black holes.

2: Unknown massless particles from Hawking radiations. (higher
spin radiations, dark radiations...)

3: Hidden symmetry for vanishing TLN [Charalambous,
Dubovsky, Ivanov 2021, Hui, Joyce, Penco, Santoni, Solomon
2021] and its quantum anomaly

Future Directions

1: Building more precise models of Hawking radiation
2: Modified gravity, species bounds, and swampland program
3: Quantum Simulation
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감사합니다!
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