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Meson-antimeson mixing
▪ The flavoured neutral  mesons  mix with their antiparticles: 
▪  mass eigenstates  flavour eigenstates 
▪  damped  oscillations 

▪ gold mine for CP studies! 
 
 
 

M = K, D, Bd, Bs
⇒ ≠
⇒ M−M̄

2

Bs−Bs mixing Heavy-Quark Expansion for ∆Γs Phenomenology of ∆Γs

Meson-antimeson mixing

The flavoured neutral mesons M = K ,D,Bd ,Bs mix with their
antiparticles:

→ mass eigenstates "= flavour eigenstates

→ M−M oscillations

⇒ gold mine for studies of CP violation
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Bs−Bs mixing Heavy-Quark Expansion for ∆Γs Phenomenology of ∆Γs

The mass difference ∆ms is
calculated from the dispersive
part of the box diagram, which is
dominated by virtual t quarks.
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The width difference ∆Γs stems from the absorptive part of the
box diagram, involving the light u,c quarks on the internal lines.
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 mixingB−B̄
▪  mixing involves the  hermitian  

matrices  and , where  or . 

▪ off-diagonal element    

    oscillations  

▪ diagonalise  :                                                    with    

 
 and  obey exponential decay laws:   

Bq−B̄q 2 × 2
Mq Γq q = d s

Mq
12 − i

Γq
12

2
≠ 0

⇒ Bq−B̄q

Mq − i
Γq

2
{

|BL⟩ |BH⟩ |BL,H(t)⟩ = e−iML,Ht−ΓL,Ht/2 |BL,H⟩

3

B→B mixing in the Standard Model

Bq→Bq mixing with q = d or q = s involves the 2× 2 matrices
M and Γ.
The mass matrix elementMq

12 stems
from the dispersive (real) part of the
box diagram, internal t .
The decay matrix element Γq12 stems
from the absorpive (imaginary) part
of the box diagram, internal c, u.
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Bs−Bs mixing Heavy-Quark Expansion for ∆Γs Phenomenology of ∆Γs

Bs→Bs mixing

Bs→Bs mixing involves the 2 × 2 matrices Ms and Γs,
calculated from the box diagram.

Diagonalise Ms → i Γs

2 to find the two
mass eigenstates:

|BL〉 = p|Bs〉+ q|Bs〉.
|BH〉 = p|Bs〉 → q|Bs〉

with masses Ms
L,H and widths Γs

L,H .
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 L = "light"
H = "heavy"
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 mixingB−B̄
▪ Three universal physical quantities in  mixing: 

        

entering every  decay. 

▪ Fourth quantity defined via a chosen exclusive decay:  

     from   and   

Future: Get information on  instead from     
    and  combined with  from  
  
    no penguin pollution. 

Bq−B̄q

Mq
12 , Γq

12 , ϕq ≡ arg (−
Mq

12

Γq
12 )

Bq

arg (Mq
12/(VcbV*cq)2) Bd → J/ψKS Bs → J/ψϕ

arg Mq
12

Bd → D̄0KS Bs → D̄0ϕ γ B+ → D̄0K+

⇒

4

 quantifies “CP violation in mixing “←

 quantifies  
     “mixing-induced 
      CP violation” 

←
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 mixingB−B̄
▪ Three universal physical quantities in  mixing: 

        

▪      expand in  from now on 

▪ Determined from three observables:  
▪ mass difference:        

▪ width difference:        

▪ CP asymmetry in flavour-specific decays:      

Bq−B̄q

Mq
12 , Γq

12 , ϕq ≡ arg (−
Mq

12

Γq
12 )

|Γq
12 | ≪ |Mq

12 | ⇒ |Γq
12 | / |Mq

12 |

Δmq ≡ Mq
H − Mq

L ≃ 2 |Mq
12 |

ΔΓq ≡ Γq
L − Γq

H ≃ 2 |Γq
12 |cos ϕq

aq
fs =

|Γq
12 |

|Mq
12 |

sin ϕq

5

 quantifies “CP violation in mixing “←

 equals oscillation frequency←
 small!←

 even smaller,   
    since 
←

ϕq ≪ 1
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 and ΔΓq aq
fs

▪ Experimental situation (HFLAV 2024): 
▪      

▪  

▪  

▪  

▪ Theory predictions are done in a double expansion in  and .  
State of the art:  ,   ,   and        next-to-next-to-leading order, 3 loops 
                                                                           well-known hadronic matrix elements  
                                                                           from lattice QCD   
                          :      no QCD corrections yet, poorly known  matrix elements 
                            UN, Pascal Reeck, Vladyslav Shtabovenko, Matthias Steinhauser, JHEP 03 (2026) 094    

ΔΓs,exp = (0.0781 ± 0.0035) ps−1

ΔΓd,exp = (0.001 ± 0.010) ps−1

ad,exp
fs = − 0.0021 ± 0.0017

ad,exp
fs = − 0.0006 ± 0.0028

ΛQCD/mb αs
m0

b m0
bαs m0

bα2
s ←

ΛQCD/mb

6
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aq
fs

▪ 2025 theory predictions: 
 

  
 
Error dominated by unknown  terms and poor  matrix elements. 
 
 

as
fs = (2.27 ± 0.13) × 10−5 , ad

fs = − (5.19 ± 0.30) × 10−4

αs/mb 1/mb

7
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ad
fs

▪ 2025 theory prediction: 
 

  
 
determines a circle in the   
plane of the unitarity triangle. 

▪ Can test new physics from  
observables alone! 

ad
fs = − (5.19 ± 0.30) × 10−4

(ρ̄, η̄)

Bd−B̄d

8

40 Meson-antimeson mixing

η̄
Δmd
Δms

Ru Rt

adfs
β

ρ̄

ϵK

Fig. 8 Contraints on the unitarity triangle from �Md/�Ms, ✏K , ad
fs, and Amix

CP (Bd ! J/ Kshort) = � sin(2�), schematically for a hypothetical
perfect agreement with the SM and no uncertainties.

6.4 Effective hamiltonians for K� K̄ mixing with predictions for ✏K and �MK, overall picture of the UT
The formalism to describe CP violation in K�K̄ mixing and the relation of CP asymmetries to the CP phase �K = arg(�MK

12/�
K
12) has

been presented in Eqs. (120–136). The quantity ✏K introduced in Eq. (121) encodes both CP violation in mixing and mixing-induced CP
violation, while the semileptonic CP asymmetry AL = aK

fs/2 of Eq. (133) is a measure of only the former type of CP violation. AL and
Re ✏K provide the same information on �K . In contrast to B�B̄ and D�D̄ mixing Im ✏K encoding mixing-induced CP violation in the decay
K ! (⇡⇡)I=0 does not provide new information compared to aK

fs and also determines �K , see Eq. (132). I will now show how ✏K is calculated
in the SM.

In K�K̄ mixing it is common practice to adopt the standard phase convention for the CKM matrix in which VusV⇤ud is real and positive.
Starting from from Eq. (89), we write

� = arg
0
BBBB@�

MK
12

�K
12

1
CCCCA '

Im MK
12

|MK
12|
� arg(��K

12) = 2
2
66664

Im MK
12

�Mexp
K
+ ⇠K

3
77775 (228)

where

2⇠K ⌘ � arg(��K
12) ' � arg

0
BBBB@�

A0

A0

1
CCCCA . (229)

In Eq. (228) I have used that the phases of both MK
12 and ��K

12 are small in the standard CKM phase convention and further traded |MK
12| for

the experimental �MK/2. Furthermore, in Eq. (229) the saturation of �12 by A⇤0 A0 in Eq. (126) has been used. Inserting Eq. (228) into our
result for ✏K in Eq. (132) gives

✏K ' sin(�✏ )ei�✏

2
66664

Im MK
12

�Mexp
K
+ ⇠K

3
77775 . (230)

The term with ⇠K encodes the CP-odd phase in K ! (⇡⇡)I=0, which we expect to appear in a quantity measuring mixing-induced CP
violation. It only contributes �6% to ✏K [177] (a recent lattice determination finds |⇠K | slightly larger [178]) and will be briefly discussed
below. The ballpark contribution to ✏K stems from Im MK

12, i.e. from the familiar K�K̄ box diagram.
The LO �S = 2 transition amplitudeM(0) corresponding to the K�K̄ mixing box diagram in Fig. 1 is found from the corresponding

�B = 2 expression in Eq. (175) by the substitutions b! s and q! d in the CKM elements. Everything else is unchanged, in particular we
encounter the same Inami-Lim functions as in B�B̄ mixing. An important di↵erence is the hierarchy among the three CKM combinations
in Eq. (175), the smallness of (VtsV⇤td)2

' A4�10(1 � ⇢ � i⌘)2 compensates the large size of S (xt) and the terms with S (xc, xt) and S (xc)
become important, where I recall the definition xq ⌘ m2

q/M2
W . For ✏K in Eq. (230) we need the imaginary parts of the CKM factors. To

lowest order in the Wolfenstein expansion one finds

Im (VtsV⇤td)2
' 2(A�2)4�2 ⌘ (1 � ⇢), 2 Im (VtsV⇤tdVcsV⇤cd) ' �Im (VcsV⇤cd)2

' 2(A�2)2�2 ⌘ (231)

and the numerical hierarchy becomes evident from A�2 = |Vcb| = 0.04. Thus, in addition to S (xt) in Eq. (178) we also need S (xc) =
xc + O(x2

c ) and

S (xc, xt) = �xc ln xc + xc

"
x2

t � 8xt + 4
4(1 � xt)2 ln xt +

3
4

xt

xt � 1

#
+ O(x2

c ln xc). (232)

These three contributions require a very di↵erent treatment of their QCD corrections. The term with S (xt) follows the pattern which we
discussed for B�B̄ mixing, leading to the e↵ective hamiltonian in Eq. (187). There is only one di↵erence between the QCD correction



FCC CPV Working Group       B mixing: unexplored observables        31 Mar 2026           Ulrich Nierste

 and ad
fs ΔΓd

9

Figure 11: Constraints on the apex of the CKM triangle in the PS scheme. The bands

correspond to the full uncertainty and are plotted for ad,(1)
fs = →5↑10→4, ad,(2)

fs = →1↑10→3,

(!”d/!”s)(1) = 0.029 and (!”d/!”s)(2) = 0.0145. The perturbative uncertainties of the

leading-power and 1/mb-suppressed contributions have been added in quadrature here.

lations, we also show the constraints on the apex of the CKM triangle with all uncertainties

combined in Fig. 11. We observe that the bands for !”d/!”s are still very narrow and

the current status of theoretical predictions lead to strong constraints on the apex of the

unitarity triangle. This is possible because the ratio of the leading-1/mb matrix elements

is proportional to ω2, which has been determined very accurately on the lattice.

4.5 Numerical results independent of CKM values and hadronic matrix ele-

ments

In this section, we present our results independent of any input values pertaining to the

CKM matrix or the hadronic matrix elements, which carry most of the input uncertainties.

Following Eq. (4.14), we write

”q
12

M q
12

= 10→4 ↑
∑

O

[
cO + aO

εq
u

εq
t

+ bO
εq 2
u

εq 2
t

]
↓Bq| O |B̄q↔
↓Bq| Q |B̄q↔

, (4.36)

where the sum is over the set of operators

O ↗ {Q, Q̃S, R0, R1, R̃1, R̃2, R̃3} . (4.37)

– 25 –

Standard Model  
     ,  
but new physics can easily 
lift this suppression! 
 
Bands show uncertainty 
from NNLO piece, 
uncertainty from  part 
not shown. 

aq
fs ∝ m2

c /m2
b sin ϕq

1/mb

UN, Pascal Reeck, Vladyslav  
Shtabovenko, Matthias Steinhauser,  
JHEP 03 (2026) 094 
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Conclusions

▪ The yet unmeasured quantities  and  will complete the knowledge on the  
 mixing complex and are highly sensitive to new physics. 

▪ The quantities can be calculated reliably. New NNLO results were obtained in 2025. 

▪  defines a circle in the  plane! 
 

ad,s
fs ΔΓd

Bq−B̄q

ad
fs (ρ̄, η̄)

10
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  Psst!!! Hey, bud! C’mere.

   Who? Me?

You can make a DISCOVERY  
         and become famous! 
      And it is JUST AROUND 
                 the corner!

   Wow, I can become 
        famous!!!

Just look for  and  !ad
fs ΔΓd

ad
fs

The usual theorist’s persuasion:


