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Strong interaction
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Asymptotic Freedom 

strong couplings—

Color Confinement

—hadron

➢ Hadron：the fundamental degrees of freedom in the low-energy 

regime of strong interactions

Low energy

High energy

➢Fundamental theory of strong interactions (QCD)

Hadrons serve as an ideal platform for studying strong interactions



Hadron states for strong interaction
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➢ Cornell model

E. Eichten et al., Phys. Rev. Lett. 34 (1975) 369-372

Gunnar S. Bali, Phys. Rept. 343 (2001) 1-136

➢ Godfrey-Isgur model

S. Godfrey et al., Phys. Rev. D32 ( 1985) 189-231

• Spin-Spin Term • Spin-Orbit Term

• Tensor Term

➢ Screen potential

Bai-Qing Li, et al., Phys. Rev. D 79 (2009) 094004

50 MeV shift for X(3872)

The complex non-perturbative dynamics of QCD give rise 

to diverse structural formations in hadronic matter
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➢Hadron strong decays

Hadron-hadron interactions in decays

➢Hadron weak decays

𝝆𝝅 puzzle

Xue-Qian Li et al., Phys. Rev. D 55 (1997) 1421-1424

BESIII Collaboration et al., Phys. Rev. Lett. 123 (2019)  112001

Xi-Zhe Ling et al., 
Phys.Rev.D 103 (2021) 116016

Yu-Kuo Hsiao et al., 
Eur.Phys.J.C 80 (2020) 895

Final-state interactions
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➢Lüscher approach

Model independent approach—Lattice QCD

➢HAL QCD approach Raul A. Briceno et al., Rev. Mod. Phys. 90 (2018) 025001

Shinya Gongyo et al., Phys. Rev. Lett. 120 (2018) 212001
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Model independent approach-Invariant mass distributions

Nicola Cabibbo, Phys. Rev. Lett. 93 (2004) 121801

➢Lineshape of invariant mass distributions

Xiang-kun Dong et al., Phys. Rev. Lett. 126 (2021) 152001



Model independent approach-Femtoscopy
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F ina l -State
Interact ion



Model independent approach-Femtoscopy
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Interacting potential

Two-particle wavefunction𝝍(𝒌∗, 𝒓∗)

Schrödinger equation

attractive

repulsive

Correlation function

attractive

repulsive

final-state interactions

quantum statistics effects

Theo. description

Koonin–Pratt formula

spacial structure 

>1 if the interaction is attractive

=1 if there is no interaction

<1 if the interaction is repulsive

Basic Properties

➢Momentum correlation function
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➢Parameterization approach

Momentum CFs-Source functions

➢Data Driven

➢Microscopic Dynamics Method

PYTHIA8EPOS4 Herwig7 AMPT UrQMD

• Image Technique

• Meachine Learning

Gauss Lévy Exponent

David A. Brown et al., Phys. Rev. C 57 (1998) 2474-2483

Optimized Discretization

Pawel Danielewicz et al., Phys. Rev. C 105 (2022)  034608

Richardson-Lucy deblurringDavid A. Brown et al., 
Phys. Lett. B 398 (1997) 252-258

Pierre Nzabahimana et al., Phys. Lett. B 846 (2023) 138247

Lingxiao Wang et al.,
Commun.Phys. 9 (2026) 1, 90

• Inverse Problem Approach

Ao-Sheng Xiong et al., ArXiv:2512.06904



Lanzhou University Ming-Zhu Liu 11

Outline

➢ The non-perturbative effects of strong interactions

➢ Inverse Problem Approach

➢ Square-well potential  and  proton-proton 

➢ Summary



Lanzhou University Ming-Zhu Liu 12

➢Inverse problems is everywhere 

Inverse problem in Femtoscopy

Input (Reason) Output (Result)

𝑓 𝑔𝐾

Process (Model)

Forward Forward 

Inverse Inverse

Correlation functions

Source functions

Wave functions

➢Ill-posedness is the precondtion to inverse problems 

• Well-posedness: satisfy the existence, uniqueness and stability

• Ill-posedness: fail to satisfy any one of the above condition
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➢Reconstructing source functions form CFs is ill-posed

Ill-posed problem-Instability 

➢Transform the integral equation into a system 𝐾S = C

➢SVD of 𝐾 reveals rapidly decaying singular values 𝜎𝑖

➢ the S𝛿 form noisy data C𝛿 diverges from the true 

solution 𝑆ture obtained with exact data 𝑔

Singular value decomposition (SVD) 

clearly show the instability

Instability: tiny change in C(k) can lead to a big changes in source function
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➢Regularization methods overcome the ill-posedness

Solve ill-posed problem

➢ Regularization method: a process of getting a stable, approximate solution to an 

ill-posed problem

➢ Restore well-posedness: existence, uniqueness and stability

➢ Convergence: the regularized solution converges to the true solution as the noise 

level decreases

Tikhonov regularization method

➢ The standard and popular method in mathematics

➢ Solid in mathematics and good at physical intuition
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Solve ill-posed problem-Tikhonov functional

➢ Using variational method, the regularized solution is given by

➢ Overcome instability by slowing down the rapid decay of singular values

➢ Aim to find minimizer S𝛼
𝛿 of the Tikhonov functional

➢ The regularized solution converges to the true answer in a stable and controlled 

manner as the noise level 𝜹 goes to zero
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Solve ill-posed problem-Tikhonov functional

➢ L-curve method: log(||KS − Cδ||) vs log(||LS||)

➢ As  𝛼 decreases, the result shows less 

regularization and overfitting

➢ As  𝛼 increases, the result shows more 

regularization and fitting error

The optimal result is always found at a curve point
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Square-well potential
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Repulsive
Weakly 

attractive

Moderately
attractive 

Strongly
attractive 

Zhi-Wei Liu, et al., Phys. Rev. D 107 (2023)  074019 

Wave 
functions

Correlation
Functions



Toy model
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➢ Potentials: 𝑉0 =

25,−10,−25,−75 MeV (repulsive, 

weakly attractive, moderately 

attractive, and strongly attractive)

➢ Source functions:  single Gaussian and 

mixing Gaussian

To show the ability of reconstructing source functions 

Wave functions



The results are reliable to the precision of experimental data
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➢The regularized solution converges to the true solution

Reconstructed solutions S𝛼
𝛿 (red lines) and the associated error bands (pink shaded 

areas) for 𝑉0 = −10 MeV, compared to the benchmarks 𝑆t (black line)

𝟏𝟎% uncertainty 𝟏% uncertainty



More complex source functions
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➢Have the potential to solve more complex source functions

𝟏𝟎%

𝟏%

𝑉0 = 25 MeV 𝑉0 = −25 MeV 𝑉0 = −75 MeV



pp Pb-Pb Pb-Pb
0~10% 30~50%

Applications to proton-proton system
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➢ Source functions of pp system in different collisions 

✓ Our results are consistent with Meachine Learning

✓ The source functions of pp system are different from Gaussian form
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Summary

✓We employ a toy model to test the ability to reconstruct source functions 

using an inverse problem approach. Our results show that this approach 

has the potential to reconstruct source functions effectively, but is 

reliable to the precision of experimental data. 
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✓We apply this approach to the proton-proton system, and preliminary 

results show that its source functions deviate from the Gaussian form. In 

the future, we will extend this approach to more hadron systems.



Thanks for your attention! 



Chiral perturbative theory
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NOT COMPLETE

2NF

N2LO(Q3)
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1990 2N LO

1997 2N 𝐍𝐋𝐎

2000 2N 𝐍𝟐𝐋𝐎

2003 2N 𝐍𝟑𝐋𝐎
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2007 3N 𝐍𝟑𝐋𝐎
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NOT COMPLETE

Kaiservan Kolck

Epelbaum
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Steven Weinberg
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Meson exchange model
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𝑟 > 1.5𝜇𝜋
−1One-𝝅-Exchange

One-boson-exchange

M. Taketani, S. Nakamura and M. Sasaki,
Prog. Theor. Phys. 6 (1951), 578.

J. Iwadare, S. Otsuki, R. Tamagaki and W. Watari, 
Prog. Theor. Phys., Suppl. No. 3(1956), Part II.

0.7𝜇𝜋
−1 < 𝑟 < 1.5𝜇𝜋

−1

M. Taketani, S. Machida and S. Ohnuma, 
Prog. Phys. 7 (1952), 45.

T. Konuma, H. Miyazawa and S. Otsuki, 
Prog. Theor. Phys. 19 (1958), 17.

N. Hoshizaki, S. Otsuki, W. Watari and M. Yonezawa, 
Soryushiron Kenkyu (mimeographed
circular in Japanese) 23 (1961), E39; Prog. Theor.

S. Sawada, T. Uecla, W. Watari and M. Yonezawa, 
Prog. Theor. Phys. 28 (1962), 991.

Sawada, Ueda, Watari and Y onezawa

The scalar and vector mesons play important role

Predict the mass of exchange boson mesons: 400-700MeV

R. A. Bryan, C. R. Dismukes and W. Ramsay, Nucl. Phys. 45 (1963), 3:53.

N. Hoshizaki, S. Machida
Prog.Theor.Phys. 27 (1962) 288

Two-𝝅-Exchange
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➢Reconstructing source functions form CFs is ill-posed

Ill-posed problem

The numerical show of instability

➢ A true solution is defined as S𝑡 r = 6𝑥(1 − 𝑥)

➢ Get the noise-free data C𝑡(k) via integration

➢ Add noise to create the perturbed data C𝛿(k);

➢ Reconstruct S𝛿 r from C𝛿(k) using singular values 

decomposition

➢ The reconstructed S𝛿(r) on the right

Instability: tiny change in C(k) can lead to a big changes in source function


