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• Introduction: Fluctuations of conserved charges and hadron resonance gas

• Hardon resonance gas with repulsive interactions and fluctuations of baryon
     number

• Charm fluctuations and quark deconfinement

• Baryon number fluctuations and baryon-strangeness correlation along the 
     crossover line and freeze-out condition in RHIC

• Summary
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QCD Thermodynamics at Non-zero Chemical Potential 

Taylor expansion : 

hadronic

quark

Taylor expansion coefficients give the susceptibilities, i.e. the fluctuations and 
correlations of conserved charges, e.g.  

information about carriers of the conserved charges ( hadrons or quarks ) 

probes of deconfinement and freeze-out in heavy ion collisions 

p(T, µu, µd, µs, µc)

T 4
=

X

ijkl

1

i!j!k!l!
�udsc
ijkl

⇣µu

T

⌘i ⇣µd

T

⌘j ⇣µs

T

⌘k ⇣µc

T

⌘l

�abcd
ijkl = T i+j+k+l @i

@µi
b

@j

@µj
b

@k

@µi
c

@l

@µl
d

lnZ(T, V, µa, µb, µc, µd) |µa=µb=µc=µd=0

p(T, µB , µQ, µS , µC)

T 4
=

X

ijkl

1

i!j!k!l!
�BQSC
ijkl

⇣µB

T

⌘i ⇣µQ

T

⌘j ⇣µS

T

⌘k ⇣µC

T

⌘l

�X
2 = �X =

1

V T 3

�
hX2i � hXi2

�
<latexit sha1_base64="sAIJdKL/eB2Pz8cxIe4Zh+xgDYc="></latexit><latexit sha1_base64="pJ/2t8j+xaOQ5ulE+k34VmBciTQ="></latexit><latexit sha1_base64="pJ/2t8j+xaOQ5ulE+k34VmBciTQ="></latexit><latexit sha1_base64="pOfnyzagWKdWDVascl5W3IK+wiY="></latexit>

�XY
11 =

1

V T 3
(hXY i � hXihY i)

<latexit sha1_base64="Hoa65kv/9Q/PxhLpTtdI0cNw1ks="></latexit><latexit sha1_base64="XGN1YDnWQpthnJ7yX2zp7KUYncc="></latexit><latexit sha1_base64="XGN1YDnWQpthnJ7yX2zp7KUYncc="></latexit><latexit sha1_base64="SVy1/jxr6CGyjMXjAq6szT2DVz8="></latexit>

2



3

Second order Taylor expansion coefficients and HRG 
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Quark Model HRG (QM-HRG) works up to temperatures ≃145-150 MeV

HISQ, mphys
⇡ , a = 1/(TN⌧ )

<latexit sha1_base64="4n4ln0FEy34+lkSKk8OOJ7vkcUY="></latexit><latexit sha1_base64="4n4ln0FEy34+lkSKk8OOJ7vkcUY="></latexit><latexit sha1_base64="4n4ln0FEy34+lkSKk8OOJ7vkcUY="></latexit><latexit sha1_base64="4n4ln0FEy34+lkSKk8OOJ7vkcUY="></latexit>

Bollweg et al (HotQCD), PRD 104 (2021) 074512



4

Higher order Taylor expansion coefficients and HRG 

0

0.02

0.04

0.06

0.08

0.1

130 140 150 160 170

χ4B

T [MeV]

cont. est.
Nτ = 6

8
12

QMHRG2020

-0.2
-0.15
-0.1
-0.05

0
0.05
0.1
0.15
0.2
0.25

130 140 150 160 170

χ6B

T [MeV]

Spline : Nτ = 8
Nτ = 8

12
QMHRG2020

-3
-2.5
-2

-1.5
-1

-0.5
0

0.5
1

1.5

130 140 150 160 170

χ8B

T [MeV]

Spline : Nτ = 8
Nτ = 8

QMHRG2020

For 4th order expansion coefficient QM-HRG
may work only for T<140 MeV

For 6th and 8th order expansion coefficients
turn negative around Tc QM-HRG, only works
for T<135 MeV

HISQ, mphys
⇡ , a = 1/(TN⌧ )
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HRG with repulsive mean field

Biswas, PP,  Sharma,  PRC 109 (2024) 055206

Improved  agreement between lattice and QM-HRG
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Repulsive mean
field

Repulsive B-B
interactions are not 
present in usual HRG
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Baryon number fluctuations in HRG with repulsive mean field

WB continuum correspond to small box LT=2

QM-HRG with repulsive mean field can explain the lattice result on 6th and 8th order 
baryon number fluctuation up to T=155 MeV

Biswas, PP,   Sharma,  PRC 109 (2024) 055206

6



Generalized charm susceptibilities  

Bazavov et al, PLB  737 (2014) 210
Bazavov et al,  PLB 850 (2024) 138520
Kaczmarek et al, PRD 112 (‘25) 034509

Hadronic description breaks down 
just above Tc
Þopen charm deconfines above Tc

The charm baryon spectrum is not well 
known (only few states in PDG),  HRG 
works only  if the “missing” states are 
included
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Charm Hadrons and Quarks across Tc
Mc>>T and  Boltzmann approximation holds

pC(T, µB , µc) = pCq (T ) cosh(µ̂C + µ̂B/3) + pCB(T ) cosh(µ̂C + µ̂B) + pCM (T ) cosh(µ̂C)

µ̂X = µX/T

�C
2 , �BC

13 , �BC
22 ) pCq (T ), p

C
M (T ), pCB(T )

S. Mukherjee, PP, S. Sharma, PRD93 (‘16) 014502; 
HotQCD, PLB 850 (2024) 138520,  PRD 112 (2025) 034509
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Bazavov et al,  PRD 101 (2020) 074502; 
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Underestimated feed-down from excited states ? 

Bollweg et at, PRD 110 (2024) 054519 
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A generalized definition of the isothermal compressibility in QCD 
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FIG. 2. Isothermal compressibility of a strangeness-neutral, isospin-symmetric matter for µ̂B = 0 (left) and as function of µ̂B

at several values of the temperature (right). The grey band in the left hand figure shows the weighted average of continuum
limit extrapolations obtained with and without including the Nω = 8 data set. Results for µ̂B > 0 use Taylor series for the
pressure up to sixth order.

In Fig. 1 we show the ratio ω
BQ

22 /ω
B

2 . At Tpc,0 =
(156.5 ± 1.5) MeV [20] its value is close to 0.5, i.e.

(ωBQ

22 /ω
B

2 )|Tpc,0 = 0.41(3)(4), the second error reflect-
ing the error on Tpc,0. At Tpc,0 the second-order net-
electric charge cumulants in (2+1)-flavor QCD and HRG
model calculations di!er by less than 10%. As ω

Q

2 in
non-interacting HRG models is proportional to the to-
tal number of charged particles, which represent about
half of the total number of particles at Tpc,0 (see Ta-

ble I), we see that ε
(0)
T

is a good proxy for the inverse
number of hadrons at Tpc,0, i.e. at freeze-out in heavy-

ion collisions. Results for ε
(0)
T

obtained in (2+1)-flavor
QCD and a non-interacting HRG model at Tpc,0 are given
in Table II. The di!erence in both results mainly arises
from the di!erence in ω

BQ

22 /ω
B

2 shown in Fig. 1. This
di!erence may be traced back to the contribution of the
doubly charged ”-resonance to net-electric charge fluc-
tuations. Like all other hadrons the ”-resonance is, of
course, treated as a stable resonance in non-interacting
HRG models, but is known to be strongly modified in a
strong-interaction medium described by QCD [21]. We
will further elaborate on this in the following.

ω(0)
T T 4 εωT ωT,ε2

Q
T 4 ωT,ε2

Q
[fm3/GeV]

QCD 1.078(65) 0.0036(41) 1.08(10) 13.8(1.3)
HRG 1.713 0.0022 1.716 21.93

TABLE II. Leading-order isothermal compressibility ω(0)
T ob-

tained with Eq. (20), the correction term εωT , and the total
isothermal compressibility ωT,ε2

Q
multiplied with T 4 evalu-

ated at Tpc,0 and µ̂B = 0 for (2+1)-flavor QCD and HRG.
The last column gives ωT,ε2

Q
at Tpc,0.

Isothermal Compressibility in (2+1)-flavor QCD —

We evaluate the isothermal compressibility at fixed
net-electric charge fluctuation in isospin symmetric,
strangeness-neutral matter, introduced in Eq. (19), using

a sixth-order Taylor series for P/T 4 [19, 22]. With this we
obtain Taylor series for the first-, second- and third-order
cumulants appearing in the expression for εT,ω

2
Q
. Fig. 2

shows results for the temperature dependence of εT,ω
2
Q
T

4

at ϑµ = ϑ0 and as function of µ̂B for several values of the
temperature. We note that εT,ω

2
Q
drops rapidly with in-

creasing temperature as well as increasing baryon chem-
ical potential. With increasing µ̂B the pseudo-critical
temperature in (2+1)-flavor QCD decreases

Tpc(µ̂B) = Tpc,0

(
1→ ε2µ̂

2
B
+O(µ̂4

B
)
)
. (21)

We use Tpc,0 = (156.5±1.5)MeV and ε2 = 0.012(4), from
Ref. [20], which is consistent within errors with Refs. [23,
24]. As a consequence we find that εT,ω

2
Q
, evaluated on

the pseudo-critical line, has only a weak µ̂B-dependence.
As pointed out in Eq. (10) for all T the isothermal

compressibility of an ideal gas is proportional to the in-
verse of the pressure. It thus is reasonable to express
εT,ω

2
Q

in units of the pressure P , which has been calcu-

lated in (2+1)-flavor QCD for vanishing [25] as well as
non-vanishing [22] values of the chemical potentials. On
the pseudo-critical line we obtain in next-to-leading order

Pε
T,ω

2

∣∣∣
Tpc(µ̂B)

= 0.80(12) + 0.06(1)µ̂2
B
+O(µ̂4

B
) . (22)

We thus find that the isothermal compressibility in QCD
at the pseudo-critical temperature is close to that of an
ideal gas, i.e εT,ω

2
Q

↑ 1/P , as expected when a non-

interacting HRG model provides a good description of
thermodynamics at the pseudo-critical temperature.
In Fig. 3 we show the isothermal compressibility εT,ω

2
Q
,

evaluated along the pseudo-critical line Tpc(µ̂B). We
compare our QCD results for εT,ω

2
Q
with those for ε

T, εN

extracted from heavy-ion collision data obtained by the
ALICE Collaboration at µ̂B = 0 [12] and an analysis of
data on particle yields and freeze-our radii [26, 27] ob-
tained by the STAR Collaboration.

5

0

5

10

15

20

25

30

35

0 0.5 1 1.5 2 2.5 3

200 130 62.4 39 27 19.6 11.5 7.7s1/2NN [GeV]:

[fm3/GeV]

QCD[X=σQ2]
ALICE[X=Nch]
ALICE[X=Ntot]
STAR[X=Ntot]
HRG[X=Ntot]

κT,X(Tpc(µB/T))

µB/ T

0.5

1

1.5

0 0.5 1 1.5 2

HRG[X=Ntot]
QCD[ X=σQ2 ]

PκT,X(Tpc(µB/T))

µB/ T

FIG. 3. Isothermal compressibility ωT,ω2
Q

(QCD) and ωT, εN

(HIC,HRG) along Tpc(µ̂B) (Eq. (21)) calculated in QCD com-
pared to HIC results. The ALICE[Ntot] and STAR[Ntot] data
have been obtained by taking into account the contribution
of neutral hadrons to the total hadron multiplicity as done
in [16] (see Eq. (8) and discussion in the text). In the inset
we present PωT,X obtained from QCD (X = ε2

Q) and HRG
(X = Ntot) calculations along the line Tpc(µ̂B).

A similar analysis, taking into account also data from
fixed target experiments and using a di!erent approach
to determine the thermal component of the scaled vari-
ance, is given in [11]. The inset of Fig. 3 shows the dimen-
sionless product of isothermal compressibility and pres-
sure, PωT,ω2 calculated in (2+1)-flavor QCD and Pω

T, εN

calculated in a non-interacting HRG model. It is evi-
dent that both results are consistent with each other and
show only a mild dependence on µ̂B as expected from
Eq. (22). They stay close to the ideal (Boltzmann) gas
value, Pω

T, εN
= 1. These analyses of HIC data are based

on results for charged particle yields and multiplicity dis-
tributions that are used to calculate the isothermal com-
pressibility ω

T, εN
at fixed charged-particle numbers using

Eq. (8) with n0 = 0, i.e. ignoring the contribution of neu-
tral hadrons. In this case the ALICE Collaboration finds
εch = 1.15(6) and ω

T, εN
= (27.9 ± 3.18) fm3/GeV [12].

Taking into account the contribution of neutral hadrons
by using Eq. (8) with ε0 = εch and Ntot = 2486(146) [16]
one obtains ω

T, εN
= (15.8±1.3) fm3/GeV, which is shown

in Fig. 3 by an open square. This rescaled ALICE result
for ω

T, εN
compares well with the QCD result obtained at

ϑµ = ϑ0, ωT,ω
2
Q

= 1.08(10)/T 4
pc,0 = 13.8(1.3) fm3

/GeV as

shown in Table II.
For µ̂B > 0 our calculation of ωT,ω

2
Q

can be directly

confronted with the isothermal compressibility ω
T, εN

at
µ̂B > 0 obtained by us using data of the STAR Collabora-
tion for charged-particle multiplicities and freeze-out vol-
ume at various beam energies [26, 27]. We use results for
STAR particle yields (ϖ±

, K
±
, p, p̄,”, ”̄) obtained in the

beam energy scan at RHIC as compiled in [28]. With this,
we determine the number of charged and total particles in
central collisions [16]. The scaled variances, εch, at vari-

ous beam energies have been determined by the PHENIX
[10] and ALICE collaborations [12]. The thermal compo-
nent of the scaled variances is found to be close to unity
and compatible with HRG model calculations. As shown
in Table II for µB = 0 one finds in a non-interacting
HRG εch → ε0 → εtot = 1.05. Also for µ̂B > 0 we find
in HRG model calculations that the scaled variance for
charged, neutral as well as total hadron numbers varies
only little on the pseudo-critical line, Tpc(µ̂B). We find
εtot = 1.046 at (Tpc, µB) = (156.5, 0) MeV which de-
creases to εtot = 1.032 at (Tpc, µB) = (144.3, 398) MeV.
We thus use HRG model results for εtot to obtain ω

T, εN
at

various RHIC beam energies on the pseudo-critical line
Tpc(µ̂B). The results are also shown in Fig. 3. We note
that ω

T, εN
, extracted from the STAR data, rises slowly

with increasing µ̂B . This, however, is solely driven by
the decrease of Ntot with decreasing

↑
sNN and not due

to an increase in fluctuations of the particle multiplici-
ties. We thus have no evidence for reaching the vicinity
of a critical point where these fluctuations and as such
also ω

T, εN
should diverge.

Summary — We introduced and examined the prop-
erties of a generalized isothermal compressibility which
is suitable for the analysis of compressibility of mat-
ter in which the number of particles is not a conserved
quantity. We calculated the compressibility of strong-
interaction matter keeping temperature and the fluc-
tuations of net-electric charge fixed, which in a non-
interacting HRG is a good proxy for total charged par-
ticle numbers. We found that this generalized compress-
ibility varies little on the pseudo-critical line and stays
close to the value ωT,ω

2
Q

= 13.8(1.3) fm3/GeV obtained

at (Tpc, µB) = (156.5, 0) MeV. This finding is consis-
tent with the rescaled result of the ALICE Collabora-
tion, where we replaced the number of charged hadrons
by the total number of hadrons at freeze-out. It suggests
that the isothermal compressibility of strong-interaction
matter along the pseudo-critical transition line, or at the
time of hadronization in HIC, stays close to that of an
ideal (Boltzmann) gas.
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ωT,fQ,rQ,rS = → 1

V

(
εV

εP

)

T,fQ,rQ,rS

, rQ = NQ/NB , rS = NS/NB
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n → nX , X = B,Q, S
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Problem: diverges for µX → 0
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fQ = NQ, ωQ

applicable also in HRG



Summary

• Fluctuations and correlations of conserved charges can be understood in terms
of HRG if missing baryons are included  (QM-HRG)

• For higher order baryon number fluctuations repulsive interactions play an 
important role

• Charm quark appear as new degrees of freedom above the crossover temperature 
but co-exist with charm hadrons up to T=200 MeV

• Lattice results and the experimental results on fluctuations
and correlations of conserved charges indicate that interactions in hadron gas
just below the transition temperature are significant 

• Fluctuations and correlations  of conserved charges can be used to 
determine the freeze-out conditions in RHIC

• Electric charge fluctuations can be used to define iso-thermal susceptibility in QCD
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