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Beam Filamentation: A Known Problem

During injection into synchrotrons, beam-lattice mismatch can cause beam degradation

Horizontal pro le versus turn number for a bunch injected in the LHC [1]
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Beam Filamentation: A Known Problem

During injection into synchrotrons, beam-lattice mismatch can cause beam degradation

Horizontal pro le versus turn number for a bunch injected in the LHC [1]

In linear lattices, problem is well understood (emittance dilution) [2, 3]
In non-linear lattices, emittance alone is not adequate to represent the full picture.
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The Challenge: Non-Linear Matching

Key questions: How does an initial beam distributions lament in non-linear lattices?
Can we answer this question without tracking the full distribution?

Practical concern: high-brightness colliders (e.g. HL-LHC) are a ected by strong lattice
non-linearities (high chromaticity, octupoles, beam-beam e ects,...) and the high
amplitude particles are the main responsible for beam losses  the control of beam
transverse tails is paramount [4, 5, 6]
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transverse tails is paramount [4, 5, 6]

Main goal: given
1. a non-linear lattice and
2. an initial beam distribution fopx; pxq
nd equilibrium distribution fgpx; p«(
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The Challenge: Non-Linear Matching

Y Key questions: How does an initial beam distributions lament in non-linear lattices?
Can we answer this question without tracking the full distribution?

Y Practical concern: high-brightness colliders (e.g. HL-LHC) are a ected by strong lattice
non-linearities (high chromaticity, octupoles, beam-beam e ects,...) and the high
amplitude particles are the main responsible for beam losses N the control of beam
transverse tails is paramount [4, 5, 6]

Y Main goal: given
1. a non-linear lattice and
2. an initial beam distribution dpx; pq
N nd equilibrium distribution f g px; g
Y Proposed method: we study this problem using a topological approach, assuming that
we are in a phase-space region where the KAM (Kolmogorov{Arnold{Moser) tori persist
[7, 8, 9].
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Why KAM Theory?

Y KAM theory guarantees quasi-periodic motion exists in speci ¢ phase-space regions. It is
naturally used for the long-term stability and its application is di cult for realistic
lattice con guration.
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Why KAM Theory?

Y KAM theory guarantees quasi-periodic motion exists in speci ¢ phase-space regions. It is
naturally used for the long-term stability and its application is di cult for realistic
lattice con guration.
Y We are interested on the beam lamentation (single particle e ects) not particle di usion
(collective e ects, noise, ...). The two time scales separate naturally in the system:
¥ lamentation: ¢ hundred turns (fast)
v diusion: p tens of minutes (slow)

Y We will use KAM theory from a (short-term, few ) topological perspective and
not for the long-term stability problem.
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A step-by-step example

We will consider
1. a simple 2D non-linear lattice (Henon map in normalised coordinates [8])

- i
R z f ; 1)

where g X n i p xn IS the phase space position at turn N and, @ the map's tune'

* A python script is available here based on [10, 11].
»We set Qc 0:2971.

“We set r=0.33 " m.
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A step-by-step example

We will consider
1. a simple 2D non-linear lattice (Henon map in normalised coordinates [8])

- i
R z f ; 1)

where g X n i p xn IS the phase space position at turn N and, @ the map's tune'
2. a uniform beam distribution

$ 1
; &—2; ifx2 p2r? 5
0 r . (2)
%0:; otherwise.

* A python script is available here based on [10, 11].
»We set Qc 0:2971.

“We set r=0.33 " m.
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Where is the \KAM region"?

Y The stability of the phase space orbit
within the time window of interest
determines our \KAM region".
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region.

auville, France Topology and Non-Linear Matching



Where is the \KAM region"?

Y The stability of the phase space orbit
within the time window of interest
determines our \KAM region".

Y We will focus on the non-resonant KAM
region.

Y The initial distribution will be fully
enclosed in the non-resonant KAM region.
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From Tracking to Torus
1. Track few particles (e.g. 20) for few turns (e.g. 5k)
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From Tracking to Torus

1. Track few particles (e.g. 20) for few turns (e.g. 5k)
2. For each particle, extract frequencies using NAFF algorithm [12, 13, 14],
3. Use Frequency Identi cation, FI, to sort the di erent harmonics [15]

(1) Track N (2) NAFF N @ FIN
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From Tracking to Torus

. Track few particles (e.g. 20) for few turns (e.g. 5k)

. For each particle, extract frequencies using NAFF algorithm [12, 13, 14],
. Use Frequency Identi cation, FI, to sort the di erent harmonics [15]

. N Build an analytical |, x torus representation [9]:

A W N B

i nB&mdbn
xpNg ipxpNg ~ Anel 2QN T Ale X ©)

n n

(1) Track N (2 NAFF N @) FIN (4) Torus
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Topology Spectral Content and Amplitude Detuning




From Torus to Tori Foliation

Y Each particle maps to a KAM Torus

Y A Tori Foliation meshes, via a tly, yxu
mapping, the region of the phase space we
are interested in.
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Y Each particle maps to a KAM Torus

Y A Tori Foliation meshes, via a tly, yu
mapping, the region of the phase space we
are interested in.

Y Regions between tori are slabs
Y Slabs are divided into cells with area
dA dl 4d

v N cells belonging to the same slab
have (at the limit) same dA

IPAC2026, May 2

Topology and Non-Linear Matching



From Torus to Tori Foliation

Y Each particle maps to a KAM Torus

Y A Tori Foliation meshes, via a tly, yu
mapping, the region of the phase space we
are interested in.

Y Regions between tori are slabs
Y Slabs are divided into cells with area
dA dl 4d

v N cells belonging to the same slab
have (at the limit) same dA

IPAC2026, May 2

Topology and Non-Linear Matching



From Torus to Tori Foliation

Y Each particle maps to a KAM Torus

Y A Tori Foliation meshes, via a tly, yu
mapping, the region of the phase space we
are interested in.

Y Regions between tori are slabs

Y Slabs are divided into cells with area
dA dl d
v N cells belonging to the same slab
have (at the limit) same dA
v N cells belonging to di erent slabs
have (in general) di erent dA
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From Initial to Matched Beam Distributions
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