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2= Refresh: Thermodynamic interpretation of lonization Cooling

Beam Absorber

Heat flows when
Tb > Tabs

g (momentum)-transfer
via coulomb interaction

Equilibrium condition

Tb ~ Labs

Ap: Momentum in CM frame

Absorber located at

, maximum Ty, We are challenging
Focusing magnet
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How can we maximize
the beam temperature at
the absorber??

a: maximum beta function
c: minimum beta function

Focusing converts beam size into transverse momentum
spread; the absorber removes the transverse energy via
6/24/2026 Beam dynamics and Emittan: thhe Coulomb interaction




& Scope of this lecture
(Beam Dynamics and Emittance Evolution)

* Introduce the fundamentals of single-particle beam dynamics
* Describe beam motion in phase space

* Develop the harmonic-oscillator analogy for transverse beam
dynamics

* Twiss parameters and beam envelopes
* Emittance evolution in ionization cooling

&
c
<
o
o
5
24
(©)
s
w
=
i
O
Q
<
—l
<
z
O
=
Z
=
0 4
W
™

6/24/2026 Beam dynamics and Emittance evolution



& Single particle motion

r Can we completely determine
/ the particle motion by measuring
. ‘ only its position at a given time?

\ 2
‘ Detect same particle at

T, = (x2,¥2,2;) att =t

$
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Detect particle at No. Different trajectories can
7«’1 = (x,y,2z,) att =t, pass through the same position.
. N We must also know the particle
Equation of motion: f(r,7,t) = mr velocity (or momentum).

We need (x,y,z) and (v, vy, v,) to uniquely characterize the motion!

- Particle dynamics is represented by a point in a six-dimensional phase space
(x, V) Z, Uy, Uy, vz) with the applied force f
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2= Phase space volume

gvolution

Ensemble of n-particles that
behave “similar” motion

We need to know 6D X n parameters
(ZI), Zi) — (CI1, 92,493, 511, qZ» qS)n

&
=
<
o4
(@)
@
<
—|
o
=
<
o
W
—
w
O
Q
<
|
<
Z
o
<
Z
=
2 4
w
™

—

- Solving Lorentz equation for n-particles: fn = € Ep + ev, X By,

* Or, applying transfer matrix: X MM M13My MMy X
y Mmz1M22M23M24M25M 3¢ y

= = Z M31M32M33M34M35M 36 Z

Zp=M-2i = v, | = | myymyymyzmagmusmye || vx

Uy M5 M5, M53M54M55Ms56 Uy

Vz/ Mg Me2MG3Me4Mg5Mgg Vz/ i

6/24/2026 Beam dynamics and Emittance evolution



2= Two complementary descriptions of beam dynamics

Beam dynamics can be described either particle-by-particle or in phase space
X

»

Solving equations of motion as Solving phase space evolution A

single particle tracking o .. Apply transfer matrix (linear
« This method is applicable for most ‘\ optics) +§

beam study cases including
lonization cooling

 Or, solve Vlasov and/or Fokker-
Planck equations; analytical

* Monte Carlo particle simulation, solutions when available
like g4beamline, uses this
technique
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Key features

Key features Efficient for large ensembles;
ideal for linear systems and
studying collective beam
behavior by solving analytical
formula

Captures detailed physics and
non-linear effects;
computationally intensive for
large ensembles
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From Harmonic Oscillation
(0
Beam Dynamics

Introducing the Courant-Snyder Formalism
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2= Harmonic Oscillation Refresher

Beam motion can be modeled as a harmonic oscillator with position-dependent focusing strength

Simple Harmonic Oscillator

k

 Equation of motion: mx + kx =0 - ¥ + w?x = 0 <a) = %) m
« General solution: . X

x(t) = Acos(wt + ¢)

x(t) = —Aw - sin (wt + ¢)
« Energy: E = %ma’cz - %/ch2 — conserved quantity

: : : : N, kx? . mx?
* Phase space trajectory is an ellipse in (x, x): T = 1
-2 - The particle traces on a surface

D

/ \ 4 of constant energy E
\/ X Which direction does the

particle move? Clockwise or
Counter-clockwise?
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2& Phase Space Area and Action Variable

Area of Phase Space Ellipse
o Let: Xy = A, Pmgx = MwAthus E = %mszz
« Phase space area: A = TX,qxPmax = T * MwA% = 2w+ ]

« Action variable: ] = igﬁpdq = inA(mwA) = g (conserved)
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px A
mwA The phase-space area enclosed by

\ the trajectory is invariant of harmonic

C J‘l X motion
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2= Hamiltonian and Canonical Transformation

Canonical Variables and Hamiltonian

2
« Hamiltonian: H(q,p) = f—m + %qu

- Equations of motion: ¢ = g—;l ==p= L

Canonical Transformation to Action-Angle Coordinates

* Define: g = /% cosy,p = —/2Jmw siny

« Then: H = w], = w (uniform phase advance)

* Action angle J and w are constant in harmonic oscillation
* Particle trajectory (g, p) is described with action angle and initial condition

&
c
<
o
o
5
24
(©)
s
w
]
i
O
Q
<
-
<
z
O
<
Z
=
[+ 4
W
™

Px4 : J Single point
Ellipse T
| x ‘ )
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{& Phase Space of Harmonic Oscillator

Energy conserved
H=K+V Phase space area
2mJ increases with energy

6/24/2026 Beam dynamics and Emittance evolution

Oscillation frequency w is
Independent of amplitude

- All amplitudes oscillate
with the same period,
Isochronous motion
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2% Why Canonical formalism is Essential

« Coordinate transformations can significantly
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simplify the equation of motion 7= (qp),S = ( _01 (1)): Symplectic matrix 5
» Appropriate variables can transform a o . o
: _ _ Hamilton’s equations: 3]
complicated problem into a simpler one . 2
Z=S-V,H -
 The transformed system must preserve the - g
same physics 7 H = <Z_H,Z_H> z
. . q Op =
« Canonical coordinates (g, p) preserve IH IH i
the Hamiltonian structure and phase q={qH}= %,zé ={p,H} = ~3q
space geometr
P g _ y _ Poisson bracket:
« Canonical variables satisfy the 5 9 PR
symplectic structure and Poisson Py =5.45,P = 5.0 5,971

brackets (Q(q,p), P(@, )]} = 1
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2& Transition from Harmonic Oscillator to Beam Dynamics

Key idea: A particle in a beamline behaves like an oscillator whose
focusing strength changes along the beamline

Harmonic Oscillator Beam focusing
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Focusing
magnet where
Equation of motion: _ _ d?
. Equation of motion: =2
x+k-x=0 ds?
x"+k(s)-x=0
Restoring force kx Restoring force k(s)x

k is constant k varies along the beam path
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& Transition from Harmonic Oscillator to Beam Dynamics

Harmonic Oscillator
x(t) = A cos(wt + ¢p)

« Independent variable: time t

« Constant frequency: w = \/%

« Constant amplitude: A
« Action variable: J

6/24/2026 Beam dynamics and Emittance evolution

Beam dynamics

x(s) = / B(s) cos(u(s) + ¢)

Independent variable: path length s
1

Variable focusing strength: )

Amplitude: /[?(s)é

Variable phase advance: fi(s) = [ s dst

B(sn

Courant-Snyder invariant: &
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Single particle tracking
VS
Phase space evolution

From particle trajectories to collective beam behavior
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$& Courant-Snyder Invariant and Beam Emittance

The Courant-Snyder invariant € is conserved In linear Hamiltonian beam
dynamics

» [For the single particle tracking, & represents the Courant-Snyder invariant (action
variable), not the beam emittance

» For the beam simulation, € represents the beam emittance

Single particle Beam
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.X', x’
‘ £
/) Usually
(i/ '
Particle traces on the single
invariant ellipse

A

RV

An ensemble of particles occupies a
distribution in phase space
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2¢ Courant-Snyder Formulation for beam dynamics

 Action angle in beam optics

Px = ,Bxx, + dyx = _,/,Bxé\x sin iy,
X = /Bxéx cos Y,

N

é
x' = — | = (siny, + &, cosy,) e
X
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« Courant-Snyder invariant or emittance

Note: p, is a canonical momentum while
R A 2 . C B 1 x' is not. However, we often use x' to
Ex = VxX® + 20, xx" + ByX represent 6D phase space. This is
generally fine for most cases.

We should use the canonical variables
when the coordinate system is translated
into other system (like Cartesian to the
rotation frame)
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2= Definition of covariance matrix for beam ensemble

ez T 18 Transpose (f) = Zie= 1f k-
z=(x,x,y,vy, AE A)T k=1Wk
Zep = ((z —(2)) - (z— (2))T)
—(x) \
x —(x)
. ()’) . _ r__ / _ r __ / — —

= y' — () (x — (), x" —(x'),y — (), ¥ — (¥'), AE — (AE), At — (At))
— (AE)
At — (At)

( (xx) (xx') (xy) (xy') (xAE) (xAt)
(x'x) (x'x") (x'y) (x'y') (x'AE) {x'At)
(yx) (yx') (yy) (yy') (yAE) (yAt)
(y'x) (y'x") (¥'y) (¥'y") (¥y'AE) (y'At)
(AEx)(AEx'Y(AEY)YAEy' Y AEAE)AEAt)
(Atx) (Atx') (Aty) (Aty') (AtAE) (AtAt)
For a gaussian beam, the covariance matrix completely characterizes

the RMS beam distribution and its 6D phase space volume
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= RMS 6D Beam Emittance

The determinant of 6D covariance matrix corresponds to the
RMS 6D phase-space and the RMS 6D Beam Emittance

R C
E6p = W\/det(zan)

When the beam dynamics is uncoupled, beam emittance can be
separated into 2D (&gp = &, - &, - &, or = (Errans)® * ELong)

g, = Jdet(Z,) = (xx)(x'x') — (xx')?
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Or
2% = (ex)x'x’) — (xx')?
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* = >
3¢ TWISS parameters
e
A 2 _ I .7 _ !/ 2 8
g, = (xx){(x'x") — (xx") <
? 3
st We define =
3 , R &
% (x ) = PxEx _ R §
S 2 X, = §x< ﬂ/ic _Aax) <
N O PR Why @ negative? B=
g (XX = (@8 )2 5
= =
= Then i

Q A 2 It I\2

X & = (xx){x'x") — (xx')

Beam distribution on x-axis B A A ~ A N\2
— pxgx "Vx€x — (axgx)

(xx) - <x2) — Ayzc(ﬁx : T’x - Z\lxz)

(Bx' ?x_axz) =1

6/24/2026 Beam dynamics and Emittance evolution



2& Beta(tron) function and Beam Envelope

« Beta(tron) function determines the beam envelope ,
and beam size =

Single particle tracking

. ,@ > 0 because (x?) = ,@e must remain positive
 The beam envelope is given in equation

a
. Slope 7

The maximum point

xm(s) = 1’8-[’3\(5)

The beam envelope equation

Here is a beam envelope
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Xy, + KXy ——= =10
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3¢ Emittance evolution along beam path

\
RSQ
I

I

|

Maximum B Minimum S8
When the beam is x' x' x'
converging I 1 >0

(decreasing), @ is
positive value because — P

of negative sign in
front of g’ P

0
o
.
ws®
.o

K

XV
=y
RV

v
[
L
......
LN
.

6/24/2026 Beam dynamics and Emittance evolution i\l = O at maX| mum and m | n | mum ﬁ




&
c
<
o
o
5
24
(©)
s
w
=
i
O
Q
<
—l
<
z
O
=
Z
=
0 4
W
™

lonization Cooling
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2= Normalized emittance

6/24/2026

Normalized emittance

. _ . . NB: Normalized emittance is

Ey = . .
n p,v: Lorentz factors whereas mechanical emittance
shrinks with increasing beam energy

Evolution of normalized emittance in an absorber

dén _d(By-&) _, dé  dpy
s - s PBrEtiss absorber

Focusing magnet

a: maximum beta function
c: minimum beta function

Beam dynamics and Emittance evolution
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2 Normalized emlttance a2 = (ena'x) — (xx')?
de, _py d&’ By (,dow) 8) o 80521
Yds T 28, Tds 24, <<xx> s TEx) 20} =g )

Second term is negligible at the focal point Phase space in absorber

ds ds

Minimum x

RV

Third term is also zero

0
d{xx') 0 (_) _déa ~0> &~ 0

Q)
I

ds ds

6/24/2026 Beam dynamics and Emittance evolution

d(xx) dé,f x' Maximum x’
=01|- ~0
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& Emittance evolution (Transverse)

Finally, at the absorber focus,

&

O
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o

O

m

<

x

8 déy Py ( )d<x’x’) By ,  d{x'x’) E

]/ =~ — XX = . E. e =

ds 2&, ds 26, 'Y ds :

Q

. . O

Include multiple scattering process, ;{
d{x'x'y d{(68?%) [13.8MeV 2 52 z: Charge number of absorber 5

ds  ds Bcp Lg Lg: Radiation length of absorber '<Z_t

S

i

Therefore, =

dé, By .  (13.8MeV\’ z2
.BV ~ x<x *

ds 2&, . Bcp Lp

This is the heating term due to stochastic process in ionization cooling
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& Emittance evolution (Transverse)

dé, dé d,By
ds By ds e ds

Second term is transformed,

.
.
"""""
. st
. 0 .
“““““
-----
““““
------

o
.

L ABy & dE Py é dE &, dE
T " B-mcds pBZ-ymc? ds P?E ds
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: dE . : L o
Since pll negative for ionization loss, we define itas a

positive quantity by adding minus sign explicitly: —9 (‘;’j)

in the emittance evolution equation
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& Emittance evolution (Transverse)

Finalform s

deny Py 5 d(0%) &, (dE
ds 2 '"* ds B2E \ds)

The equilibrium emittance is obtained from this,

depy
ds

=0,
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) 2
_ 'Bzy'gx d<dHS ) _ :éx(13-6 MeV)? - z*

™ Eneq= dE dE
() 2t (g5)

To reach low emittance: low ,@x, large (Z—]j) ,and long Lp
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Emittance evolution (Longitudinal)

______
-------

I , A2 2 2\ __ 2
dé, dé " dBy & ° = (At*){AE“) — (AtAE)

= By— + 6——.
ds By ds ds
First term for longitudinal,
dé Py d&*® Py . d{At?) , d(AE?) d(AEAt)
v ds Zél. ds 2¢g (AET) ds AL ds 2(AEAD) ds

Again, in this toy model, there is no mechanism to change time structure and no strong
coupling between At and AE during ionization process

d{At?) d{(AEAt) 0
ds ds '
While the energy straggling effect is included,

2 . 2 27z
By (At?) d(AE )~ By B - 1 d(AE?) = 153.4%2 keV g/cm?
2¢&; ds 2 B?%c?p? ds 5 5
~ ?ﬁL ) W * $ Winax (1 - 7) Ha 2y me/my, + (me/mu)2

Beam dynamics and Emittance evolution
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3¢ Transverse and Longitudinal Emittance Evolution

Add coupling parameter

ds T B2E ds 2mER3L,
dé, @ ., dE. By . 1 B?
= — . — B, - : 1 ——

Where g, ,, and g, are a partition number which will be derived
in the next lecture
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General form is
dg,
ds

C: Cooling rate (constant value)

=—C-&,+H-B H: Heating term (constant value)
£,. Normalized emittance

B: Beta function (B~1: focusing strength)
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3% Emittance Evolution and Equilibrium Emittance

General form is

dz,

C: Cooling coefficient (constant value)
——C- 8. 4+ - ﬁ H'. Heating coefficient (constant value)
n
ds &.: Normalized emittance

B: Beta function (B~1: focusing strength)

- &,(s) = (gn,o - gn,eq) ) exp[_/l;j/,z -S|+ gn,eq
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_ g
C = A 1 = . 1
B%E <ds>
2 _H- P To make an effective ionization cooling: _0.01 LH2
neq — S
C  Largec: Large energy loss ¢ L -1 = 018 m-
Small 7: Small stochastic effects &
Small B: Strong focusing |
0.01  0.10 1 10 100
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& Summary of Lecture 2

* From Single-Particle Dynamics to lonization Cooling
6D phase space z = (x,x',y,y', AE, At)T
« Beam dynamics can be studied by
 Single-particle tracking
* Phase-space evolution
« Harmonic Oscillation Analogy
« Beam motion behaves like a harmonic oscillator with position-dependent focusing
» Courant-Snyder formalism introduces

« Courant-Snyder invariant vs beam emittance, Twiss parameters, and Phase
advance

* Physical Meaning of Twiss parameters
« B: beam size (envelope)

6/24/2026 Beam dynamics and Emittance evolution ﬁ X Vx ax -
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& Summary of Lecture 2

* Introduce Emittance Evolution in lonization Cooling
General form is

dé . _ : -
n_ —C-é, +H P H': Heating coefficient (constant value)

C: Cooling coefficient (constant value)

ds &,: Normalized emittance

: _ N B: Beta function (B~1: focusing strength)
« Effective cooling condition

- Large C: Large energy loss
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 Small H: Small stochastic effects
« Small 8: Strong focusing
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2= Homework (1)

1. The betatron function at the Interaction Point in a collider ring is called
beta-star (£*). Estimate the beta star f* at the IP for a 10 TeV COM
muon collider, assuming the normalized transverse muon beam
emittance is 20 um.

2. Estimate the cooling coefficient in Liquid Hydrogen absorber when the
Incident muon momentum is 200 MeV/c. Assume that the coupling
coefficient g is 1.
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» Radiation length of LH2: L; = 890.4 cm Muons in hydrogen liquid (Hz)
. . . Z A [g/mol]  p[g/em?®] T [eV] a k= mg @0 @1 c 5o
. R|ght-s|de table shows the stopping power L(H)  1.008(7) 7.080x1072 21.8  0.13483 5.6249 04400 1.8856 3.0977  0.00
T P lonization  Brems Pair prod Photonucl Total CSDA range
[MeV /c] [MeV cm?/g] [g/cm?]
10.0 MeV 4.704 x 101 16.508 16.508 3.316 x 1071
14.0 MeV 5.616 x 101 12.812 12.812 6.097 x 101
20.0 MeV 6.802 x 101 9.956 9.956 1.147 x 10°
30.0 MeV 8.500 x 101 7.684 7.684 2.307 x 100
40.0 MeV 1.003 x 102 6.539 6.539 3.727 x 10°
80.0 MeV 1.527 x 10? 4.870 4.870 1.105 x 101
100. MeV 1764 x 102 4.568 4568 1.530 x 101
140. MeV 2.218 x 10? 4.267 4.267 2.440 x 10!
200. MeV 2.868 x 102 4.104 0.000 4.104 3.879 x 101
300. MeV 3.917 x 102 4.037 0.000 4.038 6.342 x 101
344. MeV 4.372 x 10? 4.034 0.000 4.034  Minimum ionization
400. MeV 4,945 x 102 4.038 0.000 4.038 8.820 x 10!
/ 2 2
6/24/2026 Beam dynamics and Emittance evolution 800. MeV 8.995 % 10 4.134 0.000 4.135 1.862 x 10




2= Homework (1)

3. The particle traces on a surface of Courant-Snyder Invariant £. Which
direction does the particle move? Clockwise or Counter-clockwise?

;] A

X

i N
N

4. Why the Twiss parameter & IS negative sign?
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5. The transverse beam motion is given by x(s) = /[?(s)ié cos(u(s) + ¢).

« Derive x'
« Show that & = yx? + 2&xx’ + Sx'?
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2& Homework (1)

6. Abeamhas é=5mmmrad, 5 =4 m, and & = -1.

Calculate (a) RMS beam size ¢ = / B¢, (b) RMS divergence,/7£, and

(c) the covariance (xx')

7. Show that
1dp

a=—-%

2 ds
Explain:
« Why @ = 0 at the beam walist,
« Why @ > 0 corresponds to a converging beam,

« Why & < 0 corresponds to a diverging beam.
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Definition of beam intensity

* Beam current [ (A)
« Amps: Charge per unit time passing a cross-section

* Flux @ (particles/cm?/s)
 Particles per area per time a a point

* Fluence F (particles/cm?)
 Flux integrated over time

* Intensity I (particles/s)
 Total particles rate through any cross-section

e Luminosity £ (cm=2s1)
« Effective flux overlap of two colliding beams

Beam dynamics and Emittance evolution
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& Beam dynamics and stability condition

6/24/2026

Solution of Hill’s equation x"'(s) + k(s)x(s) = 0is in general

x(s) = axy + bxg Equation of motion can be
x'(s) = cxg + dx) solved if initial condition is
known

As we usually do for the harmonic oscillation,

(s)] _[a b1[* v, ) =a+d
X_’[;:'(i) =l¢ dl [x’(;]_’M'X" d;?%)= aT_ bd

Extracting eigenvalues from M,
~ a—A b
M—Al) = o
det( A ) | : J /1| 0

22 —(a+d)A+ (ad —bc) =05 A2 —=Tr(M)A+ det(M) =0

Beam dynamics and Emittance evolution
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& Beam dynamics and stability condition

MTQM = Q
dH T
If there is no energy change, — = 0, a by (0 1y a by_c0 1
gy 88 s - (c d) (—1 o) (c d) (—1 o)
_ — ad — bc = 1 (if energy conservation is
det(M) =ad —-—bd =1 required, then using symplectic integration is
a sufficient condition)

A2 —(a+d)+1=0->2-Tr(M)2+1=0

Solution of this equation is

T [T -4 syt [T P
N 2 N 2

We notice if cos(o) = %Tr(IVI) = (a;d),
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A:(a+d)i\/(a+d)2—4:(a+d)+ (a+d)2_1

2 2 4

— A1, = cos(o) i\/cosz(a) — 1 = cos(o) + isin(g) = etio
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& Beam dynamics and stability condition

If |[a + d| < 2, , is aperiodic solution>Beam motion is stable

For our convenience, we use following relations,

a+d =2 cos(o) S = [cos 0A+ .ch sin o ,[;’sinAa. ]
. —y sino cosg — d@sino
a—d=A2f(51n(G) OrM =1Icoso +Jsino
b =ﬁA51p(a) oo [a 8
c=—y Sln(O') where [ = lO 1],] = [_? P

det(M) = ad — bc
= (coso + @sino) - (coso — @sing) — fsino - (=7 sin o)
= By - =

These relations are still within a canonical framework!

6/24/2026 Beam dynamics and Emittance evolution
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& Beam dynamics and stability condition

Investigate |

7 -a| |-7 -a
2 ()’ = (71"
(M) — (i cos g + ]~ sin 0-)2 = gcosZa +]~Sin2022- (_Tcosa —.Ffsina)
= 5 ~ o~ . 5o . o = [“cos2o - coso + ]J°sin2o - sino
= [“cos“c + 2] -] - sino - coso + J“sin“o +IJcos20 - sing + Isin2c - cosa

= [(cos?c — sin®a) + 2Jsino - coso

1
5 ~ C0S20 * COST = 3 (cos30 + cosa) ...
= Icos20 + Jsin2o
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= Icos30 + Jsin3o
~~N ~ ~ ~ ~
> (M) = (Icoso + Jsino)N = [cosNo + fsinNo

A12 = cos(o) tisin(o) = e*@

1
— /11 = — This statement is the same general
/12 solution from a parametric oscillator,
especially it is called Floguet’s theorem
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& Floquet function

Floquet’s theorem is applicable to linear differential
equations with periodic coefficients

ax _ A()X
dt

where A(t + T) = A(t), T is a period
A general solution will be Thisis 14, in our case

X(t) = e

where p(t + T) = p(t), p(t) is called Floquet function, u is the Floquet
exponent
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As we notice, it is similar as a forced oscillator

— 1 is pure imaginary, then X(t) is a stable oscillation
— u contains real, then X(t) is a forced oscillation, growing or decaying
exponentially over time
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$& Mathieu equation with Floquet’s theorem

As you may have noticed, our process is the reverse of the conventional forced
harmonic oscillator problem. The general equation of forced harmonic oscillatorin
the beam dynamics is so called Mathieu equation,

d?x §: stiffness parameter

dat? i (6 e cos(t))x =0 €: no specific name given

In the case € = 0, itis a condition to obtain Hill’s equation
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d?x
T2t x=0ft+T)=f®)
Stable phase space (5)

. Unstable phase space (U)
Introduce Floquet function, )

X(© = ep),X®) = | ]

For the stable condition, u = tio
as we evaluated

0 025 1.0 2.25
6/24/2026 Beam dynamics and Emittance evolution Stable phase Space from Mathieu equation




