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1. Experiment: what we see 2. Theory: how it happens 3. Mathematics: what we calculate
Particle collisions in a detector Feynman diagram Amplitude from the diagram
( electron-positron—muon-antimuon)
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The detector records tracks. Theory predicts probabilities. Feynman diagrams
provide the bridge between them.



Why do we need them?

Without Feynman diagrams With Feynman diagrams

> many terms, complex expansion > one picture (clearer structure)
> difficult perturbation expansion > systematic rules

> hard to calculate > systematic calculation
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the diagram tells us what to write

Feynman diagrams organize the perturbation expansion
and translate each term into spinors, vertices and propagators.
Complicated expansions — a simple graphical language



Richard Feynman

The Nobel Prize in Physics 1965 is awarded jointly
to Sin-Itiro Tomonaga, Julian Schwinger and Richard
P. Feynman for their fundamental work in quantum
electrodynamics, with deep-ploughing consequences for the
A\ physics of elementary particles.
Calculating matrix elements for Perturbation Theory from first principles is awkward.
— Need to do time-ordered intermediate states contalnlng V|rtual particles whose production and decay does
not conserve energy and momentum p¥p,, = E?— | p'|*# m? | 44
Complex mathematics was required to model extensive interactions with varying probabilities.  2F 2E EFEV
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Feynman diagrams represent the maths of Perturbation Theory in a very simple way.
Use them to calculate matrix elements.

— Exchanged particle is off-mass shell, however production or decay conserves energy and momentum.

R. Feynman recognized that interactions were representable by simple diagrams, which delineate the interplay
of light. FD allows us to systematically represent the probability amplitude for a given process.



Basics

Vertices represent interactions (e.g., the emission or absorption of a boson by a particle). At each vertex,
energy, momentum, and charge are conserved! Each vertex contributes a factor of coupling constant, g.

Propagators represent virtual particles moving between vertices - internal lines.

Spin % particle/antiparticle = Each propagator
Spin 1 v, W Z e gives 1/(q’-m?)
g|u0n 6.0000008

Outer lines represent real particles entering and leaving the process.

. . Incomin
Spin % particle Outgoing
. . ——=——s [ncoming
antiparticle outgoing

AANANANANANS |ncoming

Spin 1 particle Outgoing

Feynman rules are a set of rules that allow us to transform a diagram into a mathematical expression.
External lines — asymptotic physical states, internal lines — virtual particles.



Vertices

f f
g The transition matrix in quantum mechanics contains a coupling factor
g at each interaction vertex.
g is the strength of the interaction between gauge boson and a fermion.
X Matrix element: M « g2
Interaction probability: IM |2 =MM" « g*
g Dimensionless cons: a « g?
f f
Electromagnetism Strong interaction Weak interaction
) two vertices .
e e q q e Ve I Ve Ve
g is small — the perturbation is small e gs o 9,
g=¢e=+Vidra ~ 0.30 §
All charged patrticles Only quarks All fermions i All fermions
Never changes flavour | Never changes flavour | Always changes flavour i Never changes flavour
a=1137 ag=~1 Oz = 1130




Time-ordering

. the boson
aemits a boson ke is absorbed by a c
X
X
the boson _
is absorbed by b d emits a boson b d

The time ordering of space-like separated vertices can depend on the reference frame.

An individual time-ordered contribution is not Lorentz invariant.
The exchanged particle is unobserved

- only the combined effect of possible sequences of events matters.

The result is a transfer of momentum between « and » and the interaction between particles.



sense, not order

Space

Space

A typical Feynman diagram
X is the sum of the amplitudes
for two time sequences.

Time

Time

Every process has
an infinite number
of possible
Feynman diagrams.

| M |20< agm A Feynman diagram

is not a single time
ordering.



a+b - ctd - time-ordering

Probability of processes:

Transition matrix element;

In Quantum Mechanics,

the process of scattering

in a static potential

corresponds to the first-order term
in the perturbation expansion
<flVli>

Space

The greater the transition amplitude,
the greater the prob. of the process.

Ffi — zn‘Tfl ‘zp (Ef) Fermi Golden Rule The more final states available,

the greater the chance
that one of them will be realized.
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Initial state |i>: at+b ANEAt~1
Final state |f>: c+d
Intermediate state |j>: c+b+X Tf
Non-invariant matrix elements: \£

V..

n

« the system will "jump" to another
state.

In Quantum Field Theory,
interactions between particles are
mediated by the exchange

of other particles and interactions are
mediated by quantum fields.
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atb - c¢t+d - time-ordering
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The non-invariant matrix element is related L —1/2a7 . ' ! f
to the Lorentz-invariant matrix element Tfl R H(zEk) Mf’ Time
k
M(a—>c
+x)
v = {etalV]a) = o

i (2E,2E.2Ey)
Lorentz invariance strongly constraints the
possible form of the matrix element. For the V. - <C —I—x|V|a> _ 8a
illustrative scalar coupling, i (2Ea2E62Ex)1/2

g~ M(a—>c+x) Qb

(2E,2E42E,)1/?

Vv, = (d|V]x+b) =

Although individual pieces of the matrix element (such as fermion currents or gamma matrices)
may carry Lorentz indices, the total matrix element must be a Lorentz scalar.

The indices are contracted through objects like the metric tensor , £,,,,

resulting in a scalar quantity suitable for computing probabilities and cross sections.

Any non-scalar intermediate form is only temporary and not physically meaningful

until all indices are properly contracted.



atb - c¢t+d -time-ordering
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For the 1st/2nd time-ordered diagram
is related to the transition matrix element.

Momentum is conserved at the interaction
point,
butE #E. ba
but the e>1<changed particle M i
is “on-mass shell” /for a single time-ordering diagram/
This does not describe the physical
propagator.
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atb - c¢t+d -time-ordering

The different amplitudes for the same process need to be summed to obtain the total amplitude.

Momentum & energy a ¢ 2 ¢ 2 ¢ Momentum conserved at vertices
conserved at interaction vertices
X - X + . Energy not conserved at vertices
Exchanged particle “off mass shell” X
E?2 —|p.|? = ¢* #m?> , . , Exchanged particle “on mass shell”
d b d E2 _ 3.2 = m2
ab ba ’Q = |px| — M
-, o
_ 8a8b . 1 4 1 (QD ¢§
2Ex Ea - Ec - Ex Eb - Ed - Ex // q’e 2E
1 1 Q}\Q g M . - gagb . X
_ 8a8h ( B ) N fi 2E, (E,—E.)?—E;
o - 2 2
Q,° (Eq —Ec)” — E;

Only after summing all time-orderings do we obtain the Lorentz invariant amplitude sum.
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Virtual Particles and Perturbative Orders

Virtual particle differs from the real one. Real particles satisfy a relationship between E, p, m.
They are as 'borrowed' particles that exist for a very short time,

according to the Heisenberg uncertainty principle

for (AEAt>h/2).

One can “borrow energy” (or mass) for a short time.

This allows them to transmit interactions. g g 6
“Borrow energy"?

e virtual particles don't satisfy the classical mass-shell relation

e uncertainty principle provides an estimate of the lifetime of off-shell intermediate states.

To calculate the probability of a given process, it's not enough to draw only the simplest diagrams.
We must consider all possible ways in which particles can interact, even very complex ones.

More complicated diagrams (containing loops) — higher-order perturbative diagrams. Each additional
vertex in the diagram introduces an additional factor, which is/should be the coupling constant.
Higher-order diagrams contribute less to the total amplitude. One should calculate the simplest
diagrams first, and then add increasingly complex corrections until we achieve the required precision.
The 1st term dominates, and subsequent terms are increasingly smaller corrections.

Sometimes these higher-order diagrams lead to the problem of infinity. And this is where the concept

of renormalization comes in. renormalization is a mathematical procedure that allows us to subtract the infinite charge of the surrounding

vacuum from the infinite charge of the bare electron, so as to obtain the finite value observed in experiments. The price of renormalization is that the charge
and mass measurements depend on the four-momentum transfer ¢2 .



3 Sl e YY > VY
e '}._‘_ The leading-order contribution is the lowest non-zero order. For
r ¢ yY—Vy in the Standard Model there is no tree-level amplitude; the
leading contribution is a one-loop box.
R W
T . IJ‘“;,x%" The box contributions to the Yy — VY - 10 grmrermmrrmmr e
r f ¢ subprocess for on-shell fusing T 0N
o : : photons were calculated i _ \ et b
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a+b — c+d
both time-ordered diagrams — Feynman Diagram

Momentum is conserved at each interaction point,p, =(p,~p )

p =, Pyp=—-®," P

The energy of the exchanged particle

is related to its momentum § : _ : f% : : :
2 _ 0 2_ (= =\2 2 O
Ef = py+my = (Pa— Pc)” +my C i S
8a8b , )
Mfl — Time Time
_ 2 _ (7 _7N2_ w2
(Ea EC) (pa pc) iy The matrix element
gagb =
(pa — Pc)2 — m)% La8b The fundamental strength

The 4-momentum of the exchanged Mfl — 5 of the Inte\zgilgensat the two

. , 2
virtual particle: g = p, — p, q ms x
q is determined uniquely from 4-momentum
conservation. the propagator




initial-state particle:

final-state particle:

initial-state antiparticle:

final-state antiparticle:
initial-state photon:

final-state photon:

photon propagator:

fermion propagator:

QED vertex:

Feynman rules for QED

u(p) g

u(p) g il :

5(0) - } Spin 1/2
v(p) @ <}

s’u(p) ANANAANANe .
] Spin 1
€4(p) [ QL LV
_’ng o~~~ Spin 1
oy
B.Cik Spin 1/2
q-—m

Y Spin 1/2
—iQeyH

Matrix element —-iM = product of all factors

b
b

The Dirac spinors
for each external line

A propagator factor
for each internal line

A vertex factor
for each vertex



QED scattering process

elastic scattering

e e ﬁe(p3)[i€)/‘u]ue(p1) electron
current
—l8uv
2 photon g,, - the sum over
q propagator h ey’ polarization states

« Ug(pa)liey¥]ur(pa)  tau-lepton
current
an adjoint spinor a spinor

for the final-state electron for the initial-state electron

~A= A u
—iM = [tu.(p3)ieyY u.(p1)|—=— [t (p4)iey’ uz(p2)]
e 7

a factor
for the interaction vertex

y %V - matrices are the original
Dirac representation



QED processes

ps t - channel scattering process € e+. ST

—18uv _

oo —iM = [ )ie P ue(pr)] = e (pa)iy ue(pa)

P4

Fermions have their own spinors, o
~ butwhen they exit, we need a adjoint spinor, Y = l/ﬂyo
T tothe left.

.
P Ps s - channel annihilation processe™ e — P~

{ v . _ . _lg — .
/ —iM = [V(p2)iey"u(p1)] qz'” [#(p3)iey"v(p4)]
P2 Pa
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—iM = (—ie) a(ps)y ulpy) - — - (—ie) ulpa)y ulp2)
. . . 2
. —1G —tquv 1€
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metric tensor property: guJtJ; = JIJ;
2

d=pP1—P3
P4

M = -‘i— [@(ps)y u(p:)] [@(pa)Yuu(p2)]

4 _ _
Zspins |M|2 — (te_Z Zspins |[u(p3)7'uu(p1)] [u(p4>7,uu<p2)]|2
spin sum identities: Zs u(p)ﬂ(p) =p+m
=vyhp = F 0 _ 1 _ 2 ¢ 3
P=Y Py Y = PxY —PyY — DY
S epins M2 = ST [(p3 + me )y (p1 + me) "] Tr [(pa + M)y (2 + M) 7]



64

For massless limit: Zspins |M|2 — 32 Ir [p?),y,upl,yz/] - [p4f7,up271/]
dentity for gamma traces: Tr|ay*by"]| = 4 (a*b” + a”b* — g"*¥a - b)

Tr [p3y*p17”] = 4 (p5p7 +P5PY — 9""p3 - 1)

Tr [payup2ye] = 4 (P4Ps + DiDh — Guuba - p2)

| M 2= 28 (php¥ + piph — 9"7ps - p1) (Paubou + PavPop — GuuDs - P2)

Solving tensor products yields 9 scalar 4-vector products

(P5PY) (Papp2) = (P3 - Pa)(p1 - P2) (P42%) (Papp2v) = (p3 - p2)(p1 - P4) (—9"'p1 - p3)(PapP2e) = —(P1 - P3) (P2 - P4)
(P5P7) (Pavp2u) = (P3 - p2)(P1 - P4) (p5PY) (Pavp2y) = (P3 - P4)(P1 - P2) (—9""p1 - p3)(Pawp2yu) = —(p1 - p3)(p2 - Pa)
(P5P7)(—Guup2 - Pa) = —(P3 - P1)(P2 - P1) (P52 (—guwp2 - P1) = —(p3 - P1) (D2 - P4) (—9"P1 - P3)(—guwp2 - P1) = +4(p1 - P3)(P2 - P1)
% et .
IM|* = — [2(p3 - p1) (1 - P2) + 2(p3 - P2)(P1 - P4)]

t




Feynman diagrams are constructed out of
the Standard Model vertices shown in Figure.

Only the weak charged-current (W*) interaction can
change the flavour of the particle at the interaction
vertex.

Explaining your reasoning, state whether each of
the 16 diagrams represents a valid SM vertex.

TIP: neutrinos interact only via weak interactions in
the SM.



In a nutshell

Feynman diagrams provided a visual tool for making otherwise impossible calculations practical.

Antiparticles are drawn in Feynman diagrams with arrows pointing in the “backwards in time”
direction.

In the Standard Model, particles and antiparticles can be created or annihilated only in pairs.
Arrows on the fermionic lines indicate the flow of fermionic number (charge).

Each QED vertex contributes a factor —iQey*

The propagator determines how virtual the particle is (off-mass shell). The greater the virtuality,
the lower the chance of producing such a particle. The most probable photon emission is a
low-virtual photon (not exactly ¢> = 0 - quasi-real photons).

If all are particles (or all are antiparticles), only scattering diagrams involved. If particles and
antiparticles, may be able to have scattering (t- and u-) and/or annihilation diagrams (s-channel).



Important rules to remember

Line styles are conventional:

Solid lines correspond to fermions (quarks, leptons)

Wavy lines correspond to bosons (in QED, these are photons)
Curly for gluons

Dashed often for scalars

Arrows indicate fermion-number flow; time increases from L to R
An arrow pointing to an electron moving backward in time corresponds to a positron moving forward in time

Fermion and boson lines meet at vertices (vertex)

At each vertex, energy momentum, angular momentum, charge, and baryon number are conserved
% Conservation of electric charge:
The sum of charges entering a vertex must equal the sum of charges leaving.
% Conservation of momentum and energy:
At each vertex, energy and momentum must be conserved.
% Conservation of lepton and baryon numbers:
In many quantum processes, the number of leptons (e.g., electrons and neutrinos)
and the number of baryons (e.g., protons and neutrons) remain constant.



Application

Feynman diagrams are an indispensable tool in many fields of physics, and their applications are incredibly
broad.

*

High-Energy (Particle) Physics:

Predicting how often specific processes occur.

Data Analysis: They allow us to distinguish the signal from the bckg and understand what happens in
collisions.

Condensed Matter Physics:

Feynman diagrams are also used to describe the behavior of electrons in solids. They help us
understand phenomena such as conduction, superconductivity, and magnetism. Although the energy
scale is different, the fundamental principles of quantum interactions remain the same.

Cosmology and Astrophysics:

Feynman diagrams are crucial for modeling the processes that led to the formation of the elements,
dark matter, and the structure of the universe.
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JaxoDraw

graphical interface
Generates LaTeX (PSTricks)
or exports to images.

Fast for simple diagrams.
Website: :
http://jaxodraw.sourceforge.net/ e

Order
Setection

FeynCalc (for Mathematica)

Supports symbolic manipulations of amplitude,
gamma-matrix algebra,

traces,

index contractions and

automatic calculation of amplitudes and their squares.

All drawings come from the book.
© Cambridge University Press 2013


http://jaxodraw.sourceforge.net/

Lines Between the States

Tracks in the chamber, flashes of light,
Fragments of matter escaping the night.

We see where they end, but not where they start,
So theory and data must each play a part.

A line for a fermion, a wave for the light,

A vertex where charges and momenta unite.
Not a photograph, not one path through space,
But a term in an amplitude, drawn in its place.

Initial state, final state,

Add the ways that interfere.
Every line becomes a factor,
Making hidden physics clear.

Draw the lines, connect the states,
Couplings meet at interaction gates.
Sum the amplitudes, square them in the end,

That is how predictions and experiments connect.

On shell outside, off shell within,

Propagators carry four-momentum in.

Feynman diagrams, simple lines that show

Not exactly what occurred - but what we need to know.

Spinors on the outside, currents flowing through,
Gamma matrices tell the fermions what to do.

A virtual photon between two charged beams,

Not a borrowed particle from some quantum dream.

Four-momentum conserved at every vertex point,
Lorentz indices contracted, every current joined.
Tree-level first, then loops appear,

Higher-order corrections make the picture clear.

Different diagrams, same final state,
Their phases may combine.
Constructive or destructive,
Interference leaves its sign.


https://suno.com/s/QvdNz94dAoRo4TfK

