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In this work:

q  relativistic hydrodynamics simulations of  the cosmological quark-hadron 

phase transition with a lattice QCD EOS.

q We study turbulence in the primordial fluid.

q We obtain the gravitational wave signal of  the fluid and compare it with 

the eLISA’s sensitivity curve.

 Reference: Mourão-Roque & Lugones, Phys. Rev. D87, 083516 (2013)�
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Introduc)on	  
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EW	  Phase	  Transi)on:	  
•  electromagne/c	  and	  

weak	  forces	  become	  
differen/ated	  	  

•  	  tQCD≈10-‐11s	  (dura/on	  
~1μs);	  

•  T	  ~	  1000	  GeV	  	  
	  
	  
QCD	  Phase	  Transi)on:	  	  
•  quarks	  confined	  into	  

hadrons.	  
•  	  tQCD≈10-‐5s	  (dura/on	  

~1μs);	  
•  T	  ~	  150–200	  MeV	  	  
•  dH≈	  10	  km	  (~3	  ly);	  
•  Par/cles:	  quarks	  (u,d,s)	  

and	  gluons;	  leptons;	  
photons.	  

	  
	  



Current	   conjectures	   for	   the	   QCD	   phase	   diagram.	   S.	   Gupta	   et	   al.,	   Science	  
332,	  1525	  (2011).	  
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Previous Works on cosmic phase transitions:

First works: focused on the effects of  a first order QCD  transition: 
studies about the nucleation, growth and collision of  bubbles and their 
relation to the generation of  gravitational waves (Witten 1984, Turner & Wilczek 
1990, Kosowsky &Turner 1993, Kamionkowski et al. 1994, Miller & Rezzolla 1995, etc.)

Recent works:  several works on primordial turbulence, most of  them 
focusing on a first order EW or QCD phase transition:  

u  Caprini, Durrer & Siemens, 2010, Detection of  gravitational waves from the QCD phase 

transition with pulsar timing arrays.
u  Kahniashvili,  Kosowsky, Gogoberidze & Maravin, 2008, Detectability of  

gravitational waves from phase transitions. 
u  Kahniashvili, Brandenburg, Tevzadze & Ratra, 2010, Numerical simulations of  the 

decay of  primordial magnetic turbulence. 
u  Binetruy et al 2012, Cosmological Backgrounds of  Gravitational Waves and eLISA/NGO: 

Phase Transitions, Cosmic Strings and Other Sources. 
 	  



HOWEVER ! Lattice QCD results indicate that for two light (u and d) 
quarks and one heavy (s) quark the transition is a crossover (quarks are 
confined in hadrons in a smooth way)
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Z. Fodor, 
Nuclear Physics A 715, 
319c (2003).
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P.	  Amaro-‐Seoane	  et	  al.,	  arXiv	  astro-‐ph.CO,	  3621	  (2012).	  

eLISA	  gravita)onal	  wave	  observatory:	  
	  
Project	  for	  the	  European	  New	  Gravita/onal	  Wave	  Observatory	  (NGO)	  
mission	  (derived	  from	  the	  previous	  LISA	  proposal,	  informal	  name	  “eLISA”)	  	  
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eLISA	  is	  composed	  by	  three	  spacecrae.	  The	  central	  spacecrae	  has	  two	  send/
receive	  laser	  ranging	  terminals,	  while	  the	  end	  spacecrae	  has	  one	  each.	  	  

	  
	   	  P.	  Amaro-‐Seoane	  et	  al.,	  arXiv	  astro-‐ph.CO,	  3621	  (2012).	  
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eLISA: will survey for the first time the low-frequency gravitational 
wave band (about 0.1 mHz to 1 Hz)

²  coalescences of  massive black holes binaries; 
² mergers of  earlier, less-massive black holes during the epoch of  

hierarchical galaxy and black-hole growth;
²  stellar-mass black holes and compact stars in orbits just skimming 

the horizons of  massive black holes in galactic nuclei of  the present 
era;

²  extremely compact white dwarf  binaries in our Galaxy, 
²  Early Universe: relics of  inflation and of  cosmic phase transitions.

P.	  Amaro-‐Seoane	  et	  al.,	  arXiv	  astro-‐ph.CO,	  3621	  (2012).	  



Our	  model	  :	  
	  -‐	  EoS	  
	  -‐	  hydrodynamic	  equa/ons	  
	  -‐	  numerical	  method	  
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LaHce	  QCD	  equa)on	  of	  state:	  
	  
ü  	  We	  construct	   the	  EoS	  using	  data	  of	   the	  Budapest-‐Wuppertal	  Collabora/on	  

with	  Nf	  =	  2	  +	  1,	   i.e.	  two	  light	  (up	  and	  down)	  quarks	  and	  one	  heavy	  (strange)	  
quark	  (Borsanyi	  et	  al.	  JHEP	  2010)	  

ü  we	   add	   the	   contribu/on	   of	   a	   gas	   of	   noninterac/ng	   neutrinos,	   muons,	  
electrons,	  photons	  and	  their	  an/par/cles.	  	  



Hydrodynamics 



Numerical Approach 



Numerical details:



Ø  the code: 

-  based on the Godunov Method with the Riemann Solver of  Roe.

-  we use a monotone upstream centered scheme for conservation laws (MUSCL), with a 
standard ‘‘minmod’’ sloper limit for the reconstruction of  the cell centered 
quantities before the computation of  the numerical fluxes. 

-  integration in time is performed by using a third order strong-stability-
preserving Runge-Kutta scheme with five stages.

Ø  We consider a computational domain with a length of  100 m, with 16.384 
spatial cells (214) and evolve the system for times larger than 1 μs. 
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Turbulence	  
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ü  Since we are considering a crossover transition, we do not expect large 
perturbations near Tc as would be the case for a first order transition. 


ü  Thus, we assume that fluctuations present at the QCD epoch were 

generated by some event in the previous history of  the Universe, e.g. at the 
electroweak scale or at an even smaller scale related to inflation, cosmic 
strings, etc. 


ü  These fluctuations are conjectured to survive until the beginning of  the 

QCD phase transition due to the extremely low viscosity of  the primordial 
fluid: 


•  Experimental results (Song et al 2011, Heinz et al. 2012): viscosity of  

the QGP at LHC and RHIC is extremely small (but μ is not strictly 
zero as in the early Universe).

•  Theoretical calculations (Ahonen 1998):  at μ =0  viscosity is small 
even with the inclusion of  leptons and photons.	  
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ü  According to the theory of  turbulence, larger eddies break down to 
smaller ones, i.e. there is a cascade of  kinetic energy from large to 
small scales. This cascade stops at a small damping length scale lD 
determined by the viscosity of  the fluid. 


ü  In models of  1st order transitions there is a continuous injection of  

energy (bubble collisions) and viscous dissipation at small scales à this 
leads to the well known Kolmogorov spectrum (~k−2/3 or variations of  
this, negative slope!)  [e.g. Kosowsky et al. 2002, Gogoberidze et al. 
2007, Caprini 2010, etc.]

ü  For a crossover transition, there isn’t a continuous injection of  
energy. Since the viscosity is tiny, cascading accumulates energy at the 
small scales (we expect a turbulent spectrum with a positive slope)
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Since the size of  possible disturbances at the time of  the transition is unknown we 
have considered three different kinds of  random initial profiles: 

(a)  random temperature inhomogeneities in a fluid at rest, 
(b)  random velocity fluctuations within a fluid with an initial uniform temperature, 

and 
(c)  random temperature and velocity fluctuations. 

The maximum amplitudes are: 

ü  ΔT/Tc = 10−2, 10−3, 10−4 around Tc = 170 MeV and/or
ü  Δv/c = 10−1, 10−2, 10−3 
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considered, the damping length scale is lD < 10!7 m,
which is still orders of magnitude smaller than the size of
the cell in our numerical simulations. Therefore, the use of
the ideal hydrodynamic equations presented in Sec. II is
fully justified.

Up to now, most works studying the QCD transition have
considered that the distribution of turbulent kinetic energy
density has a stationary spectrum consistent with the
Kolmogorov phenomenology [12,13,50], i.e. scaling as
"k!2=3 or variations of this [14,51]. This spectrum is very
frequent in astrophysical environments, like the interplane-
tary, interstellar or intergalactic medium, which have a sig-
nificant viscosity and a constant injection of energy at the
large scales (induced e.g. by solar flares, supernovae, etc.).
This energy is transferred to small scales through a cascading
effect until"lD, where kinetic energy is dissipated into heat
due to the fluid viscosity, resulting in a spectrum with a
negative slope. In the cosmological case, the assumption of
a Kolmogorov-like spectrum may be acceptable when there
is a continuous injection of energy, as in the case of a first
order phase transition, for which bubble collisions introduce
a continuous stirring.However, this stirring is not present in a
crossover transition, and therefore the assumption of a
Kolmogorov spectrum is unjustified. Moreover, since the
viscosity of the primordial fluid is tiny, dissipation at small
scales does not occur at the same rate as the energy is
accumulated by cascading. Therefore, a very different turbu-
lent spectrum is to be expected.

VI. RESULTS

We have carried out relativistic one-dimensional hydro-
dynamic simulations for an ideal nonviscous fluid employ-
ing the fluid equations and EOS of Sec. II. We consider a
computational domain with a length of 100 m, with 16.384
spatial cells (214) and evolve the system for times larger
than 1!s. The choice of these intervals is related to
the band of the spectrum of gravitational waves that we
want to obtain from the numerical simulations, i.e.
"10!5–10!3 Hz according to the eLISA’s sensitivity
curve (see below). We consider reflective boundary con-
ditions, so that we may see the Universe as a set of various
contiguous domains of 100 m. Due to choice of the bound-
ary conditions, disturbances are reflected several times
during the simulation, representing the fluid interaction
with neighboring regions having similar profiles. In agree-
ment with the above discussion, turbulence is included
only through inhomogeneities in the initial condition. We
have considered three different kinds of random initial
profiles: (a) random temperature inhomogeneities in a fluid
at rest, (b) random velocity fluctuations within a fluid
with an initial uniform temperature, and (c) random
temperature and velocity fluctuations. Since the size of
possible disturbances at the time of the transition is un-
known we consider fluctuations of maximum amplitude
!T=Tc " 10!2, 10!3, 10!4 around Tc # 170 MeV and/or

!v=c" 10!1, 10!2, 10!3 in the initial profile. Our goal is
to determine the smallest fluctuation amplitude that would
be detected by eLISA, considering the motion of the fluid
induced by the initial condition as a source of gravitational
radiation. The hydrodynamic simulations provide the ten-
sor T$x; t% from which we obtain T$k; !% through a FFT.
This allows the calculation of the spectrum of the gravita-
tional radiation emitted by the fluid through Eq. (24).
In Fig. 2 we consider random temperature inhomogene-

ities with a maximum amplitude of 10!2 in a fluid that is
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FIG. 2. Top: Initial temperature profile with random tempera-
ture fluctuations of maximum amplitude $!T%=Tc # 10!2. The
fluid is considered at rest at t # 0. Center: Temperature profile
after 1 !s of evolution. Temperature inhomogeneities are
smoothed and the fluid develops a turbulent motion. Bottom:
Velocity spectrum hv2$k%i of the turbulent motion of the fluid at
t # 1 !s. There is an energy cascading from the larger to the
smaller scales. Energy is not dissipated at the smallest scale
because of the negligible viscosity of the primordial fluid.
We have considered several different random initial conditions
for the temperature profile, all with maximum amplitude
$!T%=Tc # 10!2. All of them present the same behavior as
presented in this figure.

UNVEILING THE COSMOLOGICAL QCD PHASE . . . PHYSICAL REVIEW D 87, 083516 (2013)
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initially at rest. The initial temperature profile (top panel)
presents peaks and valleys of different sizes. As the fluid
evolves, these temperature gradients induce the motion of
the fluid, temperature inhomogeneities are smoothed (see
central panel of Fig. 2), and the fluid develops a turbulent
motion with velocities up to !0:02c. As discussed before,
there is a cascading that transports kinetic energy to the
smallest scales where there is no dissipation due to
the absence of viscosity. This behavior is apparent in the
bottom panel of Fig. 2, which shows that a large amount of
kinetic energy is accumulated at the smallest scales (large
k) at the end of the simulation. We performed similar
simulations with random temperature inhomogeneities
with maximum amplitudes of 10"3 and 10"4. The hydro-
dynamic evolution is not shown here because the behavior
is qualitatively the same.

In Fig. 3 we can see a comparison between the
gravitational wave spectra arising from the three initial
temperature gradients considered here. In the case with
!T=Tc & 10"2 the signal would be detected by eLISA
for a wide range of frequencies. For the simulation with
!T=Tc & 10"3 the signal is entirely below but not too far
from the eLISA’s threshold. In fact, we can show that
the signal for fluctuations of about !T=Tc & 3# 10"3 is
partially overlapping the eLISA’s sensitivity curve.
Fluctuations with !T=Tc & 10"4 do not lead to enough
motion in the fluid to emit a significant amount of gravi-
tational radiation.

We also considered an initial condition with constant
temperature T $ 170 MeV and a random velocity
distribution. For an initial maximum amplitude of
%!v&=c $ 0:01 (see top panel of Fig. 4) the turbulent
motion creates temperature gradients of the order of
!T=Tc ' 3# 10"3 which at the end of simulation fall to

about !T=Tc ' 1:5# 10"3 with maximum velocities
roughly half of the initial (see central panel of Fig. 4).
On the bottom panel of Fig. 4, we show the initial and final
velocity spectra, which present the same behavior as in the
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FIG. 3 (color online). Spectra of gravitational waves for hy-
drodynamic simulations with different initial conditions at the
beginning of the QCD epoch. We considered random tempera-
ture fluctuations of maximum amplitude %!T&=Tc $ 10"2 (see
Fig. 2) as well as 10"3 and 10"4. For comparison we show the
sensitivity curve of eLISA/NGO computed using the expected
instrumental noise and the confusion noise generated by unre-
solved galactic binaries [26].

-0.01

-0.005

 0

 0.005

 0.01

 0  10  20  30  40  50  60  70  80  90  100

v

x [m]

-0.01

-0.005

 0

 0.005

 0.01

 0  10  20  30  40  50  60  70  80  90  100

v

x [m]

10-14

10-12

10-10

10-8

10-6

10-4

10-2

100

 0.00015  0.005 0.001

 v
2 (k

)

k

0 µs
1 µs

FIG. 4 (color online). Top: Initial velocity profile with random
velocity fluctuations of maximum amplitude %!v&=c $ 10"2

and constant temperature T $ Tc ( 170 MeV. Center:
Velocity profile after 1 !s of evolution. Bottom: Velocity spec-
trum hv2%k&i at t $ 0 and t $ 1 !s. The final spectrum is steeper
due to the energy cascading from the large to the small scales.
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FIG. 5 (color online). Spectrum of gravitational waves for simu-
lations with initial random velocities %!v&=c$10"3, 10"2, 10"1.
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In a crossover transition, the velocity 
spectrum is very different from the 
Kolmogorov power law considered in most 
studies of  first order transitions.	  



Gravita)onal	  Waves	  
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Gravita)onal	  Waves	  
For each hydrodynamic simulation, we store the stress-energy tensor Tμν(x,t) 
at all time-steps.
We obtain Tμν(k,ω) by a fast Fourier transform (FFT) 



Using the Weinberg formalism, in the weak-field approximation, the total 
energy radiated in gravity waves is
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where          is the projection tensor:Λij,lm

Our model is axially symmetric about the z axis, thus, without loss of  
generality, we can take:



Thus, the total energy per unit frequency interval 
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Therefore, the projector tensor reads 


FFT	  

Finally, integrating over angles:



Present	  spectrum	  

e.g.	  	  M.	  Maggiore,	  
Phys.	  Rep.	  331,	  283	  
(1999).	  
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Random fluctuations of  maximum amplitude: 

ü  ΔT/Tc = 10−2, 10−3, 10−4 around Tc = 170 MeV and/or
ü  Δv/c = 10−1, 10−2, 10−3 


Our goal is to determine the smallest fluctuation amplitude that would be detected 
by eLISA, considering the motion of  the fluid induced by the initial condition as a 
source of  gravitational radiation. 
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Conclusions	  
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CONCLUSIONS:

ü  TURBULENCE: our results show that the velocity spectrum is 

very different from the Kolmogorov power law considered in 
most studies of  primordial turbulence that focus on first order 
transitions. This is due to the fact that there is no continuous injection of  
energy into the system and the viscosity of  the fluid is negligible. Thus, as 
kinetic energy cascades from the larger to the smaller scales, a large 
amount of  kinetic energy is accumulated at the smallest scales due to the 
lack of  dissipation.

ü  GRAVITATIONAL WAVES:  We have obtained the spectrum of  the 
gravitational radiation emitted by the motion of  the fluid for different 
initial profiles that include random T and v fluctuations of  different 
maximum amplitudes. We find that if  typical fluctuations have an 
amplitude Δv/c ≥ 10-2 and/or T/ΔTc ≥ 3 ×10-3 , they would be 
detected by eLISA at frequencies larger than ≈10-4 Hz. 
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