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Introduction

Deep into low-x region of Protons

Partons in the low-x is dominated by gluons, since gluon splitting is enhanced at low-x.

Resummation of the αs ln 1
x . ⇒ BFKL equation⇒ xf ∼ x−λ

The dynamics becomes non-linear when gluon density is high ∼ 1/αs. ⇒ BK equation
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Introduction

Dual Descriptions of Deep Inelastic Scattering

Bjorken frame Dipole frame

...

Bjorken frame
F2(x,Q2) =

∑
q

e2
qx
[
fq(x,Q2) + fq̄(x,Q2)

]
.

Dipole frame [A. Mueller, 01; Parton Saturation-An Overview]

F2(x,Q2) =
∑

f

e2
f

Q2

4π2αem

∫ 1

0
dz
∫

d2x⊥d2y⊥
[
|ψT (z, r⊥,Q)|2 + |ψL (z, r⊥,Q)|2

]
×
[
1− S(2) (x⊥, y⊥)

]
, with r⊥ = x⊥ − y⊥.

Bjorken: the partonic picture of a hadron is manifest. Saturation shows up
as a limit on the occupation number of quarks and gluons.
Dipole: the partonic picture is no longer manifest. Saturation appears as the unitarity
limit for scattering. Convenient to resum the multiple gluon interactions.
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Introduction

BFKL evolution

[Balitsky, Fadin, Kuraev, Lipatov;74] The infrared sensitivity of Bremsstrahlung favors the
emission of small-x gluons:

p

x << 1

kz = xp

kz1 = x1p

kz = xp

x << x1

p p

x << xn

xn << xn−1

x2 << x1

x1 << 1

Probability of emission:

dp ∼ αsNc
dkz

kz
= αsNc

dx
x

In small-x limit and Leading log approximation:

p ∼
∞∑

n=0

αn
s Nn

c

∫ 1

x

dxn

xn
· · ·
∫ 1

x2

dx1

x1
∼ exp

(
αsNc ln

1
x

)

Exponential growth of the amplitude as function of rapidity.
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Introduction

Saturation physics

Saturation physics describes the high density matter in the high energy limit.

Initial condition plus small-x evolution⇒ dense gluon distributions.
BFKL equation and BK equation
Saturation phenomena is an inevitable consequence of QCD dynamics at high energy.
At what energy scale? How to identify the smoking guns?
Probing the phase structure of cold nuclei. Forward di-hadron correlation measurements in
pA collisions.
Providing initial condition for heavy ion collisions.
Require Factorization:

σ ∼ xf (x)⊗H⊗ Dh(z)
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Introduction

Recent ALICE Data
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Unprecedented opportunities to study saturation physics.

LO saturation models qualitatively describe data, however, Large uncertainty!

Issues: Factorization issue and NLO correction!
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Introduction

kt dependent parton distributions

The unintegrated quark distribution

fq(x, k⊥) =

∫
dξ−d2ξ⊥
4π(2π)2 eixP+ξ−+iξ⊥·k⊥〈P

∣∣∣ψ̄(0)L†(0)γ+L(ξ−, ξ⊥)ψ(ξ⊥, ξ
−)
∣∣∣P〉

as compared to the integrated quark distribution

fq(x) =

∫
dξ−

4π
eixP+ξ−〈P

∣∣ψ̄(0)γ+L(ξ−)ψ(0, ξ−)
∣∣P〉

Gauge invariant definition.

Light-cone gauge together with proper boundary condition⇒ parton density
interpretation.

The gauge links come from the resummation of multiple gluon interactions.

Gauge links may vary among different processes.
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Introduction

Dilute-Dense factorizations

The effective Dilute-Dense factorization
γ∗γ∗

p,Ap,A

Protons and virtual photons are dilute probes of the dense gluons inside target hadrons.
For dijet productions in pA collisions (2→ 2), there is an effective kt factorization.

dσpA→qfX

d2P⊥d2q⊥dy1dy2
=xpg(xp, µ)xAg(xA, q⊥)

1
π

dσ̂
d̂t
.

For dijet processes in pp, AA collisions, there is no kt factorization[Collins, Qiu,
08],[Rogers, Mulders; 10].
At forward rapidity y, xp ∝ ey is large, while xA ∝ e−y is small.
Ideal opportunity to search gluon saturation.
One-loop calculation⇒ Systematic framework to test saturation physics predictions.
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Gluon Distributions and LO dijet productions

A Tale of Two Gluon Distributions

In small-x physics, two gluon distributions are widely used:[Kharzeev, Kovchegov, Tuchin; 03]
I. Weizsäcker Williams gluon distribution ([KM, 98] and MV model):

xG(1) =
S⊥
π2αs

N2
c − 1
Nc

⇐

×
∫

d2r⊥
(2π)2

e−ik⊥·r⊥

r2
⊥

(
1− e−

r2
⊥Q2

sg
2

)
II. Color Dipole gluon distributions:

xG(2) =
S⊥Nc

2π2αs
k2
⊥ ⇐

×
∫

d2r⊥
(2π)2 e−ik⊥·r⊥e−

r2
⊥Q2

sq
4

rT

Remarks:
The WW gluon distribution simply counts the number of gluons.
The Color Dipole gluon distribution often appears in calculations.
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A tale of two gluon distributions
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Gluon Distributions and LO dijet productions

A Tale of Two Gluon Distributions

[F. Dominguez, BX and F. Yuan, Phys.Rev.Lett. 106, 022301 (2011)]
I. Weizsäcker Williams gluon distribution

xG(1) =
S⊥
π2αs

N2
c − 1
Nc

⇐

×
∫

d2r⊥
(2π)2

e−ik⊥·r⊥

r2
⊥

(
1− e−

r2
⊥Q2

sg
2

)
II. Color Dipole gluon distribution:

xG(2) =
S⊥Nc

2π2αs
k2
⊥ ⇐

×
∫

d2r⊥
(2π)2 e−ik⊥·r⊥e−

r2
⊥Q2

sq
4

Quadrupole⇒Weizsäcker Williams gluon distribution;
Dipole⇒ Color Dipole gluon distribution;
[F. Dominguez, C. Marquet, A. Stasto and BX, 12] Dipoles and quadrupoles
are the only two objects which enter the cross section in large Nc limit for a set of
processes.
Generalized universality in the large Nc limit.
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Gluon Distributions and LO dijet productions

A Tale of Two Gluon Distributions

In terms of operators (known from TMD factorization), we find these two gluon distributions
can be defined as follows: [F. Dominguez, BX and F. Yuan, Phys.Rev.Lett. 106, 022301 (2011)]
I. Weizsäcker Williams gluon distribution:

xG(1) = 2
∫

dξ−dξ⊥
(2π)3P+

eixP+ξ−−ik⊥·ξ⊥Tr〈P|F+i(ξ−, ξ⊥)U [+]†F+i(0)U [+]|P〉.

II. Color Dipole gluon distributions:

xG(2) = 2
∫

dξ−dξ⊥
(2π)3P+

eixP+ξ−−ik⊥·ξ⊥Tr〈P|F+i(ξ−, ξ⊥)U [−]†F+i(0)U [+]|P〉.

ξ
−

ξT

ξ
−

ξT

U [−] U [+]

Remarks:
The WW gluon distribution is the conventional gluon distributions. In light-cone gauge, it
is the gluon density. (Either initial or final state interactions.)
The dipole gluon distribution has no such interpretation. (Both initial and final state
interactions.)
Two topologically different gauge invariant definitions.
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Gluon Distributions and LO dijet productions

A Tale of Two Gluon Distributions

In terms of operators, we find these two gluon distributions can be defined as follows: [F.
Dominguez, C. Marquet, BX and F. Yuan, 11]
I. Weizsäcker Williams gluon distribution:

xG(1) = 2
∫

dξ−dξ⊥
(2π)3P+

eixP+ξ−−ik⊥·ξ⊥Tr〈P|F+i(ξ−, ξ⊥)U [+]†F+i(0)U [+]|P〉.

II. Color Dipole gluon distributions:

xG(2) = 2
∫

dξ−dξ⊥
(2π)3P+

eixP+ξ−−ik⊥·ξ⊥Tr〈P|F+i(ξ−, ξ⊥)U [−]†F+i(0)U [+]|P〉.

ξ
−

ξT

ξ
−

ξT

U [−] U [+]

Questions:
Can we distinguish these two gluon distributions?
How to measure xG(1) directly? DIS dijet. EIC (Golden Measurement) and LHeC.
How to measure xG(2) directly? Direct γ+Jet in pA collisions.
For single-inclusive particle production in pA up to all order.
What happens in gluon+jet production in pA collisions? Need both gluon distributions.
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Gluon Distributions and LO dijet productions

DIS dijet

[F. Dominguez, C. Marquet, BX and F. Yuan, 11]

x1 x′
1

x2 x′
2

x1

x2

x′
2

x′
1

dσγ
∗
T A→qq̄+X

dP.S. ∝ Ncαeme2
q

∫
d2x1

(2π)2

d2x′1
(2π)2

d2x2

(2π)2

d2x′2
(2π)2 e−ik1⊥·(x1−x′1)

×e−ik2⊥·(x2−x′2)
∑

ψ∗T (x1 − x2)ψT(x′1 − x′2)[
1 + S(4)

xg (x1, x2; x′2, x
′
1)− S(2)

xg (x1, x2)− S(2)
xg (x′2, x

′
1)
]

︸ ︷︷ ︸
−uiu′j

1
Nc
〈Tr[∂iU(v)]U†(v′)[∂jU(v′)]U†(v)〉xg⇒Operator Def

,

In the dijet correlation limit, where u = x1 − x2 � v = zx1 + (1− z)x2

S(4)
xg (x1, x2; x′2, x

′
1) = 1

Nc

〈
TrU(x1)U†(x′1)U(x′2)U†(x2)

〉
xg
6= S(2)

xg (x1, x2)S(2)
xg (x′2, x

′
1)

Same result obtained from the TMD factorization approach.
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Gluon Distributions and LO dijet productions

Dijet processes in the large Nc limit

The Fierz identity:

= 1
2

− 1
2Nc and

= 1
2

−1
2

Graphical representation of dijet processes

g→ qq̄:

x2

x1

x�’2

x�’1v=zx1+(1 z)x2 v�’=zx�’1+(1 z)x�’2

⇒
= 1

2
− 1

2Nc

q→ qg
b

x

b�’

x�’

v=zx+(1 z)b v�’=zx�’+(1 z)b�’

⇒

2
= = 1

2
− 1

2Nc

g→ gg
x1 x�’1v=zx1+(1 z)x2 v�’=zx�’1+(1 z)x�’2

x2 x�’2

⇒
= −

= −

The Octupole and the Sextupole are suppressed.
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Gluon Distributions and LO dijet productions

Gluon+quark jets correlation

Including all the qg→ qg, gg→ gg and gg→ qq̄ channels, a lengthy calculation gives

dσ(pA→Dijet+X)

dP.S. =
∑

q

x1q(x1, µ
2)
α2

s

ŝ2

[
F(1)

qg H(1)
qg + F(2)

qg H(2)
qg

]
+x1g(x1, µ

2)
α2

s

ŝ2

[
F(1)

gg

(
H(1)

gg→qq̄ +
1
2

H(1)
gg→gg

)
+F(2)

gg

(
H(2)

gg→qq̄ +
1
2

H(2)
gg→gg

)
+ F(3)

gg
1
2

H(3)
gg→gg

]
,

with the various gluon distributions defined as

F(1)
qg = xG(2)(x, q⊥), F(2)

qg =

∫
xG(1) ⊗ F ,

F(1)
gg =

∫
xG(2) ⊗ F, F(2)

gg = −
∫

q1⊥ · q2⊥
q2

1⊥
xG(2) ⊗ F ,

F(3)
gg =

∫
xG(1)(q1)⊗ F ⊗ F ,

where F =
∫ d2r⊥

(2π)2 e−iq⊥·r⊥ 1
Nc

〈
TrU(r⊥)U†(0)

〉
xg

.
Remarks:

All the above gluon distributions can be written as combinations and convolutions of two fundamental
gluon distributions.
This describes the dihadron correlation data measured at RHIC in forward dAu collisions.
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Gluon Distributions and LO dijet productions

Comparing to STAR and PHENIX data measured in dAu collisions

Physics predicted by C. Marquet. Further calculated in[A. Stasto, BX, F. Yuan, 11]
For away side peak in both peripheral and central dAu collisions

C(∆φ) =

∫
|p1⊥|,|p2⊥|

dσpA→h1h2

dy1dy2d2p1⊥d2p2⊥∫
|p1⊥|

dσpA→h1

dy1d2p1⊥

JdA =
1
〈Ncoll〉

σpair
dA /σdA

σpair
pp /σpp

⇒ ­3
10 ­210

­110

1

peripheral

central

frag
Aux

dAuJ
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Gluon Distributions and LO dijet productions

Di-Hadron correlations in DIS

Di-pion correlations at EIC[J. H. Lee, BX, L. Zheng]

C(∆φ) =

∫
|p1⊥|,|p2⊥|

dσeA→h1h2

dy1dy2d2p1⊥d2p2⊥∫
|p1⊥|

dσeA→h1

dy1d2p1⊥

Forward di-hadron correlations in 

d+Au collisions at RHIC
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CP (∆φ) =
1

Ntrig

dNpair

d∆φ
∆φ

trigger

! Absence of away particle in d+Au coll.

                          “monojets”
! Away peak is present in p+p coll.

d+Au central

p+p

trigger

associated

(k1, y1)
(k2, y2) xA =

|k1| e−y1 + |k2| e−y2

√
s

20

2 2.5 3 3.5 4 4.5
0

0.02
0.04
0.06
0.08

0.1
0.12
0.14
0.16
0.18

eAu
eAu - sat

eAu - nosateCa

pT
trigger > 2 GeV/c

1 < pT
assoc < pT

trigger

|η|<4

ep Q2 = 1 GeV2

ΔϕΔϕ

C(
Δ
ϕ

)

C e
Au

(Δ
ϕ

)

2 2.5 3 3.5 4 4.50

0.05

0.1

0.15

0.2
EIC stage-II
∫ Ldt = 10 fb-1/A

Figure 3.21: Left: Saturation model prediction of the coincidence signal versus azimuthal angle
difference ∆ϕ between two hadrons in ep, eCa, and eA collisions [165, 166]. Right: Comparison
of saturation model prediction for eA collisions with calculations from conventional non-saturated
model for EIC stage-II energies. Statistical error bars correspond to 10 fb−1/A integrated
luminosity.

There are several advantages to studying di-hadron correlations in eA collisions ver-2105

sus dAu. Directly using a point-like electron probe, as opposed to a quark bound in a2106

proton or deuteron, is extremely beneficial. It is experimentally much cleaner as there is2107

no “spectator” background to subtract from the correlation function. The access to the2108

exact kinematics of the DIS process at EIC would allow for more accurate extraction of2109

the physics than possible at RHIC or LHC. Because there is such a clear correspondence2110

between the physics of this particular final state in eA collisions to the same in pA collisions,2111

this measurement is an excellent testing ground for universality of multi-gluon correlations.2112

The left plot in Fig. 3.21 shows prediction in the CGC framework for dihadron ∆ϕ2113

correlations in deep inelastic ep, eCa, and eAu collisions at stage-II energies [165, 166].2114

The calculations are made for Q2 = 1 GeV2. The highest transverse momentum hadron in2115

the di-hadron correlation function is called the “trigger” hadron, while the other hadron is2116

referred to as the “associate” hadron. The “trigger” hadrons have transverse momenta of2117

ptrig
T > 2 GeV/c and the “associate” hadrons were selected with 1 GeV/c < passoc

T < ptrig
T .2118

The CGC based calculations show a dramatic “melting” of the back-to-back correlation2119

peak with increasing ion mass. The right plot in Fig. 3.21 compares the prediction for2120

eA with a conventional non-saturated correlation function. The latter was generated by a2121

hybrid Monte Carlo generator, consisting of PYTHIA [169] for parton generation, showering2122

and fragmentation and DPMJetIII [170] for the nuclear geometry. The EPS09 [150] nuclear2123

parton distributions were used to include leading twist shadowing. The shaded region2124

reflects uncertainties in the CGC predictions due to uncertainties in the knowledge of the2125

saturation scale, Qs. This comparison nicely demonstrates the discrimination power of these2126

measurement. In fact, already with a fraction of the statistics used here one will be able to2127

exclude one of the scenarios conclusively.2128

The left panel of Fig. 3.22 depicts the predicted suppression through JeAu, the relative
yield of correlated back-to-back hadron pairs in eAu collisions compared to ep collisions

76

EIC stage II energy 30× 100GeV.
Caveat: 1. NLO contribution? 2. Need more study on evolution of quadrupoles.
Physical picture: Dense gluonic matter suppresses the away side peak.
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Gluon Distributions and LO dijet productions

Factorization for single inclusive hadron productions

[G. Chirilli, BX and F. Yuan, Phys. Rev. Lett. 108, 122301 (2012)]Obtain a systematic
factorization for the p + A→ H + X process by systematically remove all the divergences!

Gluons in different kinematical region give different divergences. 1.soft, collinear to the
target nucleus; 2. collinear to the initial quark; 3. collinear to the final quark.

k+ ≃ 0

P+

A
≃ 0

P−
p ≃ 0

Rapidity Divergence Collinear Divergence (F)Collinear Divergence (P)

All the rapidity divergence is absorbed into the UGD F(k⊥) while collinear divergences
are either factorized into collinear parton distributions or fragmentation functions.

Large Nc limit⇒ dipole amplitudes only. Easy to prove for all order.
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Gluon Distributions and LO dijet productions

Sudakov double logarithmic suppression factors in pA collisions

Consider one-loop calculation for the forward Higgs productions and dijet productions in pA
collisions: [A. Mueller, BX and F. Yuan, arXiv:1210.5792]

k⊥

k⊥ − P⊥

P⊥

P⊥ ≫ k⊥

Comments:
The one-loop calculation between Higgs productions and dijet productions are
very similar since both MH � k⊥ and MJ ∼ P⊥ � k⊥.
Additional suppression factor exp[−Ssud(Q2, r2

⊥)] where Q = MH or MJ and r⊥ ∼ 1/k⊥

Ssud(Q2, r2
⊥) =

αsNc

2π
ln2 Q2r2

⊥
c2 with c = 2e−γE .

Small-x evolution (such as JIMWLK) is incapable of resumming the Sudakov factor.
Competition between the Sudakov and saturation effect.

19 / 20



Gluon Distributions and LO dijet productions

Conclusion

LO dijet calculation in DIS and pA collisions probe different gluon distributions.

Inclusive forward hadron productions in pA collisions in the small-x saturation formalism
at one-loop order. The numerical calculation is under study.

One-loop calculation for massive scalar productions in pA collisions.

One-loop calculation for dijet productions is coming soon.
[Work in progress with A. Mueller and F. Yuan]

Interesting time to study high density QCD both theoretically and experimentally.
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