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Outline 

Direc&ons 

Resumma-on 

Next‐to‐next‐to‐leading order 

Differen-al descrip-on 

Decay modelling 



Total cross sec-on 

σh1h2(s, mt) =
∑

ij

∫
dx1dx2φi/h1(x1, µF )φj/h2(x2, µF )σ̂ij(x1x2s, mt, αs(µR), µR, µF )

•  Factoriza-on theorem 

•  Scale dependence at fixed order of perturba-on theory can be 
   derived from Renormaliza-on Group invariance 

•  The minimal object to calculate: 

σh1,h2 hadronic cross section
h1,2 hadrons
s square of collider energy

mt top quark mass

φi/h PDF for parton i in hadron h
σ̂ij partonic cross section
µR renormalization scale
µF factorization scale

σ̂ij(β)

σ̂ij(ŝ, mt, αs(mt), mt, mt) =
α2

s(mt)
m2

t

σ̂ij(β) , β =

√
1− 4m2

t

ŝ
, ŝ = x1x2s

β heavy quark velocity , ŝ partonic energy squared

σ̂ij(β) = σ̂(0)
ij (β) + αs(mt)σ̂

(1)
ij (β) + α2

s(mt)σ̂
(2)
ij (β) + . . .



Parton distribu-ons 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Fluxes 
•  The hadronic cross sec-on can be obtained by integra-on with fluxes 

σ =
α2

s

m2
t

∑

ij

∫ βmax

0
Lij(β)σ̂(β)
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Diagrams and channels 

NLO correc-ons  New channel at NLO 

New channel at NNLO 

90% @ TeVatron 
10% @ LHC 

10% @ TeVatron 
90% @ LHC 



Dominant effects 
soc gluon emission 

large effects 

Coulomb  
adrac-on/repulsion 

small effects 

t‐channel gluon exchange 
negligible effects 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All effects can be resummed !!! 



Historical development 
•  Early NLO results (inclusive, semi‐inclusive) 
   Nason, Dawson, Ellis `88 
   Beenakker et al `89 

•  First fully differen-al NLO 
   Mangano, Nason, Ridolfi `92 

•  Soc gluon resumma-on at NLL 
   Catani, Mangano, Nason, Trentadue `96 
   Kidonakis, Sterman `97 
   Bonciani, Catani, Mangano, Nason `98 

•  Development of NNLL resumma-on 
   Beneke, Falgari, Schwinn `09 
    Czakon, Mitov, Sterman `09 
    Beneke, Czakon, Falgari, Mitov, Schwinn `09 
    Ahrens, Ferroglia, Neubert, Pecjak, Yang `10‐`11 

•  Small electroweak effects 
   Beenakker et al `93 
   Hollik, Kollar `07 
   Kühn, Scharf, Uwer `07 



Status 
Un&l 4 months ago σTOT analyzed in approximate NNLO QCD 

Beneke, Falgari, Klein, Schwinn `09‐`11 
Ahrens, Ferroglia, Neubert, Pecjak, Yang `10‐`11 
Kidonakis `04‐`11 
Aliev, Lacker, Langenfeld, Moch, Uwer, Wiedermann ’10 
Cacciari, Czakon, Mangano, Mitov, Nason ‘11 

Many groups: 

Publicly available socware: 

•  HATHOR 
   Aliev, Lacker, Langenfeld, Moch, Uwer, Wiedemann `10 
   Fixed order + approxima-ons for NNLO 

•  Top++ 
   Czakon, Mitov `11 
   Fixed order + approxima-ons for NNLO + NNLL soc gluon resumma-on in Mellin‐space 

•  TOPIXS 
   Beneke, Falgari, Klein, Piclum, Schwinn, Ubiali, Yan `12 
   Fixed order + approxima-ons for NNLO + NNLO soc and Coulomb resumma-on in x‐space  

Each package updated regularly with the most recent NNLO results 



Some applica-ons of NNLOapprox 
•  NLO+NNLL Resumma-on of Soc and Coulombic terms in SCET 

•  NLO+NNLL resumma-on in Mellin space 

•  SCET based differen-al distribu-ons with NLO+NNLL precision: 

Beneke, Falgari, Klein, Schwinn `11 

Cacciari, Czakon, Mangano, Mitov, Nason ‘11 

Ahrens, Ferroglia, Neubert, Pecjak, Yang `11 



Comparisons 

•  Significant differences between various predic-ons 

•  Suggests the true uncertainty of approximate NNLO 

•  The differences are due to effects beyond the soc approxima-on. Must be tamed! 

Beneke, Falgari, Klein, Schwinn `11 



Progress: first complete NNLO results 
•  First ever hadron collider calcula-on at NNLO with more than 2 colored partons.  

•  First ever NNLO hadron collider calcula-on with massive fermions. 

Bärnreuther, Czakon, Mitov `12 •  published qQ  tT + X 

•  published all fermionic reac-ons (qq,qq’,qQ’) 

•  work on the remaining reac-ons (qg, gg) progressing well. 

Czakon, Mitov `12 

qq̄ → tt̄
qq̄ → tt̄g
qq̄ → tt̄gg
qq̄ → tt̄q′q̄′ , q "= q′

gg → tt̄
gg → tt̄g
gg → tt̄gg
gg → tt̄qq̄

qg → tt̄q
qg → tt̄qg

qq′ → tt̄qq′ , q "= q̄′

qq̄ → tt̄qq̄

Computed. Dominant at Tevatron 

Computed. To appear. 



Progress: first complete NNLO results 
Methods 

There are 3 principle contribu-ons: 

•  2‐loop virtual correc-ons (V‐V) 
   Czakon `07 

•  1‐loop virtual with one extra parton (R‐V) 
            code by Stefan Didmaier 
              new subtrac-on terms Bierenbaum, Czakon, Mitov `11 

•  2 extra emided partons at tree level (R‐R) 
   Czakon `10 `11  inven-on of a new subtrac-on scheme 
                                called STRIPPER 

And 2 secondary contribu-ons: 

•  Collinear subtrac-on for the ini-al state 
•  One‐loop squared amplitudes (analy-c)  Körner, Merebashvili, Rogal `07 

Known, in principle. Done numerically. 



Partonic results: qQ ‐> tT + X 
•  Small numerical errors 

•  Agrees with limits 
Partonic cross‐sec-on through NNLO: 

The NNLO term: 

Numeric  Analy-c 

The known  threshold  
approxima-on  Beneke, Czakon, Falgari, Mitov, Schwinn `09 

Bärnreuther et al arXiv:1204.5201 



An alterna-ve view of the partonic cross‐sec-ons: 
Bärnreuther, Czakon, Mitov `12 

Partonic results: qQ ‐> tT + X 



Acer inclusion of the flux at NNLO: 
Bärnreuther, Czakon, Mitov `12 

Partonic results: qQ ‐> tT + X 



Bärnreuther et al arXiv:1204.5201 These partonic cross‐sec-ons are very small. 
         Compare to the ones involving gluons! 

Czakon, Mitov ‘12 

17 

Partonic results: all‐fermionic 



Partonic results: all‐fermionic 
The interes-ng feature: high‐energy logarithmic rise: 

Czakon, Mitov ‘12 

Predicted in analy-cal form  

•  Direct extrac-on from the fits.  
    5% uncertainty. 

Ball, Ellis `01 

•  Agrees with independent predic-on.  
    50% uncertainty.  Moch, Uwer, Vogt ‘12 

High‐energy expansion  
badly‐convergent.  

Applies only to the  
high‐energy limit.  Czakon, Mitov ‘12 

c0



Partonic results: gq ‐> tT + X 
Preliminary unpublished results: Czakon, Mitov `12 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Phenomenology @ TeVatron 

•  Two loop hard matching coefficient extracted and included 

•  Very week dependence on unknown parameters (sub 1%): gg NNLO, A, etc. 

•  ~ 50% scales reduc-on compared to the NLO+NNLL analysis of  
Cacciari, Czakon, Mangano, Mitov, Nason ‘11 

Bärnreuther et al arXiv:1204.5201 

Best predic-on at NNLO+NNLL 

NNLO 

Resummed (approximate NNLO) 



Perturba-ve convergence 
•  Independent F/R scales 
•  mt=173.3 

•  Good overlap of various orders (LO, NLO, NNLO). 
•  Suggests our (restricted) independent scale varia-on is good 

Bärnreuther et al arXiv:1204.5201 



K‐factors 

K‐factors alone not totally adequate without taking uncertain-es into account 

•  Numbers Computed with Top++ 
•  Current version 1.3  
•  Includes all available NNLO results + resumma-on 

Czakon, Mitov  arXiv:1112.5675 

σNNLO (NNLO pdf)  =  5.22059      +    1.23417       +      0.548064 

(αS )2  (αS )3  (αS )4 

KNLO/LO=1.24 

KNNLO/NLO=1.08 

Same K‐factors with  
        NLO pdf 

(KNNLO+NNLL/NLO=1.09) 



NLO 

•  Narrow‐width approxima-on  

•  NLO correc-ons to both produc-on and decay, neglec-ng non‐factorizable 
correc-ons, including spin correla-ons at NLO 
•  Double differen-al angular distribu-ons to probe spin correla-ons of top  
                                                                                               Bernreuther, Brandenburg, Si, Uwer `04 

•   Flexible Monte Carlo implementa-on, fully differen-al level 

•   Spin correla-ons of top an-‐top via decay products 

•   pp → d + X →  WWbb + X → lν lν bb + X (di‐lepton) 

•   pp → d + X →  WWbb + X → ud lν bb + X  (lepton + jet) 

                               Melnikov, Schulze `09 

•  Recent implementa-on in MCFM  
                               Campbell, Ellis `12 

•   Results of NLO+PS matching available for quite some -me 
•   MC@NLO 
•   POWHEG  

Frixione, Nason, Webber `03 
Frixione, Nason, Ridolfi `07 



NLO in NWA 

•  Predic-ons at LO and NLO with and without correc-ons to the decay 

•   pp → d + X →  WWbb + X → lν lν bb + X  

Melnikov, Schulze `09 

@ LHC 10 TeV 



Mixed QCD‐EW correc-ons 

                       Bernreuther, Si  `10 

•   NLO order in the strong and weak gauge couplings (NLOW with NWA) 
•   The ra-o of the distribu-ons evaluated at NLOW and NLO: md and pT(t)  
•   pp → d + X →  WWbb + X → lν lν bb + X  

@ LHC 14  TeV 



Mixed QCD‐EW effects 

•  NLO order in the strong and weak gauge couplings (NLOW), with NWA 

•  pp → d + X →  WWbb + X → lν lν bb + X   

•   Effect of top an-‐top spin correla-ons 

•   Azimuthal angle distribu-on of two leptons 
•   With and without top an-‐top spin correla-ons 
•   Solid line is LO 
•   Dashed line is NLOW 

                           Bernreuther, Si  `10 

@ LHC 14  TeV 



Beyond NWA 

•  Complete NLO descrip-on of the produc-on of top an-‐top pairs including 
interferences, off‐shell effects, and non‐resonant backgrounds, spin correla-ons 

•  State of the art descrip-on of  d process 

•  Two independent calcula-ons with per‐mille agreement 

       pp → WWbb + X → lν lν bb + X  

      pp → lν lν bb + X   

Finite‐width effects on σd 
small, around 1%, both at  
the Tevatron and the LHC 

                  Denner, Didmaier, Kallweit, Pozzorini `11 

              Bevilacqua, Czakon, van Hameren, Papadopoulos,  Worek `11 



Finite width correc-ons 

Denner, Didmaier, Kallweit, Pozzorini `11 

•    Invariant mass distribu-on  meb  at the Tevatron 
•    In NWA the LO has upper bound m2

eb
  ≤  m2

t − m2
W ~ 150 GeV 

•    NLO predic-on is barely consistent with the LO uncertainty band close to 
     the kinema-c bound 

@ TeVatron 1.96 TeV  



Outlook 
Only one missing contribu-on for a full NNLO descrip-on of 
hadronic top quark pair produc-on: gg ‐> tT + X 

In a next step it is possible to describe on‐shell top quark 
pair produc-on in a fully differen-al Monte Carlo 

What is possible without new concepts? 
NNLO including decays in the Narrow Width Approxima-on 


