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Overview

1) Introduction 
• definition of generalized susceptibilities / charge fluctuations
• critical behavior of fluctuations

2) Status of lattice data 
• 2nd, 4th and 6th order cumulants
• lattice cutoff effects for electric charge fluctuations

3) Summary

Christian 
Schmidt
Bielefeld

BNL-Bielefeld Collaboration: 
A. Bazavov, H.-T. Ding, P. Hegde, O. Kaczmarek, F. Karsch, E. Laermann, 
S. Mukherjee, P. Petreczky, C. Schmidt, D. Smith, W. Soeldner,  M. Wagner

HotQCD Collaboration: 
A. Bazavov, T. Bhattacharya, M. Buchoff, M. Cheng, N. Christ, C. DeTar, 
H.-T. Ding, S. Gottlieb, R. Gupta, P. Hegde, U. Heller, C. Jung, F. Karsch, 
E. Laermann, L. Levkova, Z. Lin, R. Mawhinney, S. Mukherjee, P. Petreczky, 
D. Renfrew, C. Schmidt, C. Schroeder, W. Soeldner, R. Solz, R. Sugar, 
D. Toussaint, P. Vranas

Donnerstag, 16. August 12



41) Introduction: Definitions

Expansion of the pressure:

X = B,Q, S: conserved charges

Lattice Experiment

generalized susceptibilities

cumulants of net-charge fluctuations
�NX ⌘ NX � hNXi

� only at                ! µX = 0

� only at freeze-out (                          )!µf(
p
s), Tf(

p
s)

ratios of cumulants are volume independent 
and can thus be compared between the two!
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51) Introduction: Critical behavior
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71) Introduction: Critical behavior
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81) Introduction: Critical behavior
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91) Introduction: Critical behavior
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101) Introduction: Critical behavior
Important anchor point within the phase diagram: 
Transition temperature at 

Fig. 20 (left) we show the result of a combined fit linear in
the asqtad data and quadratic in the HISQ/tree data, while
the combined quadratic fit to both data sets is shown in
Fig. 20 (right).

We take the result, T ¼ 154ð8Þ MeV, of the quadratic fit
with the Oð4Þ Ansatz to the HISQ/tree data as our best
estimate. These fits are less sensitive to variations in the
range of temperature selected. The estimate from the Oð2Þ
fits is about 2 MeV higher as shown in Table I. Since the
quadratic fit to just the HISQ/tree data is identical to the fit
shown in Fig. 20 (right), we do not show it separately. For
both Oð2Þ and Oð4Þ Ansätze, we find that the range of
variation of the central value of the various fits is about
5 MeV, so 8 MeV is a conservative estimate of the com-
bined statistical and systematic error and includes the full
range of variation. Note that the error estimates, as ex-
pected, increase significantly for quadratic fits compared to
linear fits, because in this case there are as many parame-
ters as data points. In all these fits !2 is much less than one.
Furthermore, when the error bars on individual points do
not represent normally distributed statistical errors and
there are one or zero degrees of freedom, chi-square is
not a useful guide for selecting the best fit.

In determining this final estimate, we have mostly used
the asqtad data as confirmatory for two reasons. First, the
slope of the fits to the asqtad data is 2–2.5 times that in the
HISQ/tree fits and the undetermined quadratic term may be
large. Note that the large slope confirms our discussion in
Sec. II that the discretization errors in the asqtad formula-
tion are larger. Second, the LCP defined by the strange
quark mass is $ 20% heavier than the physical value, so
the asqtad action data overestimate Tc.

In addition to the above error estimate, there is a 1 MeV
uncertainty in the setting of the temperature scale as
discussed in Sec. II which will shift all estimates. We
therefore quote it as an independent error estimate. Thus,

our result after continuum extrapolation, and at the
physical light quark masses, ml=ms¼1=27, is Tc¼
ð154%8%1ÞMeV. To obtain an overall single error esti-
mate we add the uncertainty in the scale coming from r1 to
the statistical and systematic errors. Thus, our final esti-
mate is

Tc ¼ ð154% 9Þ MeV: (39)

C. Comparison with previous results

We compare the result in Eq. (39) with three previous
2þ 1 flavor studies that also extrapolated Tc data to the
continuum limit and to the physical light quark mass. It
should be emphasized that in our previous work [20] such
an extrapolation was not carried out.
The 2004 study by the MILC Collaboration used the

asqtad action [10]. They extrapolated Tc defined as the
peak position in the total chiral susceptibility using an
expression that incorporated the Oð4Þ critical exponent.
They found Tc ¼ 169ð12Þð4Þ in the chiral limit, which is
just consistent, within errors, with our current result. Note,
however, that the present data are more extensive and the
scaling analysis is more comprehensive.
The RBC-Bielefeld Collaboration studied the p4 action

on N" ¼ 4 and 6 lattices with several values of the light
quark masses [11]. The result of a combined extrapolation
in the quark mass and 1=N2

" gave Tc ¼ 192ð7Þð4Þ MeV.
This value is significantly higher than the one given in
Eq. (39). Based on analyses done subsequently, and the
new data on N" ¼ 8 lattices presented here, we find that
this discrepancy is due to an underestimate of the slope of
the linear fit, Tc vs 1=N

2
". The change in the slope between

N" ¼ 4 and 6 data and N" ¼ 6 and 8 data is shown in
Fig. 21. To perform a continuum extrapolation of Tc ob-
tained with the p4 action requires new calculations on
lattices with N" ' 12. Having demonstrated that the
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FIG. 20 (color online). The data and the continuum extrapolation of the transition temperature obtained from the Oð4Þ scaling
analysis for ml=ms extrapolated to the physical value. The left figure shows a combined fit using a linear extrapolation to the asqtad
data and a quadratic to the HISQ/tree data. The right figure shows a combined quadratic fit to both data sets.

CHIRAL AND DECONFINEMENT ASPECTS OF THE QCD . . . PHYSICAL REVIEW D 85, 054503 (2012)

054503-21

and 12 lattices; and 430=28, 125=26, and 70=14 for
the N! ¼ 6, 8, and 12 HISQ/tree data, respectively. [The
"2=dof for theOð2Þ fits is about 20% larger for the N! ¼ 6
and 12 HISQ/tree data and comparable for the others.]
These large "2=dof reflect the fact that the statistical errors
in Mb are small and do not include the systematic errors
due to fluctuations in points along the LCP coming from
less than perfect tuning ofms (or T), and partly because we
have used a truncated form for the regular part of the free
energy. We attempted various truncations of the regular
part and found that the variation in the location of the peak
is negligible and insensitive to the number of parameters
included in the fits. Note that the location of the peak and
its scaling with ml=ms are the only quantities we extract
from the fits. Overall, we find that the fits using the Oð4Þ

scaling Ansatz are more stable with respect to variation of
the fit range. We, therefore, use estimates from theOð4Þ fits
to obtain our final results for Tc which are about 2 MeV
lower than those with the Oð2Þ Ansatz. Fits to the HISQ/
tree data are shown in Figs. 16–18 for N! ¼ 6, 8, and 12,
respectively.
The above analysis using simultaneous fits to data for

the order parameterMb and the total chiral susceptibility "
was repeated for the asqtad action on N! ¼ 8 lattices with
the two LCP at ml=ms ¼ 1=20 and 1=10. We failed to find
a fit that reproduced the data for the chiral susceptibility at
the heavier mass. We conclude that ml=ms ¼ 1=10 is not
within the scaling region and restrict the simultaneous fit to
just data with ml=ms ¼ 1=20. Fits to the N! ¼ 12 lattices
for both the asqtad and HISQ/tree lattices are made at the
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FIG. 17 (color online). Scaling fits and data for the chiral condensate Mb calculated with the HISQ/tree action on lattices with
temporal extent N! ¼ 8 (left) and the chiral susceptibility "m;l (right). The data for Mb at ml=ms ¼ 0:025 and for Mb and "m;l at
ml=ms ¼ 0:05 are fit simultaneously using the Oð2Þ scaling Ansatz. The fits using the Oð4Þ Ansatz are similar. The points used in the
scaling fits are plotted using open symbols. The dotted lines give the data scaled to the physical quark masses.

 0

 2

 4

 6

 8

 10

 12

 14

 16

 130  140  150  160  170  180  190  200  210  220  230  240  250

T [MeV]

Mb

HISQ/tree: N  = 12, O(4)

ml / ms =  0.050
0.037

 150

 175

 200

 225

 250

 275

 300

 325

 350

 140  150  160  170  180  190  200  210  220

T [MeV]

m,l / T
2

HISQ/tree: N  = 12, O(4)

ml / ms =  0.050
0.037

FIG. 18 (color online). Scaling fits and data for the chiral condensate Mb calculated with the HISQ/tree action on lattices with
temporal extent N! ¼ 12 (left) and the chiral susceptibility "m;l (right). The data for Mb and "m;l at ml=ms ¼ 0:05 are fit
simultaneously using the Oð4Þ scaling Ansatz. The fits using the Oð2Þ Ansatz are similar. The points used in the scaling fits are
plotted using open symbols. The dotted lines give the data scaled to the physical quark masses.

CHIRAL AND DECONFINEMENT ASPECTS OF THE QCD . . . PHYSICAL REVIEW D 85, 054503 (2012)

054503-19

HotQCD, PRD 85 (2012) 054503.

Tc = 154(9)MeV

�obtained by O(4) scaling fits to the chiral condensate and susceptibility

µB = 0
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� structure consistent with O(4) critical behavior at µB = 0, m = 0

2) Status of the lattice data
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122) Status of the lattice data

• Goal: compare measured electric charge fluctuations from LHC 
collisions to continuum extrapolated lattice data

• Goal: quantify deviations from the HRG model

� will allow to pin-down the relation between freeze-out and 
critical temperature (at               )

�

µB = 0

will allow to judge on the degree of criticality

• Obstacle: lattice cut-off effects modify the effective (RMS) pion 
mass. Electric charge fluctuations are extremely sensitive to the light 
pion sector 

conclusion is that at a given ! they are, to a good
approximation, independent of the quark mass. Therefore,
for the HISQ/tree action we calculate them on 163 ! 32
lattices with ml=ms ¼ 0:2 (see Table V), and on four 324

ensembles with ml ¼ 0:05ms for sea quarks and ml=ms ¼
0:2 for valence quarks. (The lattice parameters for these
ensembles at ! ¼ 6:664, 6.8, 6.95, and 7.15 are given in
Table VI.) The corresponding results, plotted in Fig. 4,
show the expected "2

sa
2 scaling, similar to that observed

previously with the HISQ action in the quenched approxi-
mation [25] and in full QCD calculations with four flavors
[45,46]. In this analysis, following Ref. [56], we use
"Vðq ¼ 3:33=aÞ from the potential as an estimate of "s.
Linear fits in "2

sa
2 to the four points at the smallest lattice

spacings shown in Fig. 4 (left) extrapolate to zero within
errors in the continuum limit. The data also show the
expected approximate degeneracies between the multiplets
that are related by the interchange #i to #0 in the definition
of !F as predicted by staggered chiral perturbation theory
[63].
The splittings for the stout action, taken from Ref. [23],

for !F ¼ #i#5 and #i#j are also shown in Fig. 4 with open
symbols. We find that they are larger than those with the
HISQ/tree action for comparable lattice spacings.
To further quantify the magnitude of taste symmetry

violations, we define, in MeV, the root mean square
(RMS) pion mass as

MRMS
$ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

16
ðM2

#5
þM2

#0#5
þ 3M2

#i#5
þ 3M2

#i#j
þ 3M2

#i#0
þ 3M2

#i
þM2

#0
þM2

1Þ
s

; (5)

and plot the data in Fig. 4 (right) with MG tuned to
140 MeV. The data for the asqtad and stout actions were
taken from Refs. [24,56], respectively. As expected, the
RMS pion mass is the largest for the asqtad action and
smallest for the HISQ/tree action. However, for lattice
spacing a& 0:104 fm, which corresponds to the transition
region for N% ¼ 12, the RMS pion mass becomes compa-
rable for the asqtad and stout actions. The deviations from
the physical mass, M$ ¼ 140 MeV, become significant
above a ¼ 0:08 fm even for the HISQ/tree action. For
the lattice spacings &0:156 fm (a& 0:206 fm), corre-
sponding to the transition region on N% ¼ 8 (N% ¼ 6)
lattices, the RMS mass is a factor of 2 (3) larger.

Next, we analyze the HISQ/tree data for pion and kaon
decay constants, given in Appendix C, for ml=ms ¼ 0:05.
We also analyze the fictitious &s"s meson following
Ref. [60]. In Fig. 5, we show our results in units of r0

and r1 determined in Sec. II C as a function of the lattice
spacing together with a continuum extrapolation assuming
linear dependence on a2. We vary the range of the lattice
spacings used in the fit and take the spread in the extrapo-
lated values as an estimate of the systematic errors. These
extrapolated values agree with the experimental results
within our estimated errors (statistical and systematic er-
rors are added in quadrature) as also shown in Fig. 5. This
consistency justifies having used the continuum extrapo-
lated value of f$r1 from Ref. [59] to convert r1 to physical
units as discussed in Sec. II C. The deviation from the
continuum value in the region of the lattice spacings cor-
responding to our finite temperature calculations is less
than 8% for all the decay constants. We use these data to set
the fK scale and analyze thermodynamic quantities in
terms of it and to make a direct comparison with the stout
action data [22–24].
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132) Status of the lattice data: 

� quadratic fluctuations agree with HRG for T . 150 MeV

N⌧ = 12
N⌧ = 8

HotQCD, 
arXiv: 1203.0784
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baryon 
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hadrons 

baryon 
number 
carried by 
quarks

for comparison:
PQM-model (mean field)

2) Status of the lattice data: 

4th moment of baryon number fluctuations

� no or very little sign of 
critical behavior

� interpolation between 
HRG and free quarks
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� electric charge fluctuations are sensitive to the light pion sector 
(which is distorted on the lattice). For higher order fluctuations 
this problem becomes more severe

4th moment of electric charge fluctuations

� no or very little sign of 
critical behavior

� interpolation between 
HRG and free quarks

� replace                               within HRG modelm� � mRMS
�

2) Status of the lattice data: 
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162) Status of the lattice data

• Goal: calculate LO and NLO correction to the fluctuation observables 
at finite chemical potential and compare to experimental data from 
RHIC
� see talk by S. Mukherjee

� we find NLO corrections typically of the 
order of 10% for 

• Example: baryon number and strangeness correlation
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172) Status of the lattice data

• Goal: calculate LO and NLO correction to the fluctuation observables 
at finite chemical potential and compare to experimental data from 
RHIC
� see talk by S. Mukherjee

� we find NLO corrections typically of the 
order of 10% for 

• Example: baryon number and strangeness correlation

µB/T < 1
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3) Summary  

• Cutoff effects are under control for quadratic fluctuations. Higher 
order fluctuations are work in progress.

• Experimental results on moments of Q fluctuations can be used to 
determine freeze-out conditions from QCD.

• Comparing this analysis to calculations of the QCD transition 
temperature will help to quantify the relation between freeze-out and 
transition temperature. 
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• Higher moments of charge fluctuations are increasingly more more 
sensitive to critical behavior (even at               )µB = 0

• Electric charge fluctuations suffer from the distortion of the light pion 
sector on the lattice for                        .T . 160 MeV

So far, we do not see a sign of large ‘critical’ fluctuations �

• Finite chemical potential corrections are small and typically of the 
order of 10% for µB/T < 1

Establishing this at                provides an anchor point for the 
analysis of the entire phase diagram. 

�

� This covers                                             in the BES at RHIC 

Christian 
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Bielefeld 200 GeV >

p
s > 25 GeV
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