
Chiral symmetry breaking in QCD and 
related theories

(“ INSTANTON LIQUID 2”)

Edward Shuryak (Stony Brook)

For about a decade it is known that topological fluctuations -- instantons 
-- are modified by the nonzero Polyakov line VEV and split into Nc dyons.
By now there is extensive lattice literature confirming this fact and 
explaining certain observations by properties of such dyons, mostly at T=(1-2)Tc. 
This talk report the first direct simulations of the statistical mechanics
of the ``dyonic vacuum", using one-loop partition function. We found
that chiral symmetry breaking and Dirac eigenvalues spectra are strongly
affected by the LLbar dyon clustering. Among many consequences explaining
lattice data is the dependence on the chiral transition on the 
number of fermion species Nf and the fermionic periodicity condition.
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Nambu-Jona-Lasinio versus  
the instanton liquid model 

•  NJL (1961) introduced 
hypothetical 4-fermion 
interaction (chirally 
symmetric) 

•  2 parameters, G and 
cutoff Lambda (about 1 
GeV) 

•  Good chiral physics, 
pions etc (no confinement) 

•  Eta� also massless 
•  Other particles like 

sigma, rho,N = 2 
const.quarks 

•  Higher orders undefined 

The Instanton Liquid 
Model ES (1982)   also 
has 2 parameters 

n ⇥ 1fm�4, � ⇥ 1/3fm, n�4 � 10�2

It also describes all the chiral physics 
 correctly 
 
It can be and was solved to all orders 
Rho and nucleon are bound and     
 many correlators are  well described 
 
 eta� is now correct  (repulsive 
4-fermi term from �t Hooft makes 
 it heavy) 
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ESQGP 10-2-08      J. W. Negele 19

Gluon fields calculated on the lattice

Visualization by Derek Leinweber

Instantons emerging  from vacuum 
quantum noise by ``cooling� 
(MIT group, 1993), S and Q 
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Instantons induce forces between 
light quarks which are  qualitatively 
different from gluon exchanges 

Instanton liquid at T=0 and T>Tc 
(schematic pictures) 
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prediction of ILM: the Zero Mode Zone

J.Negele,T.DeGrand,A.Hazenfratz 

 J. W. Negele 27

 J. W. Negele 21

The tiny fraction 0.01% of fermionic states (about 1 per instanton) is 
indeed enough to reproduce most of light quark hadronic physics 

Compare 
these  
numbers 
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Fig. 4.5 Spectrum of the Dirac operator for different values of the number of flavors Nf , from
[236]. The eigenvalue is given in units of the scale parameter ΛQCD and the distribution function
is normalized to one.

quark mass is increased, the influence of the fermion determinant is reduced, and
eventually “spontaneous” symmetry breaking is recovered. As a consequence, QCD
has an interesting phase structure as a function of the number of flavors and their
masses, even at zero temperature.

The spectrum of the Dirac eigenvalues

Smilga-Stern theorem 
-|lambda|(Nf-2)

the quenched theory
has a singularity: it 

is not really physical
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(also called a nonzero holonomy), calls for new classical solutions which does not approach zero
fields at spatial infinity but rather some constant A4. Explicit solutions of such type were con-
stracted in [9, 10]. It has been demonstrated that in this case the instanton can be split into the
Nc consituent dyons. The names and quantum numbers (for the simplest SU(2) gauge group we
will discuss in this work) cover all four possibilities for the electric and magnetic charges, see Table
I. For SU(Nc) in general there are M1, M2...MNc�1 static dyons with all diagonal charges and one
“twisted” L-dyon.

name E M mass

M + + v

M̄ + - v

L - - 2�T � v

L̄ - + 2�T � v

TABLE I: The charges and the mass (in units of 8�2/e2T ) for 4 SU(2) dyons.

The goal of this study is to look at the ensemble of these dyons “through the eyes of the
fermions”. More specifically, we will discuss variable number of fermions of di�erent kinds. Our
central object will be the spectrum of eigenvalues of the Dirac operator and especially the signal of
the phase transition between the chirally broken phase at low temperature T < Tc and the chirally
restored phase at high T. As it is well known (Casher-Banks theorem), the former possesses finite
density of eigenvalues ⇤(⇥) at its zero value, while the latter develops a “gap” G in the eigenvalue
spectrum. (Thus, in a way, this transition looks similar to a conductor-insulator transitions in
condense matter physics.)

Let us indicate here what qualitative di�erence the nonzero holonomy brings into this problem.
As in this case the fermions are in the “Higgsed” vacuum, they are massive, with masses (in SU(2))
mf = ±hv/2. Therefore the zero modes at large distances r ⇥ ⇤ are exponentially decreasing
with the distance, unlike the power behavior typical for the zero holonomy case. This rapidly
decreasing fermionic amplitudes are of course further enhanced by the number Nm of fermionic
zero modes

e�V � detT � e�Nmmf r (7)

which can create strong linear confining potential for the corresponding dyons and thus produces
small-size “clusters” of the size

< r >� 1/Nmmf (8)

The number of the modes dependence on the fermion’s color charge and the number of its
copies. For the usual fundamental quarks Nm = 2Nf , as there is a zero mode for a quark and for
an antiquark. For the adjoint fermion Nm = 2NcNa.

C. Chiral symmetry restoration and related issues on the lattice

The critical line as a function of flavors Nf , Na: Let us start by reviewing the issue of the
critical line for the chiral symmetry breaking as a function of fermion number. Since it is not yet
reviewed systematically in lattice literature, let us provide our own version of the corresponding
phase diagram. What we decided to plot is the “critical lattice coupling”

�c(Tc) =
2Nc

e2(Tc)
(9)

When	  v	  is	  small,
L	  is	  heavy	  and	  M	  is	  light

Nf	  is	  the	  number	  of	  fund.quarks

M	  is	  the	  fermion	  mass	  
Which	  is	  also	  dependent	  on	  holonomy

At	  high	  T	  the	  density	  is	  small	  =>
Neutral	  ``molecules”	  of	  2Nc	  dyons
Here	  are	  its	  shape	  for	  SU(2)

In	  fact	  seen	  on	  the	  laKce	  as	  (G	  Gdual)	  
Where	  the	  field	  is``filtered”	  using
``on	  the	  gap”	  	  modes	  
GaNringer,	  PRL	  2002

Dyons in
SU(2)
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Figure 1. Expectation value of γ5 vs. eigenvalue λ (left) and inverse participation ratio vs. |〈γ5〉| (right).
Results for the lowest 10 eigenmodes of ≈ 300 configurations at β = 8.45 on a 203 × 6 lattice are shown.

caloron described above.

3. LATTICE SETUP

We work in the quenched approximation with
the Lüscher-Weisz gauge action

Sg[U ] = β1

∑

pl
1
3
Re Tr [1 − Upl] +

β2

∑

rt
1
3
Re Tr [1 − Urt] +

β3

∑

pg
1
3
Re Tr [1 − Upg], (3)

where
∑

pl,
∑

rt and
∑

pg means a summation
over all plaquettes, 2 × 1 rectangles and paral-
lelograms, respectively. The coefficients β2 and
β3 are computed from β1 via tadpole improved
pertubation theory. Further we use the staggered
Dirac operator

D =
4

∑

µ=1

1

2a
αµ(x)

[

δy,x+µ̂Uµ(x) − δy,x−µ̂U †
µ(y)

]

,

where αµ(x) = (−1)x1+...+xµ−1 . The eigenvalues
of D come in pairs of ±iλ with λ real, so we can
restrict ourselves to positive λ in the following.
In the continuum limit this action corresponds to
four quark flavors. From now on we set a to 1.

We have calculated the lowest eigenvalues and
eigenvectors for lattice sizes 123 × 6, 163 × 6 and
203× 6 below the deconfinement phase transition
at β1 = 8.10 (βWilson ≈ 5.8 [7]) and above at
β1 = 8.45 (βWilson ≈ 6.0 [7]) with the Arnoldi
method [8]. We will present data for the largest
lattice at β = 8.45.

4. CALORONS ON THE LATTICE

When searching for calorons on the lattice with
the help of their fermionic properties, the zero
mode of the Dirac operator plays the central
role. Unfortunately the staggered Dirac opera-
tor has no exact zero modes, but, as we can see
clearly in the left plot of Fig. 1, there are for both
Polyakov loop sectors low-lying eigenmodes with
a high value of |〈γ5〉| and eigenmodes in the bulk
of the spectrum with values of 〈γ5〉 around zero.
We find that the low-lying eigenvalues are quasi
4-fold degenerate in the sense that the number
of low-lying eigenmodes is almost always 4, 8,
12, . . . (In Fig. 1 this is illustrated by the encir-
cled eigenmodes, which belong to the same gauge
field configuration. Note that the total number of
low-lying eigenmodes of that configuration is 8.)
So one would expect that those low-lying eigen-
modes correspond to exact zero modes with defi-
nite handedness in the continuum.

Let us now look at the localization properties
of these approximate zero modes. We define a
gauge-invariant measure of the localization of a
quark eigenmode ψα

λ (x) (λ is the Dirac eigen-
value, α a color index), the inverse participation
ratio

I2 ≡ V

∑

x pλ(x)2

[
∑

x pλ(x)]2
, (4)

where V is the number of lattice sites and pλ(x)
is the gauge-invariant probability density pλ(x) =
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FIG. 2. Tr Fµν(x)′Fµν(x)′ (top plot) and Tr Fµν(x)′

F̃µν(x)′ (bottom plot). The primes indicate the that we
take into account only the contributions of the lowest 6 near
zero-modes as defined in Eq.(7).

self-dual or anti self-dual. For contributions of eigenvec-
tors with larger eigenvalues, so called bulk-modes, one
finds that the abundance of isolated peaks decreases and
the contributions become more dominated by quantum
fluctuations.

Quantities of more physical interest are the action den-
sity Tr FµνFµν and the topological charge density Tr

Fµν F̃µν . In particular a direct comparison of the two
quantities shows if the field is (anti) self-dual in all com-
ponents. Again it is most interesting to analyze the con-
tributions of the near zero-modes and see whether they
are dominated by (anti) self-dual lumps as expected from
the instanton picture. To this purpose we truncate the
sum over the eigenvalues λi in Eq. (5) and take into ac-
count only the first N eigenvalues. In Fig. 2 we show

TrFµν(x)′Fµν(x)′ =
N∑

i,j=1

λ2
i λ

2
j

2
fa

µν(x)x,if
a
µν(x)x,j , (7)

in the top plot. The color indices a = 1..8 on the right
hand side of (7) are summed to produce the color trace
on the left hand side. The corresponding contribution to
Tr Fµν(x)′F̃µν(x)′ is constructed in the same way and is
displayed in the bottom plot of Fig. 2. For the figure we
set N = 6, i.e. we take into account only the contributions
from the lowest 6 near zero-modes.

Both plots in Fig. 2 show two pronounced peaks

with one of them changing sign when going from Tr
Fµν(x)′Fµν(x)′ to Tr Fµν(x)′F̃µν(x)′. We remark that
Figs. 1 and 2 were made from the same gauge configura-
tion and the anti self-dual sign-changing peak of Fig. 2
is the same peak which we already saw in the contribu-
tion to the 5-component displayed in Fig. 1. The other
smaller peak in Fig. 2 is a self-dual fluctuation in a dif-
ferent color component. Since the composed quantities
Tr Fµν(x)′Fµν(x)′ and Tr Fµν(x)′F̃µν(x)′ are built from
products of the single components fa

µν the relative size
of the quantum fluctuations is suppressed considerably
compared to the larger, (anti) self-dual structures. We
find that the contributions of the near zero-modes to Tr
Fµν(x)′Fµν(x)′ and Tr Fµν(x)′F̃µν(x)′ are entirely dom-
inated by lumps which are either self-dual or anti self-
dual.

In order to go beyond an illustration of the duality
properties by a few examples we now discuss an observ-
able which allows to test (anti) self-duality systemati-
cally. Its construction is similar to the chirality observ-
able proposed in [4]. We define the ratio

r(x) =
Tr Fµν(x)′Fµν(x)′ − TrFµν(x)′F̃µν(x)′

Tr Fµν(x)′Fµν(x)′ + TrFµν(x)′F̃µν(x)′
. (8)

For a space-time point x where the gauge field is self-
dual the numerator will vanish while the denominator is
finite and r(x) equals to 0. Conversely for an x where the
gauge field is anti self-dual the role of numerator and de-
nominator are exchanged and r(x) = ∞. For space-time
points without definite duality properties r(x) assumes
some finite value between 0 and ∞. The transformation
R(x) = 4/π arctan r(x) − 1 maps the interval [0,∞) into
the interval [−1, 1]. For configurations which are domi-
nated by (anti) self-dual lumps one expects values near
±1. As for the local chirality variable of [4] it is inter-
esting to study different selections for the lattice points
x in R(x). In Fig. 3 we use all lattice points (top curve),
the subset of 50% of the lattice points supporting the

highest peaks of |Tr Fµν(x)′ ˜Fµν(x)′| (middle curve) and
also a cut of 10% (bottom curve). Again we use the 6
lowest modes in the series for Fµν(x)′. The histograms
were computed by averaging over 50 configurations.

Fig. 3 shows that the contributions of the near zero-
modes to the spectral representation of the field strength
are highly (anti) self-dual. Even when including all lat-
tice points (100%, top curve) one finds a pronounced dou-
ble peak. When throwing away 50% of the lattice points
with small |TrFµν(x)′F̃µν(x)′| this cuts mainly into the
center of the histogram, showing that the most (anti) self-
dual excitations are indeed the large peaks sticking out
of the quantum fluctuations. This trend continues when
focusing on only the highest 10% of the peaks. Since our
analysis is based on the exact spectral decomposition of
the field strength it truly reflects self-duality of the topo-
logical lumps in the gauge field.

It is interesting to perform the same analysis also in
the chirally symmetric phase of QCD. As discussed, the
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FIG. 2: (a) From [35]. Dark (red) circles and light (blue)crosses are for two sectors with di�erent
holonomies, with the real and complex Polyakov line. (b) From [32]. The distribution of the topological
charge Fµ�

˜Fµ� where F is a gauge field “associated” with the lowest Dirac eigenvalue, in the particular
configuration in the symmetric phase, T > Tc.

sum of two positive terms, originating from E2 + B2, both limited from below by the so called
Bogomolny bounds, proportional to their integer electric and magnetic charges ne, nm, respectively.
The “pseudoparticle” dyons, like instantons, are selfdual (or antiselfdual) in Eiclidean formulation.
In Minkowski notations this means that

�E = ±i �B (15)

and thus their negative electric energy cancels the positive magnetic term to zero E2 + B2 = 0.
They semiclassically describe vacuum transition between di�erent gauge nonequivalent topological
classical vacua at zero energy.

More than three decades ago Mandelstam [3] and ’t Hooft [4] have famously proposed a “dual
superconductor” mechanism of confinement, suggesting that the vacuum of QCD-like theories can
possess a nonzero Bose-Einstein condensate of some magnetically charged objects. In 1990’s lattice
studies of pure gauge theories, with and without fermions, have found various objects with the
magnetic charge. Few years ago Liao and Shuryak [19] and also Chernodub and Zakharov [20] have
proposed the so called “magnetic scenario” in which they conjectured that magnetically charged
quasiparticles not only exist, but that those are light enough to constitute a significant fraction of
the QCD plasma at T = (1 � 2)Tc. Subsequent studies have shown that lattice monopoles which
wrap at least once in time direction are independent from lattice details, and display correlations
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FIG. 1: (color online) The density of the topological clusters (in fm�4) versus the temperature T/Tc of
the SU(2) pure gauge theory. The open blue circles show static dyons, identified as M -type, while the
open red diamonds are for calorons or L-type dyons [14]. The closed diamond at T/Tc = 1.5 is from [15],
in which L-type dyons were identified directly by fermionic zero modes and the value of the Polyakov loop
at its center. The dashed and solid lines correspond to semiclassical expectations for M, L dyon density,
with parameters defined in the text.

topological objects are just a part of larger set
of topological clusters which were unidentified.

Only the solid diamond by Bornyakov et al
[15] should be considered quantitative determi-
nation of the L-type dyons, as it is done by
both fermionic quasizero modes and smearing
to locate topology, and the sign of the Polyakov
line at the center to identify the L and M-type
dyons. This work focused on T = 1.5T

c

SU(2)
gauge configurations at 2034 lattice. These
authors confirmed that several main predic-
tions of the semiclassical theory remain valid
in their lattice configurations. In particular, all
fermionic zero and near-zero modes are locally
chiral ( a general property of their topologi-
cal nature), the periodic fermions interact with
M and antiperiodic fermions with L dyons, as
expected from semiclassical solutions. The L
dyons are dilute and paired with L̄ ones into
clusters” discussed in [7] . The chiral symmetry
of the antiperiodic fermions is unbroken. The
M -type dyon ensemble is dense and thus chi-
ral symmetry for periodic fermions is broken.
They also found that while the L-type dyons
occupy only about 3% of the lattice volume,
the M dyons occupy a significant fraction of it.

Note that such disparity between the densi-

ties of the L and M dyons produces a nonzero
density of the Abelian electric (but not mag-
netic) charge. This is of course not a prob-
lem in general, as it must be compensated by
some asymmetry of the densities of the electri-
cally charged gluons. It does however create a
technical problem for our setting, as we don’t
have gluons and focus entirely on the topolog-
ical (dyonic) sector. Furthermore, we have to
put those into the compact manyfold (the torus
or a sphere) in which all electric field line must
go somewhere and only totally neutral systems
are allowed. One possible solution can be sim-
ply add to each charge the same amount of
opposite charge homogeneously distributed in
space: see Appendix B for details. Another
practical solution to this problem is to ignore
extra M dyons and simulate always an equal
number of the dyons tuned to the density of
the L-type.

stopped here

Returning to the simulations, we emphasize
that in the theoretical formulae above we al-
ways use T as the basis for units: we will not use
“fm” or any other absolute units. The runs can
be characterized by the proper volume per dyon
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of the antiperiodic fermions is unbroken. The
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ral symmetry for periodic fermions is broken.
They also found that while the L-type dyons
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the M dyons occupy a significant fraction of it.

Note that such disparity between the densi-

ties of the L and M dyons produces a nonzero
density of the Abelian electric (but not mag-
netic) charge. This is of course not a prob-
lem in general, as it must be compensated by
some asymmetry of the densities of the electri-
cally charged gluons. It does however create a
technical problem for our setting, as we don’t
have gluons and focus entirely on the topolog-
ical (dyonic) sector. Furthermore, we have to
put those into the compact manyfold (the torus
or a sphere) in which all electric field line must
go somewhere and only totally neutral systems
are allowed. One possible solution can be sim-
ply add to each charge the same amount of
opposite charge homogeneously distributed in
space: see Appendix B for details. Another
practical solution to this problem is to ignore
extra M dyons and simulate always an equal
number of the dyons tuned to the density of
the L-type.

stopped here

Returning to the simulations, we emphasize
that in the theoretical formulae above we al-
ways use T as the basis for units: we will not use
“fm” or any other absolute units. The runs can
be characterized by the proper volume per dyon
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Instantons => Nc selfdual dyons
(van Baal et al)

21

to which the KvBLL instanton reduces at v → 0
or at T → 0.

We introduce the distances from the ‘obser-
vation point’ x to the dyon centers, r = x −
x1, s = x − x2. Correspondingly, r = |r|, s =
|s|. We choose the separation between dyons to
be along the third spatial direction, r12 = e3r12.

The KvBLL instanton field is

Aµ = δµ,4 v
τ3

2
+

1

2
η̄3

µντ3∂ν ln Φ (60)

+ Φ Re
[

(̄η1
µν−iη̄2

µν)(τ
1+iτ2)(∂ν +ivδν,4)χ̃

]

,

where τa are Pauli matrices, η̄a
µν is the ’t Hooft

symbol (see subsection 2.4). The functions used
are

ψ̂ = − cos(2πTx4) + ch ch +
r · s
2rs

sh sh ,

ψ = ψ̂ +
r2
12

rs
sh sh +

r12

s
sh ch +

r12

r
sh ch ,

χ̃ =
r12

ψ

(

e−2πiTx4 sh

s
+

sh

r

)

, Φ =
ψ

ψ̂
.

We have introduced short-hand notations for hy-
perbolic functions:

sh ≡ sinh(sv), ch ≡ cosh(sv),

sh ≡ sinh(rv), ch ≡ cosh(rv) .

The first term corresponds to a constant A4 com-
ponent at spatial infinity (A4 ≈ iv τ3

2 ) and gives
rise to the non-trivial holonomy. One can see that
Aµ is periodic in time with period 1/T . A useful
formula for the field strength squared is

Tr FµνFµν = ∂2∂2 log ψ.

In the situation when the separation between
dyons r12 is large compared to both their core
sizes 1

v (M) and 1
v (L), the caloron field can be ap-

proximated by the sum of individual BPS dyons.
To demonstrate it, we give below the field inside
the cores and far away from both cores.

7.2. Inside dyon cores
In the vicinity of the L dyon center x1 and far

away from the M dyon (sv % 1) the field be-
comes that of the L dyon. It is instructive to
write it in spherical coordinates centered at x1.
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Figure 13. The action density of the KvBLL
caloron as function of z, x at fixed t = y = 0.
At large separations r12 the caloron is a super-
position of two BPS dyon solutions (left: r12 =
1.5/T ). At small separations they merge (right:
r12 = 0.6/T ).

In the ‘stringy’ gauge in which the A4 compo-
nent is constant and diagonal at spatial infinity,
the L dyon field is

AL
4 =

τ3

2

(

1

r
+ 2π − v coth(vr)

)

, AL
r = 0,

AL
θ = v

− sin(2πTx4 − φ) τ1 + cos(2πx4 − φ)τ2

2 sinh(vr)
,

AL
φ = v

cos(2πx4 − φ) τ1 + sin(2πTx4 − φ)τ2

2 sinh(vr)

− τ3 tan(θ/2)

2r
.

Here Aθ, for example, is the projection of A onto
the direction nθ = (cos θ cosφ, cos θ sinφ,− sin θ).
The φ component has a string singularity along
the z axis going in the positive direction. No-
tice that inside the core region (vr ≤ 1) the field
is time-dependent, although the action density is
static. At large distances from the L dyon cen-
ter, i.e. far outside the core one neglects expo-
nentially small terms O

(

e−vr
)

and the surviving
components are

AL
4

r→∞−→
(

v +
1

r

)

τ3

2
,

AL
φ

r→∞−→ −
tan θ

2

r

τ3

2

corresponding to the radial electric and magnetic
field components of the L dyon (see subsection

Instanton'liquid'
4d+short'range'

<P> nonzero Polyakov line
=> <A_4> nonzero
=> new solutions

Dyonic'plasma'
3+1d'long'range'

1.The chiral symmetry breaking/restoration in the 
dyonic vacuum, ES and T.Sulejmanpasic,arXiv:1201.5624
2.The chiral... II.Adjoint fermions, ES and T.Sulejmanpasic
3.QCD Topology at finite temperature: Statistical Mechanics of 
Selfdual Dyons, P.Faccioli and ES, in progress
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FIG. 6: Plot shows profile of zeromode components �1,2, for four di�erent values of z =
0, 0.2v/⇥, 0.4v/⇥, 0.5v/⇥, 0.55v/⇥. Note that the zero mode delocalizes at z = 0.5v/⇥

where

� =

⇧
�

⇥

⌃
, M =

⇧
H+2A

2
z
�

z
�

H�2A
2 + 2

r

⌃
(65)

We can write the formal solution as a path ordered exponent

� = P exp
�
�

⌥ r

r0

M dr

⇥
�(r0) (66)

The matrix M can be written as follows

M(r) =
�
H
2

+
1
r

⇥
1 +

z

⇥
⇤1 +

�
A� 1

r

⇥
⇤3 (67)

The factor proportional to the unit matrix commutes with everything else, and may be factored
out. On the other hand

A� 1/r = �v/ sinh(vr) ⇤ e�vr

is small and we may neglect it except at the origin. So for r >> 1/v we may integrate the
exponent, as it is proportional to ⇤3 only, and then expand the result. Since

⌥ �
H
2

+
1
r

⇥
=

1
2

ln [r sinh(rv)] ,

we have that

�(r) =
e�

v
2 (r�r0)

�
r/r0

(68)

⇥
⇤
cosh

�
z(r � r0)

⇥

⇥
(69)

+ ⇤1 sinh
�

z(r � r0)
⇥

⇥⌅
�(r0) (70)

Now we will solve the equations exactly. To do this we separate the matrix M(r) as

M(r) = M0(r) + M1(r) , (71)

34

modes. Crudely it means twice more fermionic propagators or

(B/A)adjoint
c ⇥

�
(B/A)fundamental

c

⇥2
(149)

approximating fermion exchanges by their leading asymptotics at large distances ⇥ exp(�mr),
one would need for the same lattice twice lighter adjoint fermions. Since the mass comes from
holonomy, it is twice smaller holonomy.

The fundamental fermions Tc correspond to a < P >⇥ 0.15. Crudely its sqrt is about 0.4,
thus this model would predict the chiral restoration to be moved to where < P (T ) > is like that,
happening at say somewhere like 2Tc. In reality the chiral restoration for adjoint in units of
deconfinement Tc is about 8, see [30]. The value of < P > at deconfienement has a jump from zero
to about ⇥ 0.2. At � ⇤ 6 where the chiral transition is, < P > is about .45 or so, thus perhaps
the idea of the square seem to work

the trend is correct although the numbers perhaps not perfect. (In fact, even for fundamental,
Wuppertal group [? ] finds that the critical T calculated from chiral condensate is only about
150 MeV, while thermodynamics and comparison to the hadron resonance gas model work till 170
MeV or so. One may think that chiral transition thus correspond to even a bit smaller ¡P¿.

For unusual fermions perhaps the “molecular” objects are more robust that the crystal: this is
what we wanted to study with Liao

VII. THE DENSITY OF DIRAC OPERATOR

The Dirac operator in the background of the dyon cubic lattice would connect only between the
left and the right chiral fermions, i.e. it would look like

D/ =

⇤

⌥⌥⌥⌥⌥⌥⌥⌥⌥⌥⌥⌥⌥⌥⌥⇧

0 . . . . . . 0 f(r11) f(r12) . . . f(r1N )
...

. . . . . . 0 f(r21) f(r22) . . . f(r2N )
...
...

. . . . . . 0 f(rN1) f(rN2) . . . f(rNN )
f(r11) f(r12) . . . f(r1N ) 0 . . . . . . 0
f(r21) f(r22) . . . f(r2N ) 0 . . . . . . 0

...
f(rN1) f(rN2) . . . f(rNN ) 0 . . . . . . 0

⌅

���������������⌃

(150)

where f(r) is given by

f(r) =
⌦

d4x ⇥†
R(⇤x� ⇤r)D/ ⇥L(⇤x) , (151)

where ⇥L,R(⇤x), are zero mode solutions on top of dyons localized at ⇤x = 0. Since the decay of
the dyonic zero mode is exponential (see e.g. [13]), we expect these functions to be exponential in
distance r = |⇤r|. In the matrix above we have that rii = 0, so f(rii) = f(0) does not depend on
distance, and we can normalize the entire matrix by puling out a factor of f(0) in front.

To a very good approximation we can consider only next-neighbor matrix elements. Then we
can write the upper-right (or the lower-left) part of the Dirac operator matrix as

f(0)
L 

n,m,l=1

[|n, m, l⇧ ⌅n, m, l| + f(a) (|n + 1, m, l⇧ ⌅n, m, l|

+ |n, m + 1, l⇧ ⌅n, m, l| + |n, m, l + 1⇧ ⌅n, m, l| + c.c.)] (152)
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Rm�0.05�M

⇥
N
�⇥⇤

�4 �2 0 2 4
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⇥
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FIG. 9: The spectrum of eigenvalues for several values � of a Dirac operator with in an ensamble of 108 L�L̄
pairs, with molecule sizes ranging from Rm = 0.05/M . . . 0.75/M , with M = 0.5⇥ and ⇤L+L̄ = 1 = 2⇤L.
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FIG. 10: Chiral condensate in the random molecule model. The

It should then be included in the histogram re-weighting with the Boltzmann factor

dN

d�
=< e�

Vdipole
T

dN

d�
|random > (142)

over random configurations. The dimensional coe�cient of this expression kint = (e2+g2)/(Tn�1/3
d

is the fourth parameter, characterizing the interaction.
In the case of fermions present, the molecular interaction is due to the residual or non-diagonal

matrix elements describing the fermion hopping between the molecules

Vfermions/T = Nf log

�
det(Tij)

det(Tdiag
ij )

⇥
(143)

29

This Nnearest in � will be our large parameter. It should not be very large to take e⇥ect, as it
stands in the exponent of the Boltzmann factor. Therefore we propose that L,M dyon ensemble
will make a strongly correlated liquid with approximately cubic lattice short-range correlations.

Classical Coulombic systems, as it is well known, have a problem: they are unstable against
charges falling on each other. (Of course for real ions electron repulsion solves this issue, stabilizing
the solts.) We thus ask the following question: can Diakonov’s determinant forces do stabilization
of a crystal, unlike the Coulombic ones?

V. MODELLING THE DYONIC ENSEMBLE

A. Three Molecular Models

As a first step toward the understanding of the dyonic ensembles, and their role in chiral sym-
metry breaking/restoration, we had formulated some simplified models.

For calculation purposes it is convenient for these models to treat the dyon density

nd = nL = nM = nL̄ = nM̄ (137)

(which is also the same as the instanton density ninst + nantiinstanton) as the basic dimensional
quantity, providing the units of length n�1/3

d . Using such length units we put nd = 1 for a while, and
will be expressing other dimensional quantities in these units. We will be working with traditional
periodic boxes of some size L⇥L⇥L, with L “large”, and thus put into such boxes Nd = L3 dyons
of each kind.

For each configuration of these models we then calculate the fermionic matrix Tij , and calculate
its eigenvalues. In this way we get part of the Dirac spectrum built on the subspace of the dyon
zero modes. (The same procedure as has been used in the instanton liquid models before). Since
we assume that fermionic zero modes resign on L, L̄ dyons only, this part of the calculation ignores
the M,M̄ dyons. The matrix is thus of the size 2Nd ⇥ 2Nd. For reasons of opposite chirality, two
quaters of the matrix, when both i, j = L or L̄ are zero, so ferionic hopping occures only from a
dyon and anti-dyon.

The simplest one is that of the “Random Gas Model”, in which all correlations between the
dyons are ignored and they are placed randomly. The only parameter of the model is the fermion
mass M , to be expressed in units of n1/3

d . (In reality, both the dyon density and the holonomy,
defining m, will be function of the temperature T , but we prefer to study our models in their
parameter space before mapping some of the results to lattice data, see below.)

In Fig.VA we show the results of such calculation. We use the box of the size 53 and thus
125 dyons of each kind, and a range of femion masses as indicated in the figure caption. The
characteristic feature of the “Random Gas Model” is a large peak near eigenvalues � ⌅ 0. Since
the density of quasizero eigenvalues is proportional to the quark condensate (Casher-Banks theo-
rem), we conclude that this model provides large or “enhanced” chiral symmetry breaking. More
quantitatively, we find from this simulation that the condesate, for M = ⇥/2, is

� < ⇤̄⇤ > (M) ⌅ 0.00124319 (138)

The second model is the “Random Molecules Model”, in which we include pair correlations
between L, L̄ dyons. As we discussed above, we expect significant attraction between those, of
classical Higgs-related origin, as well as the fermion-induced “confinement”. As the number of
fermionic zero modes grows, proportionally to the number of flavors Nf , we expect that at large
enough Nf the molecule mean size Rm decreases as ⇤ 1/Nf .

The$re&weigh*ng$including$
molecule$
$fermionic$interac*on$
$is$in$progress$
$
Poten*ally$stat.mech$of$dyonic$
ensemble$using$Metropolis$
Like$we$did$for$instantons$in$
1980’s$

dilute$

dense$

Note$that$transi*on$
From$small$condensate$$
To$large$condensate$
Is$rather$rapid$
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7

case studied, with the Na = 2, clearly shows two distinct transitions: so between the two solid
lines there is deconfined chirally broken phase (also known as a plasma of constituent quarks).
While the di⇥erence may look small on this coupling plot, the actual T scale of the two transitions
is di⇥erent by about factor 8. Note also that the splitting is in the direction opposite to that
suggested for the large Nf theories (see below). While this theory may also already be inside the
conformal window, we tentatively put its boundary (the vertical dashed line) to the right of it,
following conclusions from [30].

As one can see from these plots, for many fermions there is a significant shift of the critical
conditions to the stronger coupling (downwards), as the number of quark flavors Nf , Na increases.
We will return to the discussion of this important phenomenon below.

The magnitude of the chiral splittings versus Nf

While with increasing Nf (up to at least 8) the low-T theory retain both confinement and chiral
symmetry breaking, the relation between them changes. For simplicity, let us characterize it not
by the quark condensate itself but by the relative splittings between the chiral partners, such as
vector-axial ⇥�A1 mesons or the nucleon and the lowest 1/2� N⇥ resonance

��A1 = 2
mA1 �m�

mA1 + m�
(10)

�NN� = 2
mN� �mN

mN� + mN
(11)

The Nf dependence of these ratios is interesting: in the interval Nf = 0..3 these chiral splittings
are “large” near the experimental values (so to say, at Nf ⇤ 2.5)

�exp
�A1

⇤ 0.45 �exp
NN� ⇤ 0.55 (12)

which are well reproduced on the lattice. Yet calculated for Nf = 4 [41] and 8 [42] theories one
consistently finds a jump to about twice smaller values, and at Nf = 12 the splitting is not observed
at all [28, 42].

Sensitivity to the fermionic boundary conditions
Introducing an arbitrary phase on the fermionic boundary condition, one can switch the fermionic

zero mode between the dyons: this has been demonstrated using artificial configurations for
calorons in [13].

There is significant literature covering lattice e⇥orts to understand the di⇥erence in lattice gauge
configurations below and above Tc. A paper presenting interesting results on the Dirac eigenvalue
spectrum in the SU(3) quenched and unquenched ensembles we would like to mention is that by
Bilgici et al [18]. Its brief summary:
(i) at T > Tc the Dirac spectrum has a well determined gap G (no eigenvalues inside ±G), growing
approximately linearly

G ⇥ (T � Tc), T > Tc (13)

(in the quenched case, till at least about 2Tc)
(ii) if arbitrary boundary conditions are used for (valence) fermions, by a phase z = 2�⇤ in a
periodicity condition, they seem to be irrelevant below Tc but change the results drastically above
it. < ⌅̄⌅ >, or density of eigenvalues at zero, seem to have a simple dependence on the angle

| < ⌅̄⌅ > | ⇥ c1(T ) + c2(T )cos(⇤) (14)

with only one harmonics and positive coe⇤cients c1, c2. For holonomy values shifted above Tc by
±2�/3 the phase of the cos is shifted accordingly.
(iii) As a result antiperiodic fermions cos⇤ = �1 have a density which touches zero at Tc and

The	  sensiRvity	  appears	  at	  T>Tc:	  an#periodic	  fermions	  restore	  chiral	  
symmetry	  	  
While	  periodic	  ones	  don’t!	  (in	  the	  quenched	  ensemble!)

This	  can	  be	  explained	  by	  the	  observa#on	  (Bruckmann	  ?)	  that	  
	  an#periodic	  fermions	  have	  zero	  modes	  with	  heavy	  L,	  bar-‐L	  dyons	  
which	  form	  ``clusters”	  or	  nuclei,

	  while	  periodic	  one	  have	  zero	  modes	  with	  the	  “non-‐twisted”	  M	  dyons	  
which	  are	  nearly	  randomly	  distributed

Many lattice observations are explained
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Statistical mechanics of 
the dyons: 3 elements
• The moduli space metric 

(Atiyah,Manton,Diakonov)

• The screening (ES,Pisarski-Yaffe, Diakonov)

• Fermion-induced factor (ES,Sulejmanpasic)

• First numerical implementation, 64 dyons 
on S^3, Faccioli+ES
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3

the bosonic zero modes of the classical solution
associated with collective coordinates Xi in a
standard way. The resulting geometry was de-
rived in classic works of Atiyah and Hitchin [? ].
Even for two monopoles/dyons it is quite non-
trivial manifold, possing the so called “bolt”.
Manybody moduli are extremely complicated,
so one cannot use the exact formulae for simu-
lations.

Following Gibbons and Manton [11] and Di-
akonov [6], the invariant volume element for
moduli metric can be approximated by the
(first power) of the determinant of certain ma-
trix G

p
det ĝ ⇡ det Ĝ (3)

The Jacobian determinant for one instan-
ton, or the LM dyon pair, has been calculated
by Diakonov, Gromov, Petrov and Slizovskiy
(DGPS) [9]. The nonzero modes lead to the so
called screening phenomenon to which we turn
in section II B. For SU(2) gauge group there are
two types of dyons m, n = L, M and Ĝ reads

Ĝ =

 
4⇡⌫

L

+ 1

rLM
� 1

TrLM

� 1

TrLM
4⇡⌫

M

+ 1

TrLM

!
, (4)

with r
LM

⌘ |x
L

� x
M

|. The expression (5)
turns out to be correct at all distances, not only
for asymptotically large separation. It was also
shown that in the limit of trivial holonomy (i.e.
µ

m

= 0) or vanishing temperature the KvBLL
measure (??) with (5) reduces to the standard
’t Hooft instanton measure.

Here is its generalization for any group (we
will not use below)

[Ĝ]
mn

= �
mn

(4⇡⌫
m

+
1

T |x
m

� x
m�1

| +

1
T |x

m

� x
m+1

| )�
�
mn�1

T |x
m

� x
m+1

|

� �
mn+1

T |x
m

� x
m�1

| , (5)

where the indexes m, n run over the di↵erent
types of dyons.

If one defines the e↵ective potential as V
eff

=
�T logdetG and expand in powers of 1/r , one
finds the usual Coulombic potentials at large
distances. The classical Coulomb gas is prone
to particles falling on each other: fortunately,

in the case of a pair of non-identical dyons there
is no such a divergence. Indeed, the Coulomb
terms are complemented by higher powers of
1/r of opposite signs. Those make the poten-
tial at small distances weaker than Coulomb, al-
though still infinite at zero distance V ⇠ log(r).
Moreover,

Z
d3r det Ĝ =

Z
d3r

✓
1
r

+ const.
◆

(6)

and it is thus well convergent. The probability
of finding two dyons at the same point vanishes.

Let us now proceed to dyons of the same
kind. Simplifying the famous Atiyah-Hitchin
many-monopole metrics [10], Gibbons and
Manton [11] have shown that the weight for
K identical dyons (only at large separations!)

reads:

W =
1

K!

Z
dx

1

. . . dx
K

det Ĝident, (7)

where

Ĝident

ij

=

(
4⇡⌫

m

�
P

K

k 6=i=1

2

T |xi�xk| , i = j
1

T |xi�xj | i 6= j

(8)
Note the inversion of the signs here. Note
also that now for a pair of identical dyons
detG = 4⇡⌫(4⇡⌫ � 1/Tr) remains positive only
for distances larger than some “core size” r >
1/(4⇡⌫T ). Note also that the volume element
detG vanishes linearly at the core: the reason
is the famous “bolt” geometry.

Diakonov [6] nicely combined the metric ten-
sors for di↵erent-kind and same-kind dyons into
one symmetric-looking metric describing the
moduli space of arbitrary number of dyons. Let
their numbers are K

1

dyons of kind 1, K
2

dyons
of kind 2,. . . , K

N

dyons of kind N . The result
is a matrix whose dimension is the total num-
ber of dyons (K

1

+ . . .+K
N

)⇥ (K
1

+ . . .+K
N

)
and reads:

[Ĝ]
mi,nj

= �
mn

�
ij

(4⇡⌫
m

� 2
X

k 6=i

1
T |x

mi

� x
mk

|

+
X

k

1
|x

mi

� x
m+1,k

| +
X

k

1
|x

mi

� x
m�1,k

| )

+2
�
m,n

|x
mi

� x
m,j

| �
�
m,n�1

|x
mi

� x
m+1,j

| �
�
m,n�1

|x
mi

� x
m�1,j

| .

moduli volume element

4

In this expression x
mi

is the coordinate of the
ith dyon of the kind m.

Let us now discuss the short-distance behav-
ior. Now, the V

eff

= exp(� log G) has multi-
particle terms with all powers of 1/r. To make
sense of it, it is instructive to calculate it for
some examples of configurations. We can use
e.g. a “square” made of 2 L and 2 M dyons and
found that in all cases their combined e↵ect can
be described by a weakening of the Coulomb.

Although this expression is only qualitatively
correct at short interdyon distances, we will use
it. Not only we will enforce positivity of the
determinant, we will require positivity of each
eigenvalues. As we will see below, when the
density of dyonic ensemble becomes so large
that the volume per dyon is V T 3 ⇠ O(1), the
vanishing volume of the moduli spaces will stop
our simulations, as close to the densest pack-
ing density the updates become very ine�cient.
(Such phenomenon is well known in many sta-
tistical mechanics settings.)

B. Nonzero modes and electric screening

Since in this work we simulate ensemble of
the dyons, we are not interested in constant
factors in the partition function, such as powers
of the cuto↵ and even the classical action con-
taining the bare coupling. We are interested in
the relative weight of configurations, and thus
include only terms which are functions of the
dyonic collective coordinates.

The DGPS determinant over the non-zero
modes [9] for a single SU(2) instanton contains
the “confining” term proportional to the L�M
dyon separation and the “screening mass”

logdet0B = r
LM

2⇡M2

D

Tg2

(9)

Let us elucidate the origin of these two factors.
The linear potential comes from the volume av-
erage of the squared A

4

V
12

⇠ h(A
4

)2i =
Z

d3x

����
1
r
L

� 1
r
M

����
2

= 4⇡ r
LM

(10)
The squared A

4

itself comes from quartic Yang-
Mills gluon coupling. The other two fields
belong to thermal gluons from the heat bath

which scatter on this A
4

: assuming T � T
c

they are massless. The corresponding thermal
integral produces the so called electric Debye
mass M2

D

= (2/3)g2T 2. Generalized to any N
c

and number of massless fundamental fermions
N

f

this expression is [12]

M2

D

= g2T 2(N
c

/3 + N
f

/6) (11)

In this form one also finds it in the instanton
screening term, calculated by Pisarski and Ya↵e
long ago [13]. The instanton size ⇢ and the
L�M separation are related in the well known
way

⇡⇢2T = r
ML

(12)

relating the 4-d dipole of the instanton to the
3-d dipole of the dyon pair.

Let us now work out the corresponding gen-
eral formula for screening potential which holds
in the many-body case. The sum over all dyonic
contributions to A

4

can be written as

h(A
4

)2i =
Z

d3x

�����
X

i

Q
i

r
i

�����

2

(13)

where now the sum runs over all dyons with
Q

i

= ±1 is the charge and r
i

= |~x� ~z
j

|.
One can write (A

4

)2 as a double sum, in
which we separate the diagonal i = j and non
diagonal terms. Unless total neutrality is en-
sured

X
Q

i

= 0 (14)

this integral is divergent at large distances. If
there is an overall neutrality, one can regulate
the sum term by term, by subtracting the cor-
responding (r-independent) divergency. Let us
say discuss a non-diagonal term i 6= j which we
can then be rewritten as

2
r
i

r
j

!
 

2
r
i

r
j

� 1
r2

i

� 1
r2

j

!
= (1/r

i

� 1/r
j

)2

(15)
reducing it to the 2-body case above (10).
Therefore the total answer is a simple gener-
alization of the linear potential

< (A
4

)2 >= 4⇡
X

i>j

Q
i

Q
j

r
ij

(16)
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reducing it to the 2-body case above (10).
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fermionic determinant

5

Note that in contrast to linear potential in-
duced by the confining flux tubes, here we do
have a sum over all pairs of dyons. The sum
therefore has N(N � 1)/2 terms for N dyons,
of various signs, which together enforce local
neutrality of the dyon ensemble, making A

4

as
small as possible. It does not diverge in infi-
nite volume because distant dyons may be com-
bined with their counterparts of the opposite
charge, producing dipole fields. On the sphere
one needs extra care, see Appendix B.

III. THE FERMIONIC DETERMINANT

The Dirac operator is approximated by its
part in the zero-mode subspace. This idea, well
tested in the instanton ensemble, can also be
viewed as summing up all loop diagrams cre-
ated by ’t Hooft e↵ective Lagrangian.

Some of the (block) entries in Eq. (??)
are identically vanishing. In particular, the
anti-periodic conditions on fermions imply that
zero-mode exist only for L and L̄ type dyons,
see e.g. [7] for explicit solution. Hence, we
can ignore the overlap zones involving M� and
M̄� type dyons. In addition, the Dirac oper-
ator mixes only modes with opposite chirality,
hence also T

LL

= T L̄L̄0.
For the non-vanishing matrix element of the

Dirac operator between L̄L, the ij element in
each block is given by the (approximate) for-
mula [7]:

T ij

¯

LL

= c
e�Mrij

p
1 + Mr

ij

(17)

(The normalization constant c is irrelevant for
ensemble simulation.)

and the Dirac operator reduces to:
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(18)

So, for N
f

flavors of massless fermions the de-
terminant simply reads

det iD̂ = | detT
L
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|2Nf (19)

where we have dropped an irrelevant overall mi-
nus sign.

A. Single molecule case

Let us first consider the case in which there
is only one molecule, and denote with L and
L̄ the index of the L�type dyons. This can
be viewed as the second order one-loop dia-
gram in ’t Hooft e↵ective Lagrangian, with two
vertices with 2N

f

fermionic propagators in be-
tween. From Eq. (19) and (17) we get

det iD̂ = |T
L
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|2Nf = e�2Nf MrLL̄�log(1+MrLL̄)

(20)
Neglecting the logarithmic dependence, the
formula for the determinant for 1 molecule
(L, M, L̄, M̄) reads as en e↵ective potential

V = � log det iD̂ = 2N
f

M r
L

¯
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(21)

where again we have dropped an irrelevant nor-
malization factor. Thus fermion exchange also
creates linear confining potential, but now be-
tween dyons and antidyons. Also there is no
minus sign, and an additional parameter – the
number of flavors N

f

– as a factor. Therefore
one expect tightly bound LL̄ clusters described
in Ref[7].

B. Two molecules case

We demonstrate the mutual repulsion be-
tween the clusters. For two molecules, restrict-
ing to the L-dyon zone and labeling the pseudo
particles with L
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summary
• first numerical simulation of the dyonic 

system are under way

• moduli (modified Coulomb)+ screening 
(quasi-confinement O(r))+ fermions

• LLbar clusters in a sea of M dyons at low 
density (high T)

• complicated liquid with chiral symmetry 
breaking at high density
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