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Main point

There are two sources of fluctuations in hydrodynamics:

Initial conditions;

Statistical noise.

Why noise?

Local thermal equilibrium is a statistical concept. The “state” is an ensemble.

E.g., equation of state P = P (ε) only gives the average value of pressure.

If there were no statistical fluctuations, the correlation functions, such as, e.g.,
˙

T µνT αβ
¸

(which gives viscosity via Kubo) would vanish.
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Fluctuations and viscosity

Idea: magnitude of fluctuations (hydrody-
namic noise) is proportional to dissipation,
i.e., viscosity.

The magnitude of fluctuations (correlations)

can be measured.

Can the magnitude of these fluctuations tell
us about viscosity?
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What is Hydrodynamics?

Fluid left alone tends to equilibrium.

There are two time scales:

1) local thermodynamic equilibration – fast;

2) achieving same conditions throughout – slow.

Hydrodynamics describes that slower process.

It is an effective theory – only operates with degrees of freedom that matter –
densities of energy, momentum, charge. They are slow to change on large scales
because they carry conserved quantities.

The remaining, faster degrees of freedom are the “noise”.

Hydrodynamic Noise and Bjorken Expansion – p. 4/11



Relativistic Hydrodynamics

Variables: conserved quantities characterizing local thermal equilibrium, i.e.,
energy and momentum densities.

Or: ǫ, uµ – defined by T µνuν = ǫuµ – which fixes 4 components of T µν .

The remaining 6 components (stress) must be also expressed in terms of ǫ and uµ:

T µν = T µν
eq + ∆T µν

where the value in equilibrium (a homogeneous/isotropic state) is

T µν
eq = ǫuµuν + P (ǫ)∆µν [∆µν = gµν + uµuν ]

and the deviations from equilibrium due to gradients:

∆T µν = −η∆µ
λ

»

∇λuν + ∇νuλ − 2

3
gλν(∇ · u)

–

− ζ∆µν(∇ · u)

Equations: ∇µT µν = 0.
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Fluctuations and Noise
T µν = T µν

eq + ∆T µν
visc is only true on average. Both sides fluctuate and

T µν = T µν
eq + ∆T µν

visc + Sµν .

The discrepancy comes from the “fast” modes. Thus the “noise” is local:

D

Sµν(x)Sαβ(y)
E

∼ δ4(x − y).

The magnitude is determined by the condition that the equilibrium distribu-
tion is given by eEntropy(ǫ) (Einstein). Dissipation

∇µ(suµ) =
η

2T

»

∆µuν + ∆νuµ − 2

3
∆µν(∇ · u)

–2

+
ζ

T
(∇ · u)2

must be matched by noise:

D

Sµν(x)Sαβ(y)
E

= 2T

»

η
“

∆µα∆νβ + ∆µβ∆να
”

+

„

ζ − 2

3
η

«

∆µν∆αβ

–

δ4(x−y)

Now ∇µT µν = 0 is a system of stochastic eqs. for ǫ, uµ.
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Fluctuations and Bjorken expansion

Although noise is local, the correlations induced are propagated by hydrodynamic
modes over macroscopic distances.

Equations
∇ν(T µν

eq + ∆T µν
visc + Sµν) = 0.

applied to fluctuations around a static equilibrium solution give well-known
equilibrium correlation functions (and, e.g., Kubo equation).

Our goal is to apply this to determine correlations in an expanding fireball.

The simplicity and symmetry of the Bjorken solution allows analytical treatment.

In this work we only consider rapidity dependence (integrate over azimuth).
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Correlations

The equal-(proper)time correlation function at freeze-out time τf :

〈 ρ(ξ1, τf) ρ(ξ2, τf) 〉 =
2

A

τf
Z

τ0

dτ

τ3

ν

ǫ + P

Z

∞

−∞

dξ Gρ(ξ1 − ξ; τf , τ)Gρ(ξ2 − ξ; τf , τ) .

Convenient variable ρ ≡ δs/s. Convenient notation: ν ≡ 4η/3 + ζ

s
.

Every point ξ, τ is a source of noise, ρ = Gρ ◦ f : [Sµν = ∆µν(ǫ + P )f ]

ξ1 ξ2

τf

τ

ξ
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Sound horizon and the wake

Gρρ ≡ Gsing
ρρ + Greg

ρρ

vs
2 = 1/3 and ln(τf/τ) = 4 ln(τf/τ) = 2, 4, 6

If the dispersion was linear, there
would only be the sound front at
∆ξ = 2vs ln(τf/τ).

However, ω = iα ±
√

vs
2k2 − α2

[α ≡ (1 − vs
2)/2].

Slowest mode ω− ∼ −ik2, for k → 0.
Diffusion-like, but no dissipation.

Viscosity smears the sound-front singularity

σ2 =
ν

α

„

1

τT
− 1

τfTf

«
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Freeze-out

Translation from ξ to η using Cooper-Frye leads to additional (thermal) smearing.
Finally

fi

δ
dN

dη1
δ
dN

dη2

fl fi

dN

dη

fl

−1

=
45ds

4π4Neff(T0)

ν

Tfτf

„

T 2
0

Tf
2

«vs
−2

−2

K(∆η) ,
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Conclusions and outlook

Disentangling correlation
sources:

Fluctuations of initial conditions
produce ∆η-independent corre-
lation.

Hydrodynamic noise has local
origin and produces characteris-
tic ∆η dependence:

with magnitude proportional to
viscosity.

initial

geometry

fluctuation

late times

earlier times
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More can be learned from
2D ∆φ, ∆η correlations.

Analytical work is in progress
(Todd Springer, Saturday).
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More can be learned from
2D ∆φ, ∆η correlations.

Analytical work is in progress
(Todd Springer, Saturday).

What can we learn about
QGP from ∆η dependence
of vn? Viscosity? τ0? T0?
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