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Summary:

In studying quantum mechanical problem of heavy quark systems, like
JAy and Y suppression, we must incorporate physics of heavy quark
diffusion (irreversible processes) in its description. Unified description
of these physical processes is achieved by the closed-time path
formalism of non-equilibrium QFT.
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Recent progress in heavy quarkonium
» From complex to stochastic potential

- Schroedinger equation i%‘P(X,t)=£2M _%wm}p(x,t), X = (%, %,)

- Complex potential = V() =Ve.(N+Vin (1) 1ocD (Laine, et al. 07)
- Stochastic potential lattice (Rothkopf, et al. ‘11)

Y(X,t) =U (At 0)¥(X,0), u(g“(mm):exp{—%At{H(xH@(x,t)}},
(O(X,1))=0, (O(X,t)O(X",t'))=h(X,X")5, /At

.. 0 | —
= |ha\P(X,t) :{H(X)—EF(X,X)+_(X,t)\}‘{1(x,t).

imaginary part noise
|A%

E(X,t)z@(X,t)—g{@)(X,t)z—<®(X,t)2>}, (2(X,1)) =0

Akamatsu, Rothkopf ‘12



Recent progress in heavy quarkonium

» Corresponding classical system
- Stochastic Hamiltonian = Brownian motion w/o friction
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- Diffusion equation in momentum space

3 (6,-DV2)f (p)=0

c.f. Fokker - Planck equation (at —Vp(Fp + DVp))f (p)=0
- Stationary solution = uniform in momentum space

Without friction, energy rises forever ...
(Quantum version: Ehrenfest relation)

Quantum description of noise = stochastic Hamiltonian
Quantum description of friction = 7?7




Path integral on CTP
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Closed-time path - )
. . ) N~ 2 .

ZLiy 5,1 =Trl0 (0.0; 1) AU (0,0; ) )=TrlU (0,0; 1)U (0,0; ) )

~ [ Do ol o e (iS (0) ~iS (0,) +i[ v, ~i i,0,)

1:1 6ji (Xi) In Z[jl, Jz] iy =0 . <TC 171@' (Xi)>conn
_ o° InZ[j,, j.,] o (THO)P(X,))  =GF (X, %,)
51()(1)51()(2) b 2 i =0 PURIPAR2) ) conn = 11 A2
» 7 52 o A A <
A, (%), (X;) N2l ko i, ,=0 B <gp(xZ)qD(Xl»conn =G (X, X,)




Path integral on CTP

» Application to QCD (gA + y)
2, 7,1~ [ DlvaA 1olvaA™ parr Texpisy —isy +ifvn, ~i[w,n,)
<exlist ~is¢ +ig [ LA ~ig [ i,A,)
p=pE®p° — plYGA™ WAL = p5[GAT QAT p°[yi™, i ]

E:Environment _ _ o
S:System * Ghost and FP term omitted for simplicity

Influence functional

~ 2%y, J,]

—ep(-1/2[ \G7 iy + 1,67 i, — kG i, — 1.G" .
<exp ([ G, il + G, jiii +)

= exp (iS i )




Weak coupling & Nonrelativistic limit

» Quantum dynamical equations in the leading order
perturbation in g and in (T/M)"2,

- Expansion in j up to 2" order (~g?)

- Kinetic term and current in non-relativistic limit

v =(Q.Q), i*=(p"7°)
sV =Q"(i0, - M +V?/2M )R +Q,(i8, + M —=Vv?/2M |Q! + O(T?/M )~ M +T,
Pt =Qt*Q+Qt*Q! ~ 1,

i* =Q'(V/2iM k@ - Q,(V/2iM k*Q! +o((T/M )*?) }

T =a~T — a
T

+ QA Q- QG QT /M) -o(yT/M)
P =—V.J° +O(g23~ OZW/T/M ) j*-o(g?)



Weak coupling & Nonrelativistic limit

- Instantaneous approx.
Time scale for j is slow < Time scale for G is fast

G(X—¥,0) = G(X-¥,0)+0G'(X-¥,0)=G (X - ¥) + 0 G (X - V)

5(x’-y°)

& G- y) =B (-0 ~y)+i6 (R ~) 2o

G(X-9)itX)ity)
J(X)G(Xx=Y)J(y) = i — . .
Jioeenim=[] - G E-DiERIEN) - iR i)

G, (X—¥)=0in Coulomb and covariant gauges.

» Only 00 components (charge density couplings) are relevant.
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Weak coupling & Nonrelativistic limit

» Kinetic term | SNE = Sk — SY s
» Influence functiona

SHwlin b 1=-12[  (Vpipt -V p2p?)

Jt,X,y

+ jtm(qu1 p2 -y4TVD- (32 o5 + p172))

G.F oo (X =) = HIGR (X = 1) + G (R = 1) [80y ={V (X — V) = —{GE (X~ ) +iGg (X — V) }
Clroo(X— V) ={iGE(E-V)+Cp(X—N}5sy  [DX=Y)|=-Gpo(X— V)
~R f Complex potential
G X—V) = 0 Oap
aboo(X = Y) ! <Aa0(x IT)ABO(y )> >~ Dissipative coupling

2TG ab,00 (X y) - Ilm T Gab oo(a) X y) oC 5
0w

G0 (@, X —5) = g7 [ dt e'wt<[Aao(x,t), A(7.0))
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Hamiltonian & Renormalization

» Action and Hamiltonian for what?
- Initial value problem of a quantum system

Zn,n,]~ I Dly, ,] o°[yw,", W;ni] = initial “wave function”
< (IS0 + 1S e+ i [ —i [ v, )
Stowl v R1=-12[  Woip: -V pip})

+f. Dpp2 ~yaT VD (3295 + P12 )+

» Strategy
- Obtain Hamiltonian Hi+2 (~ladder approximation)
- Functional Schroedinger equation for functional density matrix

P v, w,]



Hamiltonian & Renormalization

» Time arguments at t
- Which order in Hamiltonian?

v,y ,N[yy]??

- Fermion bilinears
Order of fermions = time arguments in path integral

T =T

For later purpose, define Vo =¥,V =¥, 1, (t+6)-- 1, (t—¢)

»

w1(t+e) = mpa(t-) and yra(t+e) ==+ ywo(t-g)

- In instantaneous approximation
—> Symmetric in all possible order in time
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Hamiltonian & Renormalization

» Hamiltonian

- Inserting fermionic complete sets on a single time path
—> Fermions are time-ordered

- Functional density matrix?

Tr.(U 4,0) 50 (t,0)")|7;™)

fin

(wr

*fin _~*fin
Vi W2

= de;mld s, ID[Wl 10 [ *Ima&;m]e)(p (isll/,/NR — iS’g/,NR + iSEC\D/NR +)

exp[ |jd@]|\}’,m w, ™,

% Coherent state built on empty Dirac sea for HQ # HQ vacuum

< *fin _~*fin

W

W) = P Ty " 7"
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Hamiltonian & Renormalization

- Change basis to
<Q1 ’Qlc E<Q‘9Xp _IQQl +Q Qlc:|

335 e -[Q10 -G o)

4

<Q1*£;' Tr, (U (t,0)pU (t,0) )‘ ;{::r;> & This is what we want!
Qi) Qare
_ *ini *ini ) Q ( ) *ini ~*ini ( 3% o FV )
IdQl(c)sz(c) j D[Q 1(c), 2(0)] P [Ql(c) Qz(c)]EXp 1,NR ISZ,NR +1S Long T
Q) Q2(c)

eXp [_ '_[ dt|:|1+2 ]‘ LIJini>’ <Ql*(|2)I , Q;(ZI)

f *fj
— Q. Gz

o) =PI Q]

Convenient to have Hi+2 in normal order for Q1 and (32 (not Q2)
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Hamiltonian & Renormalization

Results
H = f PoZuM { Qi@+ QL.Qu + QIQ: + QL.Qu. |

+/d3xZ¢{ QT( QM)QHFQ ( 2M>Q1‘ }

—|—Q2 (—m> Qs + Qgc ( QM) Q2.

1(2)
Hpg™ = Hyy + H) + Hppo),
Z, 313
Hg, = /d rd’yV (¥ — )N {J (y)}
ZQCF 3 &
/d 1QIQ. + Q}.Q..) —|—const
H 3 = ——fd?’xd?’yl/*(m — N {55 (y)} /,/’/ 1(2)

> -
Z ! /d?’n‘ QQQQ + QQCQQC) + const

(real) UV dlvergence + finite Imaginary part
H) = —ZZQ/dBCCdByD(CC — ) N{j 350 () }

2

Z = “a — 7] a
. + 5 [ dady VD@ = ) N{ G anl@ 03850 1) + 51 D55 (51 |



Hamiltonian & Renormalization
» UV divergence and renormalization
- UV divergence

V(0) = Vvac + Vmed
= Vvac = UV divergent, D = Im[V(0)] = Im[Vmed] = finite

- Rernormalization of vacuum contribution

- correct potential at r~1/T~(typical exchanged momentum)-1
- correct kinetic term at k~(MT)Y2~typical HQ momentum

VvacCF 2 _
{ZW(I'):L Zy (T)+ =267, (T)" =1

Perturbatively, Zg(T) = g(T)/gbare or just Zg(T)=1, gbare=g(T)
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Hamiltonian & Renormalization

Complex mass & potential

» Renormalized Hamiltonian N .
Dissipative coupling

Hi = / po | 20(01Q + QL) W (45
[ +{el (-F) @ Qi () @}
s [M(Qgngg%) }
[ +{@i (- w)QﬁQQ( 2M)Q2}J

(0@ — PN L@} - v (7 — PN (@58 5)}
/d?’a:d?’ —@zd (¥ — jN{j ( ¥)J5 ( /) }
VL@ — PN G n (@055 1) + 5 OF w5 |

MlH

a=1-+ Z_Q(T)QOFVmed/Qﬂ/[
v(F) = Zy(T)*V (1)
15 d(F) = Z,(T)*D(F)



Density matrix & master equation

» Functional density matrix

ps | Q1 Qe Q3. Qi t| = (@1 Qillps(0)]Q5. Qs = (Q1, Q1 Q3. QW (1)),
@11l = @lew |- [ {Q@Qi@ + @eL@} |

~

0G5 = ew |- [ @ { @00 @ + @R} 1)
- Time evolution
In analogy to Schroedinger wave equation

.0 xR
| a Ps _Ql(c) ) Qz(c) ’ t]
. 5 o = 5 5
=H,., Ql(c) ’ Ql(c) = &2—* , Qz(c) ' Qz(c) - _56—* ’t:|105 [Ql(c) ’ QZ(C)’t]‘
i 1(c) 2(c)
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Density matrix & master equation
» Density matrix and master equation
- Single HQ

ps(T, . 1) o (QIQ(T)ps(HQ" (7))

5 5 % * Nk )k
[ — Ps [leQlch%QQc?t}
5(9)

@] () :Q&c) =0

<]
=
Q
P
=l

|
S
<
H

|
<

: } pS(fr ?7; t)

- Systems with arbitrary number of HQ can be treated similarly.
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Density matrix & master equation

» HQ number conservation

Trps(t) = [ Paups(T,7.1),

d . _ 3. 3., 5( 7 e 8 w57 —
() = [ eyt - ) ( &ps(a,ynr)) 0

» Ehrenfest relations

- Velocity %<>‘<>=<,\,.£>’
. Drag force LBy =—5Z—(P),
. Equilibration | 5(®) == (®)-F)

C

2 ~
y= ?FVZd X)) _, = SR e (T; Ce V:Ggea(@=0,%)|
g(M)2C,  d*%k , ,~ Consistent with classical Langevin drag force
T 9 ; I(Z )? k*Ggoaa(@=0,k) by Caron-Huot and Moore *07,708
T
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Forward correlator and complex potential

» Forward correlation function

N 5°
O30 ey Bl

Vi+V;
|§tGgQ(x,y,t):{ ZJI:/I +2aM —v(x— y)( )( )y]GSQ(x,y,t)

Projection on singlet state > complex potential
complex(r) 2(61 1)M C V(r)

:_ga)cp&%+eD

4 r

+1T ¢(a)Dr)j

Consistent with potential from
Wilson loop spectral decomposition by Laine *07
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Conclusion

» Starting from non-equilibrium field theory on a closed-
time path, we derive renormalized Hamiltonian Hi+2 on a
single time.

» Derivation in the leading order in g and in (T/M)"2,

» Master equation and forward correlator for any heavy
quark system can be derived from the Hamiltonian Hi+2.

» HQ number conservation are confirmed.

» Heavy quark equilibration is derived through Ehrenfest
relations.

» Imaginary part of the complex potential is obtained from
thermal mass + complex potential.
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