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liquid
time

Hydrodynamics & thermalization in heavy ion collisions

Basic theoretical questions:

• How long is thydro ?

• How long is t therm ?

• How is t therm correlated with thydro ?
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What does it mean for a system to behave like a liquid?
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What does it mean for a system to behave like a liquid?

¥ Fluid velocity uµ .

¥ Proper energy density! .

¥ Equation of state p = p(! ).
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Constitutive relations (in local ßuid rest frame):

T 00
hydro = ✏,

T 0i
hydro = 0,

T ij
hydro = p �ij ! ⌘

!
" i uj + " j ui ! 2

3�ij " á u
"
+ . . . .

Dynamics: @µT
µ!
hydro = 0.

What does it mean for a system to behave like a liquid?

¥ Fluid velocity uµ .

¥ Proper energy density! .

¥ Equation of state p = p(! ).
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Constitutive relations (in local ßuid rest frame):

T 00
hydro = ✏,

T 0i
hydro = 0,

T ij
hydro = p �ij ! ⌘

!
" i uj + " j ui ! 2

3�ij " á u
"
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Dynamics: @µT
µ!
hydro = 0.

What does it mean for a system to behave like a liquid?

Liquid behavior: !Tµ! (x)" # Tµ!
hydro (x)

¥ Fluid velocity uµ .

¥ Proper energy density! .

¥ Equation of state p = p(! ).
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What does it mean for a system to be locally thermalized?

Minimalist answer: Well deÞned notion ofT (x).

Fluctuation-Dissipation Theorem:

g< (x, q) = eqáu/T (x )g> (x, q)

emission rate absorption rate
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FIG. 1: Energy density E/µ4 as a function of time v and
longitudinal coordinate z.

disjoint support. Although this is not exactly true for our
Gaussian proÞles, the residual error in EinsteinÕs equa-
tions is negligible when the separation of the incoming
shocks is more than a few times the shock width.

To Þnd the initial data relevant for our metric ansatz
(1), we solve (numerically) for the di! eomorphism trans-
forming the single shock metric (8) from Fe! erman-
Graham to Eddington-Finkelstein coordinates. In par-
ticular, we compute the anisotropy function B± for each
shock and sum the result,B = B+ + B! . We choose the
initial time v0 so the incoming shocks are well separated
and the B± negligibly overlap above the apparent hori-
zon. The functions a4 and f 2 may be found analytically,

a4 = ! 4
3 [h(v0+ z)+ h(v0! z)] , f 2 = h(v0+ z)! h(v0! z).

(10)
A complication with this initial data is that the metric

functions A and F become very large deep in the bulk,
degrading convergence of their spectral representations.
To ameliorate the problem, we slightly modify the initial
data, subtracting from a4 a small positive constant ! .
This introduces a small background energy density in
the dual quantum theory. Increasing ! causes the regions
with rapid variations in the metric to be pushed inside
the apparent horizon, out of the computational domain.

We chose a width w = 0 .75/µ for our shocks. The
initial separation of the shocks is" z = 6 .2/µ . We chose
! = 0 .014µ4, corresponding to a background energy den-
sity 50 times smaller than the peak energy density of the
shocks. We evolve the system for a total time equal to
the inverse of the temperature associated with the back-
ground energy density,Tbkgd = 0 .11µ.

Results and discussion.Ñ Figure 1 shows the energy
density E as a function of timev and longitudinal position
z. On the left, one sees two incoming shocks propagating
toward each other at the speed of light. After the colli-
sion, centered onv = 0, energy is deposited throughout
the region between the two receding energy density max-
ima. The energy density after the collision does not re-
semble the superposition of two unmodiÞed shocks, sepa-
rating at the speed of light, plus small corrections. In par-
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FIG. 2: Energy flux S/µ4 as a function of time v and longi-
tudinal coordinate z.
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FIG. 3: Longitudinal and transverse pressure as a function
of time v, at z = 0 and z = 3/µ. Also shown for compari-
son are the pressures predicted by the viscous hydrodynamic
constitutive relations.

ticular, the two receding maxima are moving outwards at
less than the speed of light. To elaborate on this point,
Figure 2 shows a contour plot of the energy ßuxS for
positive v and z. The dashed curve shows the location
of the maximum of the energy ßux. The inverse slope
of this curve, equal to the outward speed of the maxi-
mum, is V = 0 .86 at late times. The solid line shows the
point beyond which S/µ 4 < 10! 4, and has slope 1. Ev-
idently, the leading disturbance from the collision moves
outwards at the speed of light, but the maxima in E and
S move signiÞcantly slower.

Figure 3 plots the transverse and longitudinal pressures
at z = 0 and z = 3 /µ , as a function of time. At z = 0,
the pressures increase dramatically during the collision,
resulting in a system which is very anisotropic and far
from equilibrium. At v = ! 0.23/µ , where P" has its
maximum, it is roughly 5 times larger than P# . At late
times, the pressures asymptotically approach each other.
At z = 3 /µ , the outgoing maximum in the energy density
is located nearv = 4 /µ . There, P" is more than 3 times
larger than P# .

The ßuid/gravity correspondence [17] implies that at
su# ciently late times the evolution of Tµ ! will be de-
scribed by hydrodynamics. To test the validly of hydro-

µ t

[PC & Ya!e: 1011.3562]

Holographic ÒHydrodynamizationÓ

energy density

• Expanding bubble of liquid.

• Estimate for RHIC:

thydro ⇡ 0.35 fm/c.
µ t

µ z

µ�4
q

(Tij � Thydro
ij )2
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FIG. 3: Longitudinal and transverse pressure as a function
of time v, at z = 0 and z = 3/µ. Also shown for compari-
son are the pressures predicted by the viscous hydrodynamic
constitutive relations.

ticular, the two receding maxima are moving outwards at
less than the speed of light. To elaborate on this point,
Figure 2 shows a contour plot of the energy ßuxS for
positive v and z. The dashed curve shows the location
of the maximum of the energy ßux. The inverse slope
of this curve, equal to the outward speed of the maxi-
mum, is V = 0 .86 at late times. The solid line shows the
point beyond which S/µ 4 < 10! 4, and has slope 1. Ev-
idently, the leading disturbance from the collision moves
outwards at the speed of light, but the maxima in E and
S move signiÞcantly slower.

Figure 3 plots the transverse and longitudinal pressures
at z = 0 and z = 3 /µ , as a function of time. At z = 0,
the pressures increase dramatically during the collision,
resulting in a system which is very anisotropic and far
from equilibrium. At v = ! 0.23/µ , where P" has its
maximum, it is roughly 5 times larger than P# . At late
times, the pressures asymptotically approach each other.
At z = 3 /µ , the outgoing maximum in the energy density
is located nearv = 4 /µ . There, P" is more than 3 times
larger than P# .

The ßuid/gravity correspondence [17] implies that at
su# ciently late times the evolution of Tµ ! will be de-
scribed by hydrodynamics. To test the validly of hydro-

µ t

[PC & Ya!e: 1011.3562]

Holographic ÒHydrodynamizationÓ

energy density

• Expanding bubble of liquid.

• Estimate for RHIC:

thydro ⇡ 0.35 fm/c.
µ t

µ z

µ�4
q

(Tij � Thydro
ij )2

When does the produced QGP thermalize?
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Holographic thermalization

Holographic dictionary: Black hole in a ÒboxÓ! QGP.

¥ QGP formation & thermalization ! gravitational collapse
and black hole thermalization.

How does one tell when BH has locally thermalized?
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Holographic thermalization

Holographic dictionary: Black hole in a ÒboxÓ! QGP.

¥ QGP formation & thermalization ! gravitational collapse
and black hole thermalization.

How does one tell when BH has locally thermalized?

Emission of Hawking
Radiation
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Holographic thermalization

Holographic dictionary: Black hole in a ÒboxÓ! QGP.

¥ QGP formation & thermalization ! gravitational collapse
and black hole thermalization.

How does one tell when BH has locally thermalized?

Absorption of
radiation
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Holographic thermalization

Holographic dictionary: Black hole in a ÒboxÓ! QGP.

¥ QGP formation & thermalization ! gravitational collapse
and black hole thermalization.

How does one tell when BH has locally thermalized?

Absorption of
radiation

Fluctuation-Dissipation Theorem

G
<

(x, q) = e! !/THawking (x) G
>

(x, q)
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Connecting Hawking radiation to QFT photo emission

!j µ (x)j ! (y)"

AM
!Jµ(x)J⌫(y)"

Boundary of “box”

¥ Where dual QFT lives.

Hot bath

Conductor
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The ÒexperimentalÓ setup

!QFT in vacuum
state

!

1. Take kick to be homogenous but anisotropic.

2. Solve Einstein ! extract "Tµ! (t)#.

3. Compute Hawking ! extract QFT emission & absorption rates.
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! Tf t

(
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e! !/T eff (t )g> (t, q)

g< (t, q)

Stress isotropization

¥ !Tµ
! (t)" = diag[#E (t), P! (t), P! (t), P|| (t)]

$ diag[# !, p, p, p], ! = 3p.

¥ E!ective ÒtemperatureÓTe↵ (t) % |E(t)|1/ 4.

¥ Final temperature: Tf = lim t "# Te↵ (t)

Thermalization litmus test:

g< (t, q) = e! !/T eff (t )g> (t, q).

Key points:

¥ g> (t, q) equilibrates before g< (t, q).

¥ Thermalization happens after isotropization.

t
therm

! t
iso

+
2

!T
f

.

Isotropization & thermalization of scalar radiation
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! = 2 ! Tf
! = 4 ! Tf
! = 8 ! Tf
! = 12 ! Tf

Light-like emission ! = |q|

ttherm (!, |q|) !
1
Tf

!
|q|
Tf

" 1/ 3

.

Time-like emission ! ! " , |q| Þxed.

t therm (!, |q|) = t iso +
O(1)

"T f
.

Time-like and space-like scalar emission
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¥ Isotropization of !Tµ! " requires isotropization of
near-boundary geometry.

# Horizon equilibrates thorizon $ t iso + t infall $ t iso + 1
"T f

¥ Causality: t therm (!, |q|) ! t iso + 2
"T f

.

Gravitational origin of ttherm(!, |q|)

horizon

Geometric optics

¥ First modes to thermalize: ! ! " , |q| Þxed.

t therm (!, |q|) # t iso +
2

"T f
.

¥ Last modes to thermalize: ! = |q| ! " , |q|

t therm (!, |q|) #
1
Tf

!
|q|
Tf

" 1/ 3

.
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FIG. 1: Energy density E/µ4 as a function of time v and
longitudinal coordinate z.

disjoint support. Although this is not exactly true for our
Gaussian proÞles, the residual error in EinsteinÕs equa-
tions is negligible when the separation of the incoming
shocks is more than a few times the shock width.

To Þnd the initial data relevant for our metric ansatz
(1), we solve (numerically) for the di! eomorphism trans-
forming the single shock metric (8) from Fe! erman-
Graham to Eddington-Finkelstein coordinates. In par-
ticular, we compute the anisotropy function B± for each
shock and sum the result,B = B+ + B! . We choose the
initial time v0 so the incoming shocks are well separated
and the B± negligibly overlap above the apparent hori-
zon. The functions a4 and f 2 may be found analytically,

a4 = ! 4
3 [h(v0+ z)+ h(v0! z)] , f 2 = h(v0+ z)! h(v0! z).

(10)
A complication with this initial data is that the metric

functions A and F become very large deep in the bulk,
degrading convergence of their spectral representations.
To ameliorate the problem, we slightly modify the initial
data, subtracting from a4 a small positive constant ! .
This introduces a small background energy density in
the dual quantum theory. Increasing ! causes the regions
with rapid variations in the metric to be pushed inside
the apparent horizon, out of the computational domain.

We chose a width w = 0 .75/µ for our shocks. The
initial separation of the shocks is" z = 6 .2/µ . We chose
! = 0 .014µ4, corresponding to a background energy den-
sity 50 times smaller than the peak energy density of the
shocks. We evolve the system for a total time equal to
the inverse of the temperature associated with the back-
ground energy density,Tbkgd = 0 .11µ.

Results and discussion.Ñ Figure 1 shows the energy
density E as a function of timev and longitudinal position
z. On the left, one sees two incoming shocks propagating
toward each other at the speed of light. After the colli-
sion, centered onv = 0, energy is deposited throughout
the region between the two receding energy density max-
ima. The energy density after the collision does not re-
semble the superposition of two unmodiÞed shocks, sepa-
rating at the speed of light, plus small corrections. In par-
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FIG. 2: Energy flux S/µ4 as a function of time v and longi-
tudinal coordinate z.
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FIG. 3: Longitudinal and transverse pressure as a function
of time v, at z = 0 and z = 3/µ. Also shown for compari-
son are the pressures predicted by the viscous hydrodynamic
constitutive relations.

ticular, the two receding maxima are moving outwards at
less than the speed of light. To elaborate on this point,
Figure 2 shows a contour plot of the energy ßuxS for
positive v and z. The dashed curve shows the location
of the maximum of the energy ßux. The inverse slope
of this curve, equal to the outward speed of the maxi-
mum, is V = 0 .86 at late times. The solid line shows the
point beyond which S/µ 4 < 10! 4, and has slope 1. Ev-
idently, the leading disturbance from the collision moves
outwards at the speed of light, but the maxima in E and
S move signiÞcantly slower.

Figure 3 plots the transverse and longitudinal pressures
at z = 0 and z = 3 /µ , as a function of time. At z = 0,
the pressures increase dramatically during the collision,
resulting in a system which is very anisotropic and far
from equilibrium. At v = ! 0.23/µ , where P" has its
maximum, it is roughly 5 times larger than P# . At late
times, the pressures asymptotically approach each other.
At z = 3 /µ , the outgoing maximum in the energy density
is located nearv = 4 /µ . There, P" is more than 3 times
larger than P# .

The ßuid/gravity correspondence [17] implies that at
su# ciently late times the evolution of Tµ ! will be de-
scribed by hydrodynamics. To test the validly of hydro-

µ t

What does this mean for collisions?

An analytic calculation shows

¥ viscous e↵ects don’t violate FDT.

t therm (!, |q|) ! thydro +
2

"T
,

⇠ (2 to 3) ⇥ thydro .
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DoesnÕt equation of state p = p(! ) require thermal equilibrium?

Counterexamples: QCD at T ! " or conformal Þeld theoriesTµ
µ = 0 .

Weakly coupled explanation:

¥ If f s(xµ , p) = f s(xµ , |p|), then

#Tµ! $= diag[ !, p, p, p],

where p = 1
3 ! even if

f s(xµ , p) %=
1

eE (p) /T ± 1
.
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What have we learned?

¥ Holography is a powerful tool to explore real-time dynamics!

Ð Di!cult QFT dynamics on a laptop!

¥ Relaxation to hydro is quick!

Ð RHIC estimate: thydro ! 0.35 fm/c.

Ð thydro ! 1 fm/c need not be thought of as unnaturally rapid!

¥ Natural order: thermalization after Òhydrodynamization.Ó

Ð (a few) " thydro . t therm (!, |q|) . 1
T

!
|q |
T

" 1/ 3
.
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FIG. 2: Energy flux S/µ4 as a function of time v and longi-
tudinal coordinate z.
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FIG. 3: Longitudinal and transverse pressure as a function
of time v, at z = 0 and z = 3/µ. Also shown for compari-
son are the pressures predicted by the viscous hydrodynamic
constitutive relations.

ticular, the two receding maxima are moving outwards at
less than the speed of light. To elaborate on this point,
Figure 2 shows a contour plot of the energy ßuxS for
positive v and z. The dashed curve shows the location
of the maximum of the energy ßux. The inverse slope
of this curve, equal to the outward speed of the maxi-
mum, is V = 0 .86 at late times. The solid line shows the
point beyond which S/µ 4 < 10! 4, and has slope 1. Ev-
idently, the leading disturbance from the collision moves
outwards at the speed of light, but the maxima in E and
S move signiÞcantly slower.

Figure 3 plots the transverse and longitudinal pressures
at z = 0 and z = 3 /µ , as a function of time. At z = 0,
the pressures increase dramatically during the collision,
resulting in a system which is very anisotropic and far
from equilibrium. At v = ! 0.23/µ , where P" has its
maximum, it is roughly 5 times larger than P# . At late
times, the pressures asymptotically approach each other.
At z = 3 /µ , the outgoing maximum in the energy density
is located nearv = 4 /µ . There, P" is more than 3 times
larger than P# .

The ßuid/gravity correspondence [17] implies that at
su# ciently late times the evolution of Tµ ! will be de-
scribed by hydrodynamics. To test the validly of hydro-
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FIG. 1: Energy density E /µ 4 as a function of time v and
longitudinal coordinate z.

disjoint support. Although this is not exactly true for our
Gaussian profiles, the residual error in Einstein’s equa-
tions is negligible when the separation of the incoming
shocks is more than a few times the shock width.

To find the initial data relevant for our metric ansatz
(1), we solve (numerically) for the di! eomorphism trans-
forming the single shock metric (8) from Fe! erman-
Graham to Eddington-Finkelstein coordinates. In par-
ticular, we compute the anisotropy function B± for each
shock and sum the result, B = B+ +B�. We choose the
initial time v0 so the incoming shocks are well separated
and the B± negligibly overlap above the apparent hori-
zon. The functions a4 and f 2 may be found analytically,

a4 = � 4
3 [h(v0+z)+h(v0�z)] , f 2 = h(v0+z)�h(v0�z).

(10)

A complication with this initial data is that the metric
functions A and F become very large deep in the bulk,
degrading convergence of their spectral representations.
To ameliorate the problem, we slightly modify the initial
data, subtracting from a4 a small positive constant �.
This introduces a small background energy density in
the dual quantum theory. Increasing � causes the regions
with rapid variations in the metric to be pushed inside
the apparent horizon, out of the computational domain.

We chose a width w = 0.75/µ for our shocks. The
initial separation of the shocks is " z = 6.2/µ . We chose
� = 0.014µ4, corresponding to a background energy den-
sity 50 times smaller than the peak energy density of the
shocks. We evolve the system for a total time equal to
the inverse of the temperature associated with the back-
ground energy density, Tbkgd = 0.11µ.

Results and discussion.— Figure 1 shows the energy
density E as a function of time v and longitudinal position
z. On the left, one sees two incoming shocks propagating
toward each other at the speed of light. After the colli-
sion, centered on v=0, energy is deposited throughout
the region between the two receding energy density max-
ima. The energy density after the collision does not re-
semble the superposition of two unmodified shocks, sepa-
rating at the speed of light, plus small corrections. In par-
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FIG. 2: Energy flux S/µ 4 as a function of time v and longi-
tudinal coordinate z.
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FIG. 3: Longitudinal and transverse pressure as a function
of time v, at z = 0 and z = 3/µ . Also shown for compari-
son are the pressures predicted by the viscous hydrodynamic
constitutive relations.

ticular, the two receding maxima are moving outwards at
less than the speed of light. To elaborate on this point,
Figure 2 shows a contour plot of the energy flux S for
positive v and z. The dashed curve shows the location
of the maximum of the energy flux. The inverse slope
of this curve, equal to the outward speed of the maxi-
mum, is V = 0.86 at late times. The solid line shows the
point beyond which S/µ 4 < 10�4, and has slope 1. Ev-
idently, the leading disturbance from the collision moves
outwards at the speed of light, but the maxima in E and
S move significantly slower.

Figure 3 plots the transverse and longitudinal pressures
at z = 0 and z = 3/µ , as a function of time. At z = 0,
the pressures increase dramatically during the collision,
resulting in a system which is very anisotropic and far
from equilibrium. At v = �0.23/µ , where P⌅ has its
maximum, it is roughly 5 times larger than P⇤. At late
times, the pressures asymptotically approach each other.
At z = 3/µ , the outgoing maximum in the energy density
is located near v = 4/µ . There, P⌅ is more than 3 times
larger than P⇤.

The fluid/gravity correspondence [17] implies that at
su# ciently late times the evolution of Tµ⇥ will be de-
scribed by hydrodynamics. To test the validly of hydro-
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FIG. 3: Left—Position space plot of |x|! E(x)/ (T 3
!

�) for v = 1/ 4. Right—Position space plot of |x|! S(x)/ (T 3
!

�) for
v = 1/ 4. The flow lines on the surface are the flow lines of the energy flux ! S(x). There is a surplus of energy in front of the
quark and a deficit behind it. Correspondingly, trailing the quark there is a stream of energy flux which moves in the same
direction as the quark. Note the absence of structure in ! E(x) for distances |x| " 1/ (⇡T ).

FIG. 4: Left—Plot of |x|! E(x)/ (T 3
!

�) for v = 3/ 4. Right—Plot of |x|! S(x)/ (T 3
!

�) for v = 3/ 4. The flow lines on the
surface are the flow lines of ! S(x). There is a surplus of energy in front of the quark and a deficit behind it. Correspondingly,
trailing the quark there is a narrow stream of energy flux which moves in the same direction as the quark. A Mach cone, with
opening half angle ✓M # 50! is clearly visible in both the energy density and the energy flux. Near the Mach cone, the bulk of
the energy flux flow is orthogonal to the wavefront.
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