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Monte Carlo Method and Lattice QCD
Gauge Transformation on the Lattice
Hadrons on Lattice

Lattice Tool Kit in Fortran 90 (L

This is a Talk for Students, and
non-lattice experts such as
Experimentalists.




Lattice QCD

Path Integral in Euclid space (Imaginary time)

7 = fDUszDw g CarAY) fDUdetAe‘SG

— U:Gluon Fields. y:Quark Fields

Quantam fluctuation of Gauge field (Gluon field)
—> Monte Carlo

Fermion (Quark) propagators
—>Linear algebra (Inverse of DeterminantA)

Lattice
—Ultra-violet cut

pmax =

JU
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Link variables U
7 = fDUDz?Dz/J e etV o fDUdetAe'SG

_ id,(x) _
UM (x)=¢ u=x,y,z,t or 1,2,3,4
x=(x,y,z,1)

= (X, %,,X;,%,)

x =12, N, U, (x)
%, =12, N, -

X, =12, N, X

X, =1,2,“',Nt




=]f_2[ 1 1 1 lldU (X, %5, %5, X,)

Integral in many high dimensions



Integral in high dimension and
Monte Carlo method

[ = f f(x)dx,dx,dbx, - dx,

f(x)
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X1X20 -

1-dimension

2-dimension



Errors in Numerical Integration

1 1
The number of points along a direction =~ N1/»

Error <

N: The number of total points

CPU Time is proportional to N

N=1000, n=10 N'" =1.99526

In case of Lattice QCD
n=4N N N_N, x3

Standard numerical integral method

does not work.




Error in Monte Carlo method
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Independent of n !



Importance Sampling

If an Integrand is flat,
it it easy to integrate

T In numerically.

b)

Change variable x =t

e e o o o — —

sothat gy 1

dt
= f £(xX)dx = f 1(x(2)) %a’t

Almost flat



Importance Sampling (2)

a) b)

[ = f f(x(0)) %dt




Metropolis Algorithm

* Importance Sampling + Random Sampling
—

Monte Carlo method in many-dimension

* |s it possible ?
Yes !

— N.Metropolis et al. |
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J. Chem. Phys. 21, 1087 (1953) i,,
Very readable paper for physicists. QZLC
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I =fe'5(x)dx =fe'x2dx

No. of points




Quantum Mechanics

iIn 1-Dimension
(Creutz & Freedman, Ann. Phys. 32 427,1981)

L(d ‘.
Z=fDX€hf tL, tf
) ( \Xn-1
1 [dx 7
L=—m|— | =-V(x), X
() e
Dx =lmdxdx, -+ dx, I N

X, = x(,),%, = x(8)),x, = x(t,),...,x,_, = x(t,_,),x, = x(¢,)



Euclidean World
(Imaginary Time)

4 .
Imaginary S

Time? — o
Crazy! |< (g\'»“’;\xs
Nl AR ol -CF B

[ — —IT, /" Imaginary Timex
/ Well-defined

mathematically

Anything but Statistical |

2
| dx | |
L—=——m|— | -V(x)=-H, \ reenciomision
2 d’l’ - to Real Time /

% [(-idr)(-H) Lrarn :

= f Dxe = f Dxe

— —

Z%fDxe



Discretize

Z ; fa’xla’x2 codx e,

2

-m
S=2a >

(xj+1

A

/ ) +V(x;)

X, = x(8,),% = x(8)),x, = x(t,),...,x,_, = x(t,_,),x, =x(¢,)



Simulation Results
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Anharmonic Oscillator

, V(X)

=Y



Flow-Chart
(1)MAIN

DO isweep=1, Nthermal @

CALL update

DO isweep=1, Nsweep

S

CALL update
CALL measurement

:



Flow Chart
(2)update

DOi=1,N g

x_old = x(i)

Xx_new = x_old + a*(r1-0.5)

dS=S(new)-S(old)%# 5t &

Metropolis check:

X(i) = x_old or x_new

i




Boundary Conditions

 Periodic: X(N+1)=x(1), x(0) =x(N)
 Anti-Periodic: x (N+1)=-x(1), x(0) =-x(N)

DOi=1,N
S REAL, DIMENSION(O:N+1) :: x
a=i+
x(0) = x(N)
b=i -1
X(N+1) = x(1)
IF(i==N)ia =1
DOi=1,N
IF(i==1) ib=N .
xa = x(i+1)
xa = x(ia)
xb = x(i -1)

xb = x(ib)



How to treat the boundary
conditions

INTEGER, DIMENSION(N,2) :: inn SUBROUTINE MakeTable

DOi=1,N DOi=1, N
xa = x(inn(i,1)) a=i+1; ib=i-1
xb = x(inn(i,2)) IF(i==N)ia =1

IF(i==1 )ib=N

inn(i,1) = ia

inn(1,2) = ib
ENDDO
RETURN

END



Lattice QCD Lagrangian

(Preparation)
Uﬂ (l) = Ui,i+ﬂ
— L u
] I+ U
< 7 > (1, : lattice spacing
Ui,jUj,k
e O Dp—

ko YU, y,




(U, Uy, Uy

U=|u, u, u,y,

\ Uz Uz Ussy

U' ='"U
UUT =1 detUU" =detU(detU)
detU =1
iA
U=¢e At = 4,

detU _ eTrlogU _ eiTrA _ 1



Lattice QCD Lagrangian

L

. K.G.Wilson |
_Phys. Rev. D10, 2445 (1974) |l |k
— Erice Lecture Note 1977 7 . O
i T ]
S=S5.+S,
r 1 A
SG =/)’ E J I—VTV(UUUijklUﬁ)
plaquette | c
2N, Exercise: How many
p=—: plageuts exist on a lattice
& U,;€SUWN) | of size NXNyNzNt ?




Fermion (Quark) Action
Sp = ZQE@A(ZJ)@DJ
i,]
A(i, ]) =1 - KE {(l B 7M)Ui,j5i+ﬂ,j +(1+ yﬂ)Uisf(Si‘f"f}
4
010,00, X 5070, %0,
. u=1

+(1+ yﬂ)a/j Ui,jabéi—ﬂ,j}

K : hopping parameter



(Classical) Continuum limit

_ igaA, (na)
U,(n)y=e"

3
K

limS,. = %fd“xTr{sz}

a—0

limS, = = (d x{mp (W () +F ()7, +igd, Dy ()}



Warming up : U(1) case

P,(x)= U,(x)U,(x+ U, (x+V)U," (x)

_ eiagAﬂ (x)eiagAV (x+[1)e—iagAﬂ (x+1?)e_iagAv (x)

(x+0)- 4,(x) 4, (x+v)-A4 (x))

a

=€m QFMV(ZU)=j +ia gF 7 — a4g2 2 s

E P ()C)=E(l—;az4g2 FEV )

plaquette X



Formulae we need
X Y F
e e =¢e€
F=X+Y+%[X,Y]

+é([X,[X, Y1]+[Y,[Y, X)) +...
S+ @)= f(x)+ad, f(x)+0(a)

1 - / a’
8 n 2ma z/jn _ ﬁw (na)

K‘_




Exercise

« Show that S and SF become a standard
dontinuum QCD action when g — ().




Lattice Actions are not unique

Requirement : it will go to QCD action in naive
classical limit.

All gauge invariant expressions

TrUi]'Uijkl o0 oni , w ...... w
are OK.
Improved action: Higher order terms of a are suppressed

— Standard ones
» Gauge:lwasaki, Syzmanzik, DBW?2

p(C ] +C 1)

* Fermions:Wilson fermions with Clover term
Smeared KS (Kogut-Susskind, or staggered) fermions




Wilson Loob and Polvakov Line
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W = _N Tr(Ul.jUjk - U,)

C

1
L = _T’”(U12U23 °'°Un-1,n)

N

C



Add an external source of J, = 8(53(% — X, (1))
Gauge

—) Free energy increases l'fd4XjﬂAﬂ = igfdxﬂAM

igad, igaA, igad, -SG

= £ € e e
=We ™" or Le™°
o~ (F+AF) dee_SGW

=< W >
e’ /




<Tr(" | )>=e W




Polyakov Line

* Polyakov line: Free energy increases
when one quark line is added

Confinement: AF =
—> <L >=0

"McLerran and Svetisky, Phys.Rev.
D24,450, 1981

This is one of the references that you
should read.




Z3 Symmetry

* Three elements of SU(3)1, eZT,eZT
are commutable with all other
elements
| U,(0),U,(j), U, (k)
vl vy |vk —zU0),zU,()), zU (k)
ASYA

invariant
SG

L — zL Spontaneous
(In QuenCh Symmetry

ApprOXimatiOn) < L >F O —> breaking of Z3



ASYA

L — Z[ S, invariant
(L) = 2(L)
(L) =0

(In Quench Approximation)

Spontaneous symmetry

If <L>=0 =— |
breaking of Z3



V(r)-Vlrg)l ro

Heavy Quark Potential




Lattice spacing and the coupling
constant

10

 M.Creutz, oxp[LEL(B-2)]
_ Phys.Rev.D21, - 4
2308 (1980) 10k
-sU@) o |
01F
0.01 1 1 1

0 10 20 30
B=4/g*






* Lattice: (Cut off) = i % %
a
1
m = gF(g) m: Quantity of mass dirynsicn\
im = () a
da

=  Fog®_ %84 =—/9’(g)d—F
da  dadg dg

dg

p(g)=-a—



p(g) = _ﬂog3 _/3)1g5 T ...

da . dg dg
J a / -p(g) / pg’ + g

b
1 1 26" -

— > e
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You should check this
calculation once.




Gauge Transformation on Lattice

U, (x)
w(x) w(x + i)
X X+ U

U,(x) = o(x) U, (x)o(x + [2)
P (x) = P(x)w(x) )
P (x) = o(x) P (x) ot (ow(es

Invariant




UijUijklUli = Uz'jUijlkTUilT

— (a)iJrUijwj )(ijUjkwk )(wZTUlkwk )T (a)iTUila)l )T

= (a)iJrUija)j )(ijUjka)k )(WkTUszCUz )(wITUilTa)i)

=w'UU UlkTUilTa)i

i g jk

rv U, Uu,U,

/ k invariant




Gauge Transformation in
Continume limit

w(x) U L(X)(x + )
.- U(1)r—2R
w(x)=e*" U, (x)=e“""

Uﬂ (x) _ eiaAﬂ(x) s o X eiaAﬂ(x) o X ()

. X(x + ) - x(x)
A4,(x) = A4,(x)+ .

=A4,(x)+9,x+0(a)




. SU(N)

iad, (x)
)T eiaAM (x)

(1+iad (x)+..) = w(x +1aA4 (X) + X)+ +
..)
) )T(l i . CU()C /:l)
lLl oo)(a)( )
A ad ,a(x)
..)

e
— w(x

A
((X) = @
(x)'
)" 4, (x)w(x) - ia(x)’
X) o w
L O(X)
+0(a)



Quark Propagators

« Quark Propagators = Inverse of the Fermion
matrix A

« Gauss elimination ?

— N”3 Operations (N:rank of the matrix /\)
—/\ is Sparse, but we cannot use this advantage.

* In many cases, it is enough if we can solve

—

AT = b b is a unit vector



Conjugate Gradient (CG) Method

Af — 5 A:symetric, positive definite
(f’ Af) > ( for Vx

If not, we rewriteitas ' 4 4 ¥ — tAl;

We minimize | f(x)

I

The solution is obtained at the bottom, .
where / X

Vf(E) =AZ—b=0




CG Method
pO =70 = §— A0

DO A = b — Az
NON (pt"), 7)) Residue
C(pD, ApD) PP,

independent

FitD = 70 4 R0 7 72 7 ..
Independaen

A1) — A9) () A5
r = T . P

(i) __ (F(Z+1)a Aﬁ%)) Maximal iteration to
g = (p(D), Apli)) converge is N

i i) —¢i) (Matrix) x (Vector)
ﬁ(+1) :F(Jrl) ‘|‘6( )ﬁ() atrix) x (Vector

and the inner product
of vectors




Grassman Variables

YW+ @ =0y, [a; = [dy, =0,

vy .+ . =0, o

1//,1//] 2/]]1/}1 fl/fidl/f,- = fz/jidz/ji =1

z/jil/jj +wj1/ji =0 | -
Berezin(1966)

szpsze-W = det A4,
[DFDY @y )e”™ =(4") det4,

[DyDy @y ipyp)e”™ = {(A‘l )ﬁ(A‘l ) -(4” )jk(A‘l)h}detA

Matthews-Salam




EXxercise
_ z1/71 All A12)
For ?/JA?/J= B Y, Y
(%)(Aﬂ A,, )
showthat  ((dipdypdif,dyp,e™” " = det 4

e’ =14 (I,EIAHI,UI +1/71A122/12 ‘”pzAzﬂ//z +1/72A22¢2)
1 _ _ _ _
+— @A+ T A Doy +PrAfy) +

Only these terms
contribute



Meson Propagators

 Example 1
w(x) = u(x)ysd(x) =1, (xX)(¥s) 54 5(X)

. ) i _
E/DUDUJDUJDdDale_SG_“Af“_dAdW(iE)W(y)Jr

U, (X)(Y5)osd 5 (X)(—Jﬁ'(y)()/ﬁav /,wuz'(Y))
l /DUe_SG det A det A(D)

7
xG L (33,)(15) g G (5, 0)(V5) g

4
Tr (G (5.2)7,G" (x,9)15)



1
=~ / DUe 5% det A™ det A4

xTr (G (7,x)7,G" (x,)5)




i () u(x) + d (x)d(x)
J2
_ U (X)ug (x) + d g (x)d (x)
| J2
— (DUD#DuDd Dde ™% ™" 5\ or( 1)
) g@a()
e (Dus(x) +d2 (x)ds(x) o iy (Vug(») +dg(»)dg(»)
J2 J2
= (G4 (x,x)G%(1,¥) - G2 (x, )G (1, x))
+G D% (x, )G (v, ) +

« Example 2  o(x) =




1
— /DUe_SG det A det A(D

Tr(G(”)(x,x))Tr(G(”)(y,y)) - Tr(G(”)(x,y)G(”)(y,x))

+Tr(G(d)(x,x)]Tr(G(“)(y,y)) + Tr(G(”)(x,x))Tr(G(d)(y,y))

+Tr(G(d)(x,x)] Tr(G(d)(y,y)) — Tr(G(d)(x,y)G(d)(y,x))

Set G =G

2Tr(G(x x))Tr(G(y y))—ZTr(G(x,y)G(y,x))
+2Tr G(x x) Tr G(y y))

CodD- O—C

y
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Thankyou ! i



