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MOTIVATION

•  In standard GUT models such as SU(5), SO(10), and     , only 
   appropriate chiral IRs available are 
           
   so a flavor symmetry must be introduced to distinguish families     
   in the direct product group    
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E6

•  Family and flavor unification requires a higher rank simple group.
   Some earlier studies made were based on SO(18), SU(11), SU(8),
   and SU(9), but these were not totally satisfactory.

•  Here I describe an SU(12) model with interesting features that   
was constructed with the help of a Mathematica computer package
called LieART written by Robert Feger and Tom Kephart.   This 
allows one to compute tensor products,  branching rules, etc., and 
perform detailed searches for satisfactory models:  arXiv: 1206.6362 

Gfamily ×Gflavor

SU(5) : 10,5; SO(10) : 16; E6 : 27



SU(12) UNIFICATION MODEL

• SU(12) has 12 totally antisymmtric IRs: 

      allowing 3 SU(5) families to be assigned to different IRs.

• Choose an anomaly-free set of SU(12) IRs which contains 3 chiral SU(5) 
families and pairs of fermions which become massive at SU(5) scale:

given the SU(12)       SU(5) branching rules:

→ 3(10 + 5̄ + 1) + 238(5 + 5̄) + 211(10 + 10) + 484(1)

→

12,66,220,495,792,924,792,495,220,66,12,1

495 → 35(5) + 21(10) + 7(10) + 5 + 35(1)
792 → 7(5) + 21(10) + 35(10) + 35(5) + 22(1)
220 → 10 + 7(10) + 21(5) + 35(1)
66 → 10 + 7(5) + 21(1)
12 → 5 + 7(1)
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6(495) + 4(792) + 4(220) + (66) + 4(12)



PARTICLE  ASSIGNMENTS

1st Family: (10)4951 ⊃ uL,uc
L,dL, ec

L
(5)661 ⊃ dc

L, eL, ν1L

(1)7921 ⊃ Nc
1L

2nd Family: (10)7922 ⊃ cL, cc
L, sL, µc

L
(5)7922 ⊃ scL, µL, ν2L

(1)2202 ⊃ Nc
2L

3rd Family: (10)2203 ⊃ tL, tcL,bL, τc
L

(5)7923 ⊃ bc
L, τL, ν3L

(1)123 ⊃ Nc
3L

• Among SU(12) anomaly-free set,                ,
are unassigned, become massive at SU(5) scale and decouple.

5(495)′s 2(220)′s,3(12)′s

• Introduce massive fermion pairs                     ,                      at SU(12) scale.220× 220 792× 292

(1)66H, (1)66H, (1)220H, (1)220H•                                                                conjugate Higgs pairs acquire SU(5) 
singlet VEVs at SU(5) scale, where  ε ≡MSU(5)/MSU(12) ∼ 1/50

(5)924H, (5)924H•                                affect EW symmetry breaking at EW scale.
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6(495) + 4(792) + 4(220)
+ (66) + 4(12)

SU(12) Anomaly-free Set:



EFFECTIVE  THEORY  APPROACH

• Start with SU(12) SUSY model which can be broken down via a
143 adjoint Higgs

and finally to SU(5) via a set of antisymmetric chiral superfield IRs
appropriately chosen to preserve SUSY.

SU(12)→ SU(5)× SU(7)×U(1)

• Unbroken SUSY at the SU(5) scale allows us to deal only with tree 
diagrams, for loop corrections are much suppressed.

• Examples:   33 contributions to  Up and Down Quark Mass Matrices

4

A second somewhat more appealing and economical, but
less generic, approach is to use a set of scalars coming di-
rectly from the antisymmetric chiral superfield irreps to
break SU(12) directly to SU(5) and then use a single ad-
joint to break SU(5) to SU(3)C⊗SU(2)L⊗U(1)Y. This can
be accomplished if the set of antisymmetric chiral super-
field VEVs has vanishing total Dynkin weight [17, 18]. At
least some of these VEVs would be expected to be in the
same SU(12) irreps as the quark and lepton families, but
this would not necessarily be so at the SU(5) level. Seques-
tering the families from the VEVs at the SU(5) level would
avoid some technical difficulties, but the new VEVs would
still leave the model in danger of disrupted masses and
mixings. This approach would necessarily require a full
analysis for each model in the scan. For the rest of this
work we follow the first more generic approach to avoid
these complications.

B. Fermion Assignments, Higgs and Massive
Fermions

A successful assignment of the three SU(5) chiral families
and singlet right-handed massive neutrinos to the SU(12)
irreps follows:

First Family (10)4951 → uL, uc
L, dL, ecL

(5)661 → dcL, eL, ν1,L
(1)7921 →N c

1,L

Second Family (10)7922 → cL, ccL, sL, µc
L

(5)7922 → scL, µL, ν2,L
(1)2202 →N c

2,L

Third Family (10)2203 → tL, tcL, bL, τ
c
L

(5)7923 → bcL, τL, ν3,L
(1)123 →N c

3,L

(6)

with five unassigned 495’s, two unassigned 220’s and three
unassigned 12 irreps, as required by anomaly cancellation,
regarded as massive fields decoupled below the SU(5) GUT
scale as in (5).

The model uses two conjugated Higgs representations
containing the electroweak VEV, 5 and 5 at the SU(5)
level, which contain the SM Higgs doublet and its con-
jugate when SU(5) is broken via an adjoint Higgs. Two
additional conjugate Higgs pairs containing SU(5) singlet
VEVs and two massive fermion pairs are needed for the
higher dimensional Yukawa couplings. As explained above
and discussed in detail in Sec. IV A, a 143H of SU(12) and a
24H of SU(5) are needed for the symmetry breaking, where
the latter may be embedded in the 143H. Four more ad-
joints for complete SU(7) breaking are not displayed here.
To summarize, our scalar and massive fermion content is:

Higgs bosons Massive fermions
(5)924H, (5)924H, 220×220,
(1)66H, (1)66H, 792×792
(1)220H, (1)220H,
(24)143H

(7)

C. Yukawa Interactions

By construction, the only renormalizable, dimension
four Yukawa interaction is the top-quark mass term de-
noted as U33. At the SU(5) level the top-quark mass term
is 1031035H,arising from 22032203924H at the SU(12)
level, both containing singlets under their gauge groups,
with the corresponding Feynman diagram

U33:

(10)2203 (10)2203

(5)924H

(8)

which displays both the SU(5), in parentheses, followed
by the SU(12) multiplets. After spontaneous symmetry
breaking including the electroweak symmetry, the top-
quark mass term becomes: hu

33v t
T
L t

c
L.

All other mass terms in the full theory involve at
least one mass insertion of a heavy-fermion pair and one
Higgs with an SU(5) VEV. The corresponding tree-level
diagrams are constructed by placing the fermion multi-
plets at both ends and assembling one Higgs containing
the electroweak VEV and, depending on the dimension,
one or more Higgs with an SU(5) singlet VEV and one
or more massive fermions in (massive-)fermion-massive-
fermion-Higgs vertices that individually form SU(12) as
well as SU(5) singlets. The whole mass term thus contains
an SU(12) and SU(5) singlet automatically. As an instruc-
tive example we give the bottom-quark mass term diagram
(D33), which will be of dimension 5 after integrating out
the massive fermions:

D33:

(10)2203 (5)7923(5)220 (5)220

(5)924H (1)66H

(9)

We list all leading order diagrams for the quark and
charged lepton matrix elements in Table I using a short-
hand notation for the Feynman diagrams, which abbrevi-
ates (9) to

(10)2203.(5)924H.(5)220×(5)220.(1)66H.(5)7923.
(10)

After integrating out massive fermions the bottom-quark
mass term becomes

(10)2203(5)924H(1)66H(5)7923, (11)

and after spontaneous symmetry breaking including the
electroweak one: hd

33εv b
T
L b

c
L. Note that only one diagram

for each matrix element appears at leading order, which is
not self-evident in our model setup.
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(10)2203.(5)924H.(10)2203

• Every SU(5) Higgs singlet insertion introduces one power of epsilon.
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∼ hu
33v uT

3Luc
3L ∼ hd

33εv dT
3Ldc

3L v = 174GeV



5

Up-Type Quark Mass-Term Diagrams
Dim 4: U33: (10)2203.(5)924H.(10)2203
Dim 5: U23: (10)7922.(1)66H.(10)220×(10)220.(5)924H.(10)2203

U32: (10)2203.(5)924H.(10)220×(10)220.(1)66H.(10)7922
Dim 6: U13: (10)4951.(1)220H.(10)792×(10)792.(1)66H.(10)220×(10)220.(5)924H.(10)2203

U31: (10)2203.(5)924H.(10)220×(10)220.(1)66H.(10)792×(10)792.(1)220H.(10)4951
U22: (10)7922.(1)66H.(10)220×(10)220.(5)924H.(10)220×(10)220.(1)66H.(10)7922

Dim 7: U12: (10)4951.(1)220H.(10)792×(10)792.(1)66H.(10)220×(10)220.(5)924H.(10)220×(10)220.(1)66H.(10)7922
U21: (10)7922.(1)66H.(10)220×(10)220.(5)924H.(10)220×(10)220.(1)66H.(10)792×(10)792.(1)220H.(10)4951

Dim 8: U11: (10)4951.(1)220H.(10)792×(10)792.(1)66H.(10)220×(10)220.(5)924H.(10)220×(10)220
.(1)66H.(10)792×(10)792.(1)220H.(10)4951

Down-Type Quark Mass-Term Diagrams
Dim 5: D32: (10)2203.(5)924H.(5)220×(5)220.(1)66H.(5)7922

D33: (10)2203.(5)924H.(5)220×(5)220.(1)66H.(5)7923
Dim 6: D31: (10)2203.(5)924H.(5)220×(5)220.(1)66H.(5)792×(5)792.(1)220H.(5)661

D22: (10)7922.(1)66H.(10)220×(10)220.(5)924H.(5)220×(5)220.(1)66H.(5)7922
D23: (10)7922.(1)66H.(10)220×(10)220.(5)924H.(5)220×(5)220.(1)66H.(5)7923

Dim 7: D12: (10)4951.(1)220H.(10)792×(10)792.(1)66H.(10)220×(10)220.(5)924H.(5)220×(5)220.(1)66H.(5)7922
D21: (10)7922.(1)66H.(10)220×(10)220.(5)924H.(5)220×(5)220.(1)66H.(5)792×(5)792.(1)220H.(5)661
D13: (10)4951.(1)220H.(10)792×(10)792.(1)66H.(10)220×(10)220.(5)924H.(5)220×(5)220.(1)66H.(5)7923

Dim 8: D11: (10)4951.(1)220H.(10)792×(10)792.(1)66H.(10)220×(10)220.(5)924H.(5)220×(5)220
.(1)66H.(5)792×(5)792.(1)220H.(5)661

Table I. Leading order up- and down-type quark diagrams for each matrix element abbreviated as discussed in Sec. IVC.

We have defined the mass contributions in Table I with
the left-handed fields to the left and the left-handed con-
jugate fields to the right. As can be seen from Eq. (6) the
left- and right-handed components of the charged leptons
are flipped assignments compared to the down-type quark
components, due to the breaking of the underlying SU(5)
to the SM gauge group. The corresponding diagrams for
the charged leptons are then just the transpose of those
listed for the down quarks, since no 143H contributions
appear in the diagrams.

1. Quark Masses and Mixings

Each mass term in Table I is accompanied by a coupling
constant, which is assumed to be of order one at the SU(12)
unification scale, as naturalness predicts. In Sec. IV D we
will perform a fit to data for masses and mixings, where
these coupling constants constitute the fit parameters. The
coupling constants, also called “prefactors”, are denoted by
hu
ij and hd

ij for the up- and down-type quark mass terms,
h!
ij for the charged-lepton mass terms and hmn

ij and hdn
ij

for the Majorana- and Dirac-neutrino mass terms, with
i, j = 1, 2, 3.

The number of Higgs bosons with SU(5) singlet VEVs
for each mass term tells us the exponent of the parameter ε
occurring after SU(5) symmetry breaking to the SM gauge
group. We can thus derive the up-type, down-type and
charged-lepton mass matrices with the coefficients of the

effective mass operators involving the prefactors hu
ij , hd

ij

and h!
ij , respectively.

As explained above, due to the SU(5) breaking to the SM
gauge group, the charged-lepton mass matrix will be the
transpose of the down-type quark mass matrix, which also
holds true for its prefactors, h!

ij = hd
ji. This is true to the

extent that no adjoint Higgs bosons with VEVs pointing
in the B−L direction are present which would modify this
transpose structure [20]. As such, the Yukawa coupling
matrices are then given by

MU =




hu
11ε

4 hu
12ε

3 hu
13ε

2

hu
12ε

3 hu
22ε

2 hu
23ε

hu
13ε

2 hu
23ε hu

33



v ,

MD =




hd
11ε

4 hd
12ε

3 hd
13ε

3

hd
21ε

3 hd
22ε

2 hd
23ε

2

hd
31ε

2 hd
32ε hd

33ε



v ,

ML =




h!
11ε

4 h!
12ε

3 h!
13ε

2

h!
21ε

3 h!
22ε

2 h!
23ε

h!
31ε

3 h!
32ε

2 h!
33ε



v = MT
D .

(12)

It is clear from the above that the up-quark matrix is
symmetric, while the down-quark and charged-lepton mass
matrices are doubly lopsided: the terms with hd

23 and h!
32

are suppressed by one extra power of ε compared with the
hd
32 and h!

23 terms, respectively. For MD, for example,
this implies that a larger right-handed rotation than left-
handed rotation is needed to bring the down quark matrix
into diagonal form, while the opposite is true for ML [3,
20, 21].

6

Dirac-Neutrino Mass-Term Diagrams
Dim 4: DN23: (5)7922.(5)924H.(1)123

DN33: (5)7923.(5)924H.(1)123
Dim 5: DN13: (5)661.(1)220H.(5)792×(5)792.(5)924H.(1)123

DN22: (5)7922.(1)66H.(5)220×(5)220.(5)924H.(1)2202
DN32: (5)7923.(1)66H.(5)220×(5)220.(5)924H.(1)2202

Dim 6: DN12: (5)661.(1)220H.(5)792×(5)792.(1)66H.(5)220×(5)220.(5)924H.(1)2202
DN21: (5)7922.(1)66H.(5)220×(5)220.(5)924H.(1)220×(1)220.(1)66H.(1)7921
DN31: (5)7923.(1)66H.(5)220×(5)220.(5)924H.(1)220×(1)220.(1)66H.(1)7921

Dim 7: DN11: (5)661.(1)220H.(5)792×(5)792.(1)66H.(5)220×(5)220.(5)924H.(1)220×(1)220.(1)66H.(1)7921

Majorana-Neutrino Mass-Term Diagrams
Dim 4: MN11: (1)7921.(1)66H.(1)7921

MN33: (1)123.(1)66H.(1)123
Dim 5: MN12: (1)7921.(1)66H.(1)792×(1)792.(1)66H.(1)2202

MN21: (1)2202.(1)66H.(1)792×(1)792.(1)66H.(1)7921
Dim 6: MN13: (1)7921.(1)66H.(1)792×(1)792.(1)66H.(1)220×(1)220.(1)66H.(1)123

MN31: (1)123.(1)66H.(1)220×(1)220.(1)66H.(1)792×(1)792.(1)66H.(1)7921
MN22: (1)2202.(1)66H.(1)792×(1)792.(1)66H.(1)792×(1)792.(1)66H.(1)2202

Dim 7: MN23: (1)2202.(1)66H.(1)792×(1)792.(1)66H.(1)792×(1)792.(1)66H.(1)220×(1)220.(1)66H.(1)123
MN32: (1)123.(1)66H.(1)220×(1)220.(1)66H.(1)792×(1)792.(1)66H.(1)792×(1)792.(1)66H.(1)2202

Table II. Leading order Dirac- and Majorana-neutrino diagrams for each matrix element abbreviated as discussed in Sec. IV C.

2. Neutrino Masses and Mixings

The assignment of heavy right-handed neutrinos to
SU(12) multiplets containing an SU(5) singlet allows us to
explore light-neutrino masses and mixings via the seesaw
mechanism. To this end we have computed the resulting
Dirac- and the Majorana-neutrino mass terms, which are of
the form (hdn

ij ε
nv)ν̄iLN c

jL and (hmn
ij εnΛR)N cT

iLN
c
jL, respec-

tively. The Majorana-neutrino mass terms are constructed
from only SU(12) Higgs irreps containing SU(5) singlet
VEVs. At the SU(5) level, a dimension four Majorana-
neutrino mass term has the form 1i1j1H, while a higher
dimensional mass term involves more SU(5) singlet Higgs.
Thus the right-handed scale ΛR coincides with the SU(5)
singlet VEV 〈1〉SU(5). The Dirac-neutrino mass term cou-
ples the left-handed neutrino in the 5 at the SU(5) level
with the left-handed conjugate neutrino in the SU(5) sin-
glet (see (6)). A four-dimensional Dirac-neutrino mass
term thus has the form 5i1j5H, while a higher dimensional
Dirac mass term involves one or more SU(5) Higgs sin-
glets. The Dirac- and Majorana-neutrino mass diagrams
arising from the given fermion assignments and set of Higgs

bosons and massive fermions are listed in Table II. As for
the quark and charged lepton mass matrices, only one di-
agram for each matrix element appears at leading order.

The corresponding mass matrices are:

MDN =




hdn
11ε

3 hdn
12ε

2 hdn
13ε

hdn
21ε

2 hdn
22ε hdn

23

hdn
31ε

2 hdn
32ε hdn

33



v ,

MMN =




hmn
11 hmn

12 ε hmn
13 ε2

hmn
12 ε hmn

22 ε2 hmn
23 ε3

hmn
13 ε2 hmn

23 ε3 hmn
33



ΛR.

(13)

Observe that not only are MD and ML doubly lopsided,
but MDN is as well. The symmetric light-neutrino mass
matrix is obtained via the Type I Seesaw mechanism:

Mν = −MDNM
−1
MNM

T
DN. (14)

In accordance with the construction of the up- and down-
type quark mass matrices, we use only the leading term
in ε for each matrix element of the light-neutrino mass
matrix, yielding

Mν ≈ v2

ΛR
×





ε2

(
hdn
12

2
hmn
11

hmn
12

2−hmn
11 hmn

22

−hdn
13

2

hmn
33

)
ε

(
hdn
12h

dn
22h

mn
11

hmn
12

2−hmn
11 hmn

22

−hdn
13h

dn
23

hmn
33

)
ε

(
hdn
12h

dn
32h

mn
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hmn
12

2−hmn
11 hmn

22

−hdn
13h

dn
33

hmn
33

)

ε

(
hdn
12h

dn
22h

mn
11

hmn
12

2−hmn
11 hmn

22

−hdn
13h

dn
23

hmn
33

)
hdn
22

2
hmn
11

hmn
12

2−hmn
11 hmn

22

−hdn
23

2

hmn
33

hdn
22h

dn
32h

mn
11

hmn
12

2−hmn
11 hmn

22

−hdn
23h

dn
33

hmn
33

ε

(
hdn
12h

dn
32h

mn
11

hmn
12

2−hmn
11 hmn

22

−hdn
13h

dn
33

hmn
33

)
hdn
22h

dn
32h

mn
11

hmn
12

2−hmn
11 hmn

22

−hdn
23h

dn
33

hmn
33

hdn
32

2
hmn
11

hmn
12

2−hmn
11 hmn

22

−hdn
33

2

hmn
33





(15)

One leading-order diagram
for each matrix element



MASS MATRICES:  LEADING ORDER TERMS

• Dropping the prefactors:

•                            are symmetric,                           doubly lopsided.
 Note that        has a mild hierarchy. 
MU,MMN,Mν MD,ML,MDN

Mν
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ML ∼MT
D, Mν = −MDNM−1MT

DN ∼




ε2 ε ε
ε 1 1
ε 1 1



v2/ΛR

MDN ∼




ε3 ε2 ε
ε2 ε 1
ε2 ε 1



v, MMN ∼




1 ε ε2

ε ε2 ε3

ε2 ε3 1



ΛR

MU ∼




ε4 ε3 ε2

ε3 ε2 ε
ε2 ε 1



v, MD ∼




ε4 ε3 ε3

ε3 ε2 ε2

ε2 ε ε



v



PHENOMENOLOGICAL FIT 

• 25 leading independent prefactors +        are used to fit 30 data 
parameters with fixed                                      

ΛR

ε = (1/6.5)2 = 0.0237

• Best fit obtained with Normal Hierarchy and

ΛR = MSU(5) = 7.4× 1014 GeV
⇒MSU(12) = ΛR/ε = 3.1× 1016 GeV,

m1 = 0, M1 = 1.67× 1012 GeV,

M2 = 6.85× 1013 GeV,

M3 = 5.30× 1014 GeV

ICHEP2012        C. H.  Albright      An Explicit SU(12) Family and Flavor Unification Model          8



8

Up-type masses Down-Type masses CKM Matrix
mu =2.2MeV
mc =600MeV
mt =166GeV

md =3.8MeV
ms =75MeV
mb =2.78GeV




0.974 0.225 0.003
−0.225 0.973 0.041
0.009 −0.040 0.999





Ch. Lepton masses Neutrino Mass Diff. PMNS Matrix Mixing Angles Phase
me =0.501MeV
mµ =104MeV
mτ =1.75GeV

|∆21|=7.6×10−5 eV2

|∆31|=2.4×10−3 eV2

|∆32|=2.4×10−3 eV2




0.824 0.547 −0.145
−0.500 0.582 −0.641
−0.267 0.601 0.754




sin2 θ12 =0.306
sin2 θ23 =0.420
sin2 θ13 =0.021

δ = π

Table III. Phenomenological data entering the fit with masses at the top-quark scale.

Up-type masses Down-Type masses CKM Matrix
mu =2.1MeV
mc =600MeV
mt =166GeV

md =2.7MeV
ms =90.7MeV
mb =2.32GeV




0.974 0.227 0.003
−0.227 0.973 0.042
0.007 −0.042 0.999





Ch. Lepton masses Neutrino Mass Diff. PMNS Matrix Mixing Angles Phase
me =2.7MeV
mµ =90.7MeV
mτ =2.32GeV

|∆21|=7.5×10−5 eV2

|∆31|=2.5×10−3 eV2

|∆32|=2.4×10−3 eV2




0.824 0.548 −0.145
−0.500 0.582 −0.641
−0.267 0.601 0.754




sin2 θ12 =0.306
sin2 θ23 =0.420
sin2 θ13 =0.021

δ = π

Heavy Neutrinos Light Neutrinos
M1 =1.67×1012 GeV
M2 =6.85×1013 GeV
M3 =5.30×1014 GeV

m1 =0.0meV
m2 =8.65meV
m3 =49.7meV

Table IV. Theoretical mass and mixing results obtained from the fitting procedure.

The quark and charged-lepton masses and light-neutrino
mass differences, as well as the CKM and PMNS matrix
elements we use as data in the fit are listed in Table III.
The fit uses 6 quark masses, 3 charged-lepton masses, 3
light-neutrino mass squared differences, and 9 CKM and
9 PMNS matrix elements as observations, for a total of
ndata = 30.

The fit parameters are the prefactors of the four mass
matrices and the right-handed scale ΛR, i.e. nparams =
nprefactors + 1. Since the up-type mass matrix as well as
the Majorana-neutrino mass matrix are symmetric, they
involve only 6 independent fit parameters each, while
the down-type mass matrix and the Dirac-neutrino mass
matrix each contribute 9 parameters. As explained in
Sec. IVC 2, only the leading order in ε of the light-neutrino
mass matrix is used in the fit, which does not involve 3
prefactors of the Dirac-neutrino and 2 of the Majorana-
neutrino mass matrix; thus 5 neutrino related prefactors
remain undetermined, yielding a total of nprefactors = 25
prefactors used in the fit.

It is clear that the ratio of the SU(5) singlet VEV to
the SU(12) unification scale used as the basic parameter,
ε=〈1〉SU(5)/MSU(12)∼1/50, in our model should be deter-
mined by the fit as well. However, we observe a bad con-
vergence of the fit, when we allow it to vary. Thus, we
were forced to fix its value and found ε=1/6.52=0.0237
to be an appropriate value in accord with [24]. The
resulting number of degrees of freedom is then ndof =
ndata−nprefactors−1 = 4.

2. Fit Results

The mass matrices with the results for the prefactors
inserted are listed below:

MU =




−1.1ε4 7.1ε3 5.6ε2

7.1ε3 −6.2ε2 −0.10ε
5.6ε2 −0.10ε −0.95



v,

MD =




−6.3ε4 8.0ε3 −1.9ε3

−4.5ε3 0.38ε2 −1.3ε2

0.88ε2 −0.23ε −0.51ε



v,

MDN =




hdn
11ε

3 0.21ε2 −2.7ε
hdn
21ε

2 −0.28ε −0.15
hdn
31ε

2 2.1ε 0.086



v,

MMN =




−0.72 −1.5ε hmn

13 ε2

−1.5ε 0.95ε2 hmn
23 ε3

hmn
13 ε2 hmn

23 ε3 0.093



ΛR,

Mν =




−81.ε2 −4.3ε 2.4ε
−4.3ε −0.25 0.28
2.4ε 0.28 −1.1



 v2

ΛR
,

(19)

with the right-handed scale determined to be
ΛR=7.4×1014 GeV and ∆32 fit with m3 ∼ 50 meV.
As explained in Sec. IV C 2, ΛR coincides with the
SU(5) singlet VEV, 〈1〉SU(5), which allows us to deter-
mine the SU(12) unification scale from the fit to be
MSU(12)=ΛR/ε=3.1×1016 GeV.

The corresponding theoretical predictions for the masses
and mixings are listed in Table IV. The predictions are
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Up-type masses Down-Type masses CKM Matrix
mu =2.2MeV
mc =600MeV
mt =166GeV
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ms =75MeV
mb =2.78GeV


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0.974 0.225 0.003
−0.225 0.973 0.041
0.009 −0.040 0.999





Ch. Lepton masses Neutrino Mass Diff. PMNS Matrix Mixing Angles Phase
me =0.501MeV
mµ =104MeV
mτ =1.75GeV

|∆21|=7.6×10−5 eV2

|∆31|=2.4×10−3 eV2

|∆32|=2.4×10−3 eV2




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−0.500 0.582 −0.641
−0.267 0.601 0.754
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sin2 θ12 =0.306
sin2 θ23 =0.420
sin2 θ13 =0.021

δ = π

Table III. Phenomenological data entering the fit with masses at the top-quark scale.

Up-type masses Down-Type masses CKM Matrix
mu =2.1MeV
mc =600MeV
mt =166GeV

md =2.7MeV
ms =90.7MeV
mb =2.32GeV




0.974 0.227 0.003
−0.227 0.973 0.042
0.007 −0.042 0.999





Ch. Lepton masses Neutrino Mass Diff. PMNS Matrix Mixing Angles Phase
me =2.7MeV
mµ =90.7MeV
mτ =2.32GeV

|∆21|=7.5×10−5 eV2

|∆31|=2.5×10−3 eV2

|∆32|=2.4×10−3 eV2




0.824 0.548 −0.145
−0.500 0.582 −0.641
−0.267 0.601 0.754




sin2 θ12 =0.306
sin2 θ23 =0.420
sin2 θ13 =0.021

δ = π

Heavy Neutrinos Light Neutrinos
M1 =1.67×1012 GeV
M2 =6.85×1013 GeV
M3 =5.30×1014 GeV

m1 =0.0meV
m2 =8.65meV
m3 =49.7meV

Table IV. Theoretical mass and mixing results obtained from the fitting procedure.

The quark and charged-lepton masses and light-neutrino
mass differences, as well as the CKM and PMNS matrix
elements we use as data in the fit are listed in Table III.
The fit uses 6 quark masses, 3 charged-lepton masses, 3
light-neutrino mass squared differences, and 9 CKM and
9 PMNS matrix elements as observations, for a total of
ndata = 30.

The fit parameters are the prefactors of the four mass
matrices and the right-handed scale ΛR, i.e. nparams =
nprefactors + 1. Since the up-type mass matrix as well as
the Majorana-neutrino mass matrix are symmetric, they
involve only 6 independent fit parameters each, while
the down-type mass matrix and the Dirac-neutrino mass
matrix each contribute 9 parameters. As explained in
Sec. IVC 2, only the leading order in ε of the light-neutrino
mass matrix is used in the fit, which does not involve 3
prefactors of the Dirac-neutrino and 2 of the Majorana-
neutrino mass matrix; thus 5 neutrino related prefactors
remain undetermined, yielding a total of nprefactors = 25
prefactors used in the fit.

It is clear that the ratio of the SU(5) singlet VEV to
the SU(12) unification scale used as the basic parameter,
ε=〈1〉SU(5)/MSU(12)∼1/50, in our model should be deter-
mined by the fit as well. However, we observe a bad con-
vergence of the fit, when we allow it to vary. Thus, we
were forced to fix its value and found ε=1/6.52=0.0237
to be an appropriate value in accord with [24]. The
resulting number of degrees of freedom is then ndof =
ndata−nprefactors−1 = 4.

2. Fit Results

The mass matrices with the results for the prefactors
inserted are listed below:

MU =




−1.1ε4 7.1ε3 5.6ε2

7.1ε3 −6.2ε2 −0.10ε
5.6ε2 −0.10ε −0.95



v,

MD =




−6.3ε4 8.0ε3 −1.9ε3

−4.5ε3 0.38ε2 −1.3ε2

0.88ε2 −0.23ε −0.51ε



v,

MDN =




hdn
11ε

3 0.21ε2 −2.7ε
hdn
21ε

2 −0.28ε −0.15
hdn
31ε

2 2.1ε 0.086



v,

MMN =




−0.72 −1.5ε hmn

13 ε2

−1.5ε 0.95ε2 hmn
23 ε3

hmn
13 ε2 hmn

23 ε3 0.093



ΛR,

Mν =




−81.ε2 −4.3ε 2.4ε
−4.3ε −0.25 0.28
2.4ε 0.28 −1.1



 v2

ΛR
,

(19)

with the right-handed scale determined to be
ΛR=7.4×1014 GeV and ∆32 fit with m3 ∼ 50 meV.
As explained in Sec. IV C 2, ΛR coincides with the
SU(5) singlet VEV, 〈1〉SU(5), which allows us to deter-
mine the SU(12) unification scale from the fit to be
MSU(12)=ΛR/ε=3.1×1016 GeV.

The corresponding theoretical predictions for the masses
and mixings are listed in Table IV. The predictions are
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Table III. Phenomenological data entering the fit with masses at the top-quark scale.

Up-type masses Down-Type masses CKM Matrix
mu =2.1MeV
mc =600MeV
mt =166GeV

md =2.7MeV
ms =90.7MeV
mb =2.32GeV




0.974 0.227 0.003
−0.227 0.973 0.042
0.007 −0.042 0.999





Ch. Lepton masses Neutrino Mass Diff. PMNS Matrix Mixing Angles Phase
me =2.7MeV
mµ =90.7MeV
mτ =2.32GeV

|∆21|=7.5×10−5 eV2

|∆31|=2.5×10−3 eV2

|∆32|=2.4×10−3 eV2




0.824 0.548 −0.145
−0.500 0.582 −0.641
−0.267 0.601 0.754




sin2 θ12 =0.306
sin2 θ23 =0.420
sin2 θ13 =0.021

δ = π

Heavy Neutrinos Light Neutrinos
M1 =1.67×1012 GeV
M2 =6.85×1013 GeV
M3 =5.30×1014 GeV

m1 =0.0meV
m2 =8.65meV
m3 =49.7meV

Table IV. Theoretical mass and mixing results obtained from the fitting procedure.

The quark and charged-lepton masses and light-neutrino
mass differences, as well as the CKM and PMNS matrix
elements we use as data in the fit are listed in Table III.
The fit uses 6 quark masses, 3 charged-lepton masses, 3
light-neutrino mass squared differences, and 9 CKM and
9 PMNS matrix elements as observations, for a total of
ndata = 30.

The fit parameters are the prefactors of the four mass
matrices and the right-handed scale ΛR, i.e. nparams =
nprefactors + 1. Since the up-type mass matrix as well as
the Majorana-neutrino mass matrix are symmetric, they
involve only 6 independent fit parameters each, while
the down-type mass matrix and the Dirac-neutrino mass
matrix each contribute 9 parameters. As explained in
Sec. IVC 2, only the leading order in ε of the light-neutrino
mass matrix is used in the fit, which does not involve 3
prefactors of the Dirac-neutrino and 2 of the Majorana-
neutrino mass matrix; thus 5 neutrino related prefactors
remain undetermined, yielding a total of nprefactors = 25
prefactors used in the fit.

It is clear that the ratio of the SU(5) singlet VEV to
the SU(12) unification scale used as the basic parameter,
ε=〈1〉SU(5)/MSU(12)∼1/50, in our model should be deter-
mined by the fit as well. However, we observe a bad con-
vergence of the fit, when we allow it to vary. Thus, we
were forced to fix its value and found ε=1/6.52=0.0237
to be an appropriate value in accord with [24]. The
resulting number of degrees of freedom is then ndof =
ndata−nprefactors−1 = 4.

2. Fit Results

The mass matrices with the results for the prefactors
inserted are listed below:

MU =




−1.1ε4 7.1ε3 5.6ε2

7.1ε3 −6.2ε2 −0.10ε
5.6ε2 −0.10ε −0.95



v,

MD =




−6.3ε4 8.0ε3 −1.9ε3

−4.5ε3 0.38ε2 −1.3ε2

0.88ε2 −0.23ε −0.51ε



v,

MDN =




hdn
11ε

3 0.21ε2 −2.7ε
hdn
21ε

2 −0.28ε −0.15
hdn
31ε

2 2.1ε 0.086



v,

MMN =




−0.72 −1.5ε hmn

13 ε2

−1.5ε 0.95ε2 hmn
23 ε3

hmn
13 ε2 hmn

23 ε3 0.093



ΛR,

Mν =




−81.ε2 −4.3ε 2.4ε
−4.3ε −0.25 0.28
2.4ε 0.28 −1.1



 v2
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,

(19)

with the right-handed scale determined to be
ΛR=7.4×1014 GeV and ∆32 fit with m3 ∼ 50 meV.
As explained in Sec. IV C 2, ΛR coincides with the
SU(5) singlet VEV, 〈1〉SU(5), which allows us to deter-
mine the SU(12) unification scale from the fit to be
MSU(12)=ΛR/ε=3.1×1016 GeV.

The corresponding theoretical predictions for the masses
and mixings are listed in Table IV. The predictions are
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Up-type masses Down-Type masses CKM Matrix
mu =2.1MeV
mc =600MeV
mt =166GeV

md =2.7MeV
ms =90.7MeV
mb =2.32GeV




0.974 0.227 0.003
−0.227 0.973 0.042
0.007 −0.042 0.999




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me =2.7MeV
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|∆32|=2.4×10−3 eV2




0.824 0.548 −0.145
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


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Heavy Neutrinos Light Neutrinos
M1 =1.67×1012 GeV
M2 =6.85×1013 GeV
M3 =5.30×1014 GeV

m1 =0.0meV
m2 =8.65meV
m3 =49.7meV

Table IV. Theoretical mass and mixing results obtained from the fitting procedure.

The quark and charged-lepton masses and light-neutrino
mass differences, as well as the CKM and PMNS matrix
elements we use as data in the fit are listed in Table III.
The fit uses 6 quark masses, 3 charged-lepton masses, 3
light-neutrino mass squared differences, and 9 CKM and
9 PMNS matrix elements as observations, for a total of
ndata = 30.

The fit parameters are the prefactors of the four mass
matrices and the right-handed scale ΛR, i.e. nparams =
nprefactors + 1. Since the up-type mass matrix as well as
the Majorana-neutrino mass matrix are symmetric, they
involve only 6 independent fit parameters each, while
the down-type mass matrix and the Dirac-neutrino mass
matrix each contribute 9 parameters. As explained in
Sec. IVC 2, only the leading order in ε of the light-neutrino
mass matrix is used in the fit, which does not involve 3
prefactors of the Dirac-neutrino and 2 of the Majorana-
neutrino mass matrix; thus 5 neutrino related prefactors
remain undetermined, yielding a total of nprefactors = 25
prefactors used in the fit.

It is clear that the ratio of the SU(5) singlet VEV to
the SU(12) unification scale used as the basic parameter,
ε=〈1〉SU(5)/MSU(12)∼1/50, in our model should be deter-
mined by the fit as well. However, we observe a bad con-
vergence of the fit, when we allow it to vary. Thus, we
were forced to fix its value and found ε=1/6.52=0.0237
to be an appropriate value in accord with [24]. The
resulting number of degrees of freedom is then ndof =
ndata−nprefactors−1 = 4.

2. Fit Results

The mass matrices with the results for the prefactors
inserted are listed below:

MU =




−1.1ε4 7.1ε3 5.6ε2

7.1ε3 −6.2ε2 −0.10ε
5.6ε2 −0.10ε −0.95



v,

MD =




−6.3ε4 8.0ε3 −1.9ε3

−4.5ε3 0.38ε2 −1.3ε2

0.88ε2 −0.23ε −0.51ε



v,

MDN =




hdn
11ε

3 0.21ε2 −2.7ε
hdn
21ε

2 −0.28ε −0.15
hdn
31ε

2 2.1ε 0.086



v,

MMN =




−0.72 −1.5ε hmn

13 ε2

−1.5ε 0.95ε2 hmn
23 ε3

hmn
13 ε2 hmn

23 ε3 0.093



ΛR,

Mν =




−81.ε2 −4.3ε 2.4ε
−4.3ε −0.25 0.28
2.4ε 0.28 −1.1



 v2

ΛR
,

(19)

with the right-handed scale determined to be
ΛR=7.4×1014 GeV and ∆32 fit with m3 ∼ 50 meV.
As explained in Sec. IV C 2, ΛR coincides with the
SU(5) singlet VEV, 〈1〉SU(5), which allows us to deter-
mine the SU(12) unification scale from the fit to be
MSU(12)=ΛR/ε=3.1×1016 GeV.

The corresponding theoretical predictions for the masses
and mixings are listed in Table IV. The predictions are
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Up-type masses Down-Type masses CKM Matrix
mu =2.2MeV
mc =600MeV
mt =166GeV

md =3.8MeV
ms =75MeV
mb =2.78GeV




0.974 0.225 0.003
−0.225 0.973 0.041
0.009 −0.040 0.999





Ch. Lepton masses Neutrino Mass Diff. PMNS Matrix Mixing Angles Phase
me =0.501MeV
mµ =104MeV
mτ =1.75GeV

|∆21|=7.6×10−5 eV2

|∆31|=2.4×10−3 eV2

|∆32|=2.4×10−3 eV2




0.824 0.547 −0.145
−0.500 0.582 −0.641
−0.267 0.601 0.754




sin2 θ12 =0.306
sin2 θ23 =0.420
sin2 θ13 =0.021

δ = π

Table III. Phenomenological data entering the fit with masses at the top-quark scale.

Up-type masses Down-Type masses CKM Matrix
mu =2.1MeV
mc =600MeV
mt =166GeV

md =2.7MeV
ms =90.7MeV
mb =2.32GeV




0.974 0.227 0.003
−0.227 0.973 0.042
0.007 −0.042 0.999





Ch. Lepton masses Neutrino Mass Diff. PMNS Matrix Mixing Angles Phase
me =2.7MeV
mµ =90.7MeV
mτ =2.32GeV

|∆21|=7.5×10−5 eV2

|∆31|=2.5×10−3 eV2

|∆32|=2.4×10−3 eV2




0.824 0.548 −0.145
−0.500 0.582 −0.641
−0.267 0.601 0.754




sin2 θ12 =0.306
sin2 θ23 =0.420
sin2 θ13 =0.021

δ = π

Heavy Neutrinos Light Neutrinos
M1 =1.67×1012 GeV
M2 =6.85×1013 GeV
M3 =5.30×1014 GeV

m1 =0.0meV
m2 =8.65meV
m3 =49.7meV

Table IV. Theoretical mass and mixing results obtained from the fitting procedure.

The quark and charged-lepton masses and light-neutrino
mass differences, as well as the CKM and PMNS matrix
elements we use as data in the fit are listed in Table III.
The fit uses 6 quark masses, 3 charged-lepton masses, 3
light-neutrino mass squared differences, and 9 CKM and
9 PMNS matrix elements as observations, for a total of
ndata = 30.

The fit parameters are the prefactors of the four mass
matrices and the right-handed scale ΛR, i.e. nparams =
nprefactors + 1. Since the up-type mass matrix as well as
the Majorana-neutrino mass matrix are symmetric, they
involve only 6 independent fit parameters each, while
the down-type mass matrix and the Dirac-neutrino mass
matrix each contribute 9 parameters. As explained in
Sec. IVC 2, only the leading order in ε of the light-neutrino
mass matrix is used in the fit, which does not involve 3
prefactors of the Dirac-neutrino and 2 of the Majorana-
neutrino mass matrix; thus 5 neutrino related prefactors
remain undetermined, yielding a total of nprefactors = 25
prefactors used in the fit.

It is clear that the ratio of the SU(5) singlet VEV to
the SU(12) unification scale used as the basic parameter,
ε=〈1〉SU(5)/MSU(12)∼1/50, in our model should be deter-
mined by the fit as well. However, we observe a bad con-
vergence of the fit, when we allow it to vary. Thus, we
were forced to fix its value and found ε=1/6.52=0.0237
to be an appropriate value in accord with [24]. The
resulting number of degrees of freedom is then ndof =
ndata−nprefactors−1 = 4.

2. Fit Results

The mass matrices with the results for the prefactors
inserted are listed below:

MU =




−1.1ε4 7.1ε3 5.6ε2

7.1ε3 −6.2ε2 −0.10ε
5.6ε2 −0.10ε −0.95



v,

MD =




−6.3ε4 8.0ε3 −1.9ε3

−4.5ε3 0.38ε2 −1.3ε2

0.88ε2 −0.23ε −0.51ε



v,

MDN =




hdn
11ε

3 0.21ε2 −2.7ε
hdn
21ε

2 −0.28ε −0.15
hdn
31ε

2 2.1ε 0.086



v,

MMN =




−0.72 −1.5ε hmn

13 ε2

−1.5ε 0.95ε2 hmn
23 ε3

hmn
13 ε2 hmn

23 ε3 0.093



ΛR,

Mν =




−81.ε2 −4.3ε 2.4ε
−4.3ε −0.25 0.28
2.4ε 0.28 −1.1



 v2

ΛR
,

(19)

with the right-handed scale determined to be
ΛR=7.4×1014 GeV and ∆32 fit with m3 ∼ 50 meV.
As explained in Sec. IV C 2, ΛR coincides with the
SU(5) singlet VEV, 〈1〉SU(5), which allows us to deter-
mine the SU(12) unification scale from the fit to be
MSU(12)=ΛR/ε=3.1×1016 GeV.

The corresponding theoretical predictions for the masses
and mixings are listed in Table IV. The predictions are

MATRICES GIVING BEST FIT

• All prefactors except one are within                      of unity. 
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SUMMARY

• Unified SU(12) SUSY GUT model obtained by brute force computer 
scan over all SU(12) anomaly-free sets of IRs containing 3 SU(5) 
chiral families under the assumption that SU(12)      SU(5)      SM,→ →
looping over all SU(12) fermion and Higgs assignments that give
good fits to the input data.

• For this purpose an effective theory approach was used to determine 
leading order tree-level diagrams for dim-(4+n) matrix elements in 
powers of      where epsilon is the ratio of the SU(5) to SU(12) scale.
Best fit obtained by requiring all prefactors be         , but large 
number of them implies few predictions.

εn

O(1)

• This model is just one of many possibilities (including other smaller
SU(N) groups), but its features were among most attractive found.
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• Model serves as an existence proof for unification of family and flavor.


