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• Hadron Spectroscopy

• Stangeness in the Nucleon and Dark Matter searches

• Flavour Physics

• Other topics

• Summary & Outlook

[see review talk by C.Taratino, parallel talks 
by F. Bernardoni, T. Kurth, A. Shindler]



The Lattice

• Discretise space-time with lattice spacing a 
volume L3xT

• Quark fields reside on sites

• Gauge fields on the links

• Approximate the QCD path integral by Monte 
Carlo methods

• Use a big computer

Ken Wilson (1974)
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• Extrapolations:

• Continuum 

• Unavoidable

• Improved actions (errors O(a2))

• Finer lattice spacings
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Systematics of a Lattice Calculation
• Extrapolations:

• Continuum 

• Unavoidable

• Improved actions (errors O(a2))

• Finer lattice spacings

• Finite volume

• Large volumes so effects are exponentially suppressed

• Chiral

• Chiral perturbation theory

• Simulate at physical quark masses

a ! 0

L ! "

m⇡ ! 140MeV
GOR =! m2

⇡ " mq



Speed of a Lattice Calculation
Costs of Dynamical Fermions

Studies of algorithms for (improved)

Wilson fermions suggest
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The Power of Computers

• Progress in Lattice QCD aligned with the dramatic increase in supercomputing 
power

• From Top 500 list (http://www.top500.org)

• June 2002: Earth Simulator,  36 TFlops

• June 2012: Sequoia (BG/Q), 16 PFlops

• Lattice code performance on BG/Q:

• 3.07 Petaflop/s sustained on half of Sequoia

• 32% of peak for highly optimised routines (BAGEL - Peter Boyle, Edinburgh)

Time for something a little bigger!

http://www.top500.org
http://www.top500.org


The Lattice Landscape

Hadron spectrum Christian Hoelbling
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Figure 1: The landscape of recent dynamical fermion simulations projected to theL vs. M
p

plane.
Unless otherwise noted, all ensembles areNf = 2 + 1. The borders of the shaded regions are placed
where the expected relative error of the pion mass is 1%, 0.3% resp. 0.1% according to [61]. Data
points are taken from the following references: ETMCÕ09(2) [74], ETMCÕ10(2+1+1) [6], MILCÕ10 [18],
QCDSFÕ10(2) [75], QCDSF-UKQCDÕ10 [15], WMBÕ10 [11, 12], PACS-CSÕ09 [23, 76], RBC-UKQCDÕ10
[7, 77], JLQCD/TWQCDÕ09 [78], HSCÕ10 [70] and BGRÕ10(2) [71]. All ensembles are fromNf = 2+ 1
simulations except explicitly noted otherwise. For staggered ensembles, the Goldstone pion mass is plotted.

Fixing the global topological charge in QCD is a restriction that becomes irrelevant in the
inÞnite volume limit. For this reason Þxing the topological charge in lattice QCD calculations may
be viewed as introducing an additional third type of Þnite volume corrections [72, 73].

2. Ensemble overview

In order to assess currently available lattice ensembles with respect to the three main sources
of systematic error discussed in the previous section, it is instructive to look at their position in
a landscape with respect to the four quantities: light and strange quark masses (physical point),
lattice spacing (continuum) and volume. Because light and strange quark masses are scheme and

scale dependent quantities, it is easier to use the quantitiesM
p

and
q

2M2
K �M

p

instead that are
proportional to the square root of the sum of light quark masses resp. the strange quark mass to
leading order.

In Þgs.2-3 three projections of this landscape are plotted. The Þrst one, Þg.2, displays the

position of current ensembles in the
q

2M2
K �M

p

vs. M
p

plane. As one can see, the physical point
has already been reached. In Þg.1 the landscape is projected to theL vs. M

p

plane. One observes
that the bulk of current day lattice ensembles lies in a region where the pion mass is expected to be

6

• Leading sources of error:

• Unphysically large quark masses

• Finite Volume

[Hoebling (Lattice 2010) 1102.0410]
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• Finite Volume
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Many flavours of 
Lattice fermions to 

suit all tastes

All agree in the 
continuum limit - 
important cross 

checks



Flavour Lattice Averaging Group (FLAG)
• Motivation:

• Digging into the Lattice literature not easy, even for “Latticists”

• Compilation of results with “best” values ready for use

• FLAG + Lattice Averages                        FLAG2
• First review [1011.4408]

• http://itpwiki.unibe.ch/flag/index.php

• Quantities covered in first review:

• Light quark masses

• LECs

• Vus , Vud

• BK

• Second review extended to cover   

•  

• fB, BB 

[Released early next year]

•  ! S B ! H`⌫

http://itpwiki.unibe.ch/flag/index.php
http://itpwiki.unibe.ch/flag/index.php


Quark Masses
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Figure 1: Mass of the strange quark (MS scheme, running scale 2 GeV). The upper part shows
the lattice results listed in Tables 1 and 2. Full and empty symbols correspond to simulations
with Nf = 2 + 1 and Nf = 2, respectively. Diamonds represent results based on perturbative
renormalization, while squares indicate that, in the relation between the lattice-regularized
and renormalized MS masses, non-perturbative effects are accounted for. The vertical bands
indicate our estimates (9) and (10). The lower part shows recent determinations obtained
from the evaluation of sum rules, together with the earliest result based on this method, as
well as the most recent estimate of the Particle Data Group.

sharp determination of mud and ms. These data are perfectly consistent with the averages
quoted above.

The heavy sea quarks affect the determination of the light quark masses only through
contributions of order 1/m2

c , which moreover are suppressed by the Zweig-rule. We expect
these contributions to be small, but do not know of a reliable quantitative evaluation. The
problem originates in the fact that the relation between the parameters of QCD3 and those of
full QCD can currently be analyzed only in the framework of perturbation theory. The β- and
γ-functions, which control the renormalization of the coupling constants and quark masses,
respectively, are known to four loops [69–72]. The precision achieved in this framework for
the decoupling of the t- and b-quarks is excellent, but the c-quark is not heavy enough: at the
percent level, the corrections of order 1/m2

c cannot be neglected and the decoupling formulae of
perturbation theory do not provide a reliable evaluation, because the scale mc(mc) ! 1.27 GeV
is too low for these formulae to be taken at face value. Consequently, the accuracy to which
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Figure 2: Mean mass of the two lightest quarks,mud = 1
2 (mu + md). The meaning of the

various symbols is explained in the caption of Fig.1.

it is possible to identify the running masses of the light quarks of full QCD in terms of those
occurring in QCD3 is limited. For this reason, it is preferable to characterize the massesmu,
md, ms in terms of QCD4, where the connection with full QCD is under good control. The
role of the c-quarks in the determination of the light quark masses will soon be studied in
detail Ð some simulations with 2+1+1 dynamical quarks have already been carried out [73].

A crude upper bound on the size of the effects due to the neglected heavy quarks can
be established within the Nf = 2 + 1 simulations themselves, without invoking perturbati on
theory. In [6] it is found that when the scale is set by MΞ, the result for MΛ agrees well
with experiment within the 2.3% accuracy of the calculation. Because of the very strong
correlations between the statistical and systematic errors of these two masses, we expect the
uncertainty in the di fferenceMΞ −MΛ to also be of order 2%. To leading order in the chiral
expansion, this mass difference is proportional toms −mud. We conclude that the agreement
of Nf = 2 + 1 calculations with experiment yields an upper bound on the sensitivity of ms to
heavy sea quarks of order 2%.

In order to stay on the conservative side in this rapidly developing Þeld, our Þnal estimates
for mud and ms come with sizable uncertainties:

Nf = 2 + 1 : mud = 3 .43(11) MeV , ms = 94(3) MeV . (10)

As discussed in section2.2, these numbers are not obtained from a mathematical prescription,

12

Flavour Lattice Averaging Group 
(FLAG) [1011.4408]

http://itpwiki.unibe.ch/flag/index.php

mu = 2.19(15) MeV

md = 4.67(20) MeV

ms = 94(3) MeV

ms/m ud = 27.4(4)

http://itpwiki.unibe.ch/flag/index.php
http://itpwiki.unibe.ch/flag/index.php


Spectroscopy



QCD Hadron Spectrum

Excellent agreement between different collaborations/lattice formulations

Plot from A. Kronfeld [1203.1204]
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The Excited Hadron Spectrum

• Includes high spin and light exotic states

• Most states identically flavour mixed strange-light mixing

4
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exotics

isoscalar

isovector

YM glueball

negative parity positive parity

FIG. 4: Isoscalar meson spectrum labeled by JP C . The box height indicates the one sigma statistical uncertainty above and
below the central value. The light-strange content of each state (cos2 α, sin2 α) is given by the fraction of (black, green) and
the mixing angle for identified pairs is also shown. Horizontal square braces with ellipses indicate that additional states were
extracted in this JP C but were not robust. Grey boxes indicate the positions of isovector meson states extracted on the same
lattice (taken from [9]). The mass scale is set using the procedure outlined in [9, 12]. Pink boxes indicate the position of
glueballs in the quark-less Yang-Mills theory [6].
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Spectroscopy

• Light hadron spectrum is in good shape

• Significant advancement in the determination of excited states

• Now confronted with new challenges:

• Isospin breaking

• QED effects

• Resonances

[see also ll talk by K. Juge]

(See plenary talk by D. Mohler at Lattice 2012)

(See plenary talk by T. Izubuchi at Lattice 2012)



• To date, all Lattice simulations have been performed with degenerate up and 
down quark masses

• Progress by several collaborations in determining the                     effect on 
some observables

•                                                                             QCDSF (1206.3156):

•                                                                            Rome 123 (1110.6294):  

Isospin Breaking (md � mu)

Nf = 2, Nf = 2 + 1, Nf = 2 + 1 + 1

(md ! mu )

M n ! M p

Mn �Mp = 3.13(55)

M⌃! �M⌃+ = 8.10(136)

M⌅! �M⌅0 = 4.98(85)

md �mu(M̄S, 2GeV ) = 2.35(25)

FK+/F! +

FK/F!
� 1 = �0.0039(4)

Mn �Mp = 2.8(7)



QED Effects

• Many Lattice QCD results are achieving high precision

• QED effects may not be negligible and should be included

• Although in some cases, QED can be treated perturbatively, this is not 
always the case

• Currently two main methods employed:

• Quenched QED

• Dynamical QED via reweighting 

(See plenary talk by T. Izubuchi at Lattice 2012)

�f! , �fK ⇠ 1%, �(f! /fK ) ⇠ 0.5%

QCD+QED Lattice simulation



QED Effects
(See plenary talk by T. Izubuchi at Lattice 2012)

• E.g. Quark masses from QCD+QED simulation    [PRD82, 094508  (2010)]

•  and for n-p:

• Combine with previous QCD result

 c.f. experiment: 1.2933321(4) MeV

Quark mass from QCD+QED simulation

[PRD82 (2010) 094508 [47pages]]

mu = 2.24 ± 0.10 ± 0.34 MeV

md = 4.65 ± 0.15 ± 0.32 MeV

ms = 97.6 ± 2.9 ± 5.5 MeV

md ! mu = 2.411 ± 0.065 ± 0.476 MeV

mud = 3.44 ± 0.12 ± 0.22 MeV

mu/md = 0.4818 ± 0.0096 ± 0.0860

ms/mud = 28.31 ± 0.29 ± 1.77,

• MS at 2 GeV using NPR/SMOM scheme.

• Particular to QCD+QED, finite volume error is large: 14% and 2% for m u and m d.

• This would be due to photon’s non-confining feature (vs gluon).

• Volume, a2, chiral extrapolation errors are being removed.

• Applications for Hadronic contribution to (g � 2) µ in progress.

Taku Izubuchi, Lattice 2012, Cairns, June 25, 2012 15

(Mn �Mp)QED = �0.54(24)

(M n � M p) = 2 .14(42) MeV



Strangeness Content of the Nucleon
& Dark Matter Searches



Strangeness and Dark Matter

• Strong evidence that Dark Matter is made up of weakly-interacting massive 
particles:”WIMPs”

• Direct experimental searches depend on WIMP-nucleon cross sections

• Significant uncertainty coming from nucleon “sigma” terms

�q = mqhN |øqq|Ni
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DAMA/I

DAMA/Na

CoGeNT

CDMS (2010)

CDMS (2011)

EDELWEISS (2011)

XENON10 (S2 only, 2011)

XENON100 (2010)

XENON100 (2011)
observed limit (90% CL)

Expected limit of this run: 

 expected! 2 ±
 expected! 1 ±

Buchmueller et al.

Trotta et al.

[XENON100, PRL(2011)]

(See plenary talk by R.Young at Lattice 2012)



Strangeness and Dark Matter

•                          can be obtained from         scattering

•      then determined from          and an estimate for the non-singlet

•                   poorly determined

• Even with perfect

•                   Lattice QCD 

• Two options:

• Determine                     directly

• Feynman-Hellmann 

⌃⇡N = �u+ d ! N

! s ! ! N

! 0 ⌘ mlhN |ūu+ d̄d� 2s̄s|Ni

! ! N ! �s =
ms

2ml
! �0 ⇠ 90 MeV

hN |øqq|Ni

! q = mq
" M N

" mq 0.0 0.2 0.4 0.6 0.8 1.0 1.2
m2
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Dramatically improves cross section estimates

Strangeness and Dark Matter
(Plenary talk by R.Young at Lattice 2012)
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Flavour Physics

[see talk by Cecilia Taratino, Monday 17:10 for detailed review]



Flavour Physics
• The most sensitive test of CKM Unitarity is provided by the relation

• Error dominated by uncertainty in  

• Required Lattice input:

• FLAG [1011.4408]:

|Vud |2 + |Vus |2 + |Vub|2 = 1 ! !
! = |Vus |

K ! !"# K ! µ!
f + (q2 = 0) f K /f ⇡
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! Estimates obtained from an analysis of the lattice data within the Standard Model, see section 4.5.

Figure 1: Comparison of lattice results (red squares) forf +(0) and f K /f ! with various model
estimates based on! PT (blue triangles). Full and empty squares represent simulations with
Nf = 2 + 1 and Nf = 2, respectively. The vertical bands indicate our estimates."

lattice data yield f +(0) = 1, irrespective of the lattice spacing or the size of thebox and for
any value of ms. Cut-o! e! ects can therefore only a! ect the di! erence 1! f +(0), which turns
out to be about 0.04. Indeed, the estimate provided by RBC/UKQCD 10 for the uncertainties
due to discretization e! ects shows that these are sub-dominant: inßating the corresponding
error by a factor of up to 2 barely a! ects the net systematic uncertainty.

In the result quoted for Nf = 2, the brackets indicate the statistical and systematic errors,
respectively. The ETM collaboration provides a more comprehensive study of the systematics
by presenting results for three lattice spacings [64] and simulating at lighter pion masses (down
to M ! = 260 MeV). This allows to better constrain the chiral extrap olation, using both SU(3)
[35] and SU(2) [37] chiral perturbation theory. Moreover, a rough estimate for the size of the
e! ects due to quenching the strange quark is given, based on the comparison of the result for
Nf = 2 dynamical quark ßavours [52] with the one in the quenched approximation, obtained
earlier by the SPQcdR collaboration [65].

The quality criteria laid out in section 2 require a systematic study of lattice artifacts.
As indicated by the colour code in Table 1, the errors due to the continuum extrapolation
yet need to be investigated in more detail for the data with Nf = 2 + 1, while for Nf = 2,
where the quoted uncertainties are larger, these errors areunder somewhat better control.
The value

f +(0) = 0 .956(8) (our estimate, direct) (7)

covers both results in equation (6). In our opinion, it represents a conservative estimate for
the range permitted by the presently available direct determinations of f +(0) in lattice QCD,
not only for Nf = 2, but also for Nf = 2 + 1.

For f K /f ! , Table 2 contains several simulations withNf = 2+1 dynamical quark ßavours.
The latest update of the MILC program is reported in MILC 10 [ 39]. We use the results
quoted there when forming averages. Three further data setsmeet the criteria formulated in
the introduction: BMW 10 [ 41] and HPQCD/UKQCD 07 [ 49] with Nf = 2 + 1 and ETM

5



• Combining lattice results with experimental decay rates, FLAG [1011.4408] finds

0.96 0.97 0.98 0.99 1 1.01
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0.220

0.225

0.230

Vus

lattice result for f+(0), Nf = 2+1

lattice result for fK/f
π
, Nf = 2+1

lattice result for f+(0), Nf = 2 

lattice results for Nf = 2+1 combined

lattice result for fK/f
π
, Nf = 2

lattice results for Nf = 2 combined

unitarity
nuclear β decay

Figure 2: The plot compares the information for |Vud|, |Vus| obtained on the lattice with
the experimental result extracted from nuclear ! transitions. The dotted arc indicates the
correlation between |Vud| and |Vus| that follows if the three-ßavour CKM-matrix is unitary.

09 [52] with Nf = 2 dynamical ßavours. We ignore possible correlations due tothe fact that
MILC 10 and HPQCD/UKQCD 07 have partly used the same set of gauge conÞgurations and
apply the procedure outlined in section2.2 to the three sets with Nf = 2+1. The resulting Þt
is of good quality, with fK /fπ = 1 .193(4) and" 2 = 0 .4 for 3 data points and 1 free parameter.
The systematic errors of the individual data sets are larger: 0.005, 0.007 and 0.006 for MILC
10, HPQCD/UKQCD 07 and BMW 10, respectively. Following the p rescription of section
2.2, we replace the error by the smallest one of these numbers. Together with the ETM 09
result for Nf = 2, our estimates thus read

fK /fπ = 1 .193(5), (direct , Nf = 2 + 1) , (8)

fK /fπ = 1 .210(6)(17), (direct , Nf = 2) .

It is instructive to convert the above results for f+ (0) and fK /fπ into a corresponding
range for the CKM matrix elements Vud and Vus, using the relations (1). Consider Þrst the
results for Nf = 2+1. The range for f+ (0) in ( 6) is mapped into the interval Vus = 0 .2255(14),
depicted as a horizontal gray band in Figure2, while the one for fK /fπ in (8) is converted
into Vus/Vud = 0 .2312(11), shown as a green band. The red curve is the intersection of these
two bands. More precisely, it represents the 68% likelihoodcontour, obtained by treating
the above two results as independent measurements. A Gaussian in f+ (0) corresponds to a
Gaussian in the variable 1/Vus. Since the width is small, the distribution in the variable Vus is
also approximately Gaussian. The corresponding likelihood function is given by " 2

a = ( Vus −
0.2255)2/0.00142. Likewise, a Gaussian infK /fπ is mapped into an approximately Gaussian
distribution of the variable Vus/Vud, with " 2

b = ( Vus/Vud − 0.2312)2/0.00112. Expressed
in terms of the CKM matrix elements, the Nf = 2 + 1 results for f+ (0) and fK /fπ are
thus characterized by the likelihood function " 2 = " 2

a + " 2
b. The minimum occurs at the

intersection of the centers of the two bands, where" 2 vanishes. The contour shown is the line
where" 2 differs from the minimum by unity. Values of Vus, Vud in the region enclosed by this

6
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• The Unitarity Triangle uses the unitarity constraint

• Required Lattice input: 

Flavour Physics
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CP Violation

• Matter-Antimatter asymmetry                   CP Violation

• First seen in                    decays 

• Direct & Indirect CP violation quantified by         and 

•         is related to                         mixing 

• where

•        has been studied extensively on the Lattice

• Direct determination of                   decays on the Lattice a challenge 

K ! ⇡⇡
[thanks to tremendous experimental 

effort  (NA31, E731,NA48,KTeV)]
! K! !

K

! K K0 � øK0

Edinburgh 2012/12

Neutral kaon mixing beyond the standard model with nf = 2 + 1 chiral fermions

P. A. Boyle,1 N. Garron,1 and R. J. Hudspith1

(The RBC and UKQCD Collaborations)
1SUPA, School of Physics, The University of Edinburgh, Edinburgh EH9 3JZ, UK

(Dated: June 25th 2012)

We compute the hadronic matrix elements of the four-quark operators needed for the study
of K 0 ! øK 0 mixing beyond the Standard Model (SM). We use nf = 2 + 1 ßavours of domain-wall
fermions (DWF) which exhibit good chiral-ßavour symmetry. The renormalization is performed non-
perturbatively through the RI-MOM scheme and our results are converted perturbatively to MS.
The computation is performed on a single lattice spacing a " 0.086 fm with a lightest unitary pion
mass of 290 MeV. The various systematic errors, including the discretisation e! ects, are estimated
and discussed. Our results conÞrm a previous quenched study, where large ratios of non-SM to SM
matrix elements were obtained.

PACS numbers: 11.15.Ha, 11.30.Er 12.38.Gc

Introduction

Recent progress achieved by the lattice community
is greatly improving our theoretical understanding of
CP violation in kaon decays. The experimentally well-
measured parameters ! K and ! !

K , which quantify indirect
and direct CP violation in K ! "" can be confronted
with a theoretical computation of the K ! ("" )I=0 ,2

amplitudes and of neutral kaon mixing, providing the
non-perturbative e↵ects are correctly accounted for. The
direct computation of K ! "" decays present many dif-
ficulties (both technical and theoretical), and has been
a real challenge, in particular for the lattice community.
It is only recently that the first direct computation of
the K ! ("" )I=2 amplitude has been performed [1]. A
complete computation of the �I = 1/ 2 amplitude is still
missing, but important work is being performed in that
direction [2]. The situation is much more favourable for
neutral kaon oscillations: the bag parameter BK which
describes the long-distance contributions to neutral kaon
mixing in the SM, is now computed with a precision of a
few percent (see e.g. [3, 4] for recent determinations with
three dynamical flavours). By combining BK with the
experimental value of ! K , one obtains important con-
straints on the free parameters associated with quark
flavour mixing (see for example [5] for a recent peda-
gogical review). In principle, the same techniques can be
applied for beyond the Standard Model (BSM) theories
(see for example [6–15]), but not much is known concern-
ing the long-distance contributions of the non-standard
operators beyond the quenched approximation.

In this letter, we present the first realistic computation
of the matrix elements of neutral kaon mixing beyond
the standard model. Previous studies were either pre-
liminary [16, 17] or su↵ered from the quenched approx-
imation [18, 19]. Since a noticeable disagreement was
observed between [18] and [19] it is important to repeat
this computation in a more realistic framework.

d

s d

s

t t

W

W

FIG. 1: Example of a box diagram contributing to K 0 ! K 0

mixing in the SM.

Formalism

In the SM, neutral kaon mixing is dominated by box
diagrams as in figure 1. By performing an operator prod-
uct expansion, one can factorise the long-distance e↵ects

in the weak matrix element (WME) "K
0
|O! s=2

1 |K 0# of
the four-quark operator O! s=2

1 given by

O! s=2
1 = (s! #µ(1 $ #5)d! ) (s" #µ(1 $ #5)d" ) , (1)

(where $ and %are colour indices). Only one four-quark
operator appears in the SM because neutral kaon mix-
ing occurs under W-boson exchange, implying a “vector-
axial” Dirac structure. Since this four-quark operator is
invariant under Fierz re-arrangement, the two di↵erent
colour structures (mixed and unmixed) are equivalent.
We also seek to understand whether new physics be-

yond the standard model could play a detectable role
in kaon CP violation. Assuming that this new physics is
perturbative we might also describe this by contributions
to the e↵ective Hamiltonian, and other four quark oper-
ators are induced by such extensions of the SM. It is con-
ventional to introduce the so-called SUSY basis O! s=2

i=1 ...5:
in addition to the SM operator O! s=2

1 , we define [20] [39]

O! s=2
2 = (s! (1 $ #5)d! ) (s" (1 $ #5)d" ),

O! s=2
3 = (s! (1 $ #5)d" ) (s" (1 $ #5)d! ),

ar
X

iv
:1

20
6.

57
37

v1
  [

he
p-

la
t] 

 2
5 

Ju
n 

20
12

! øK0|O! S=2
LL (µ)|K0" =

8
3
F 2

K M2
K BK (µ)

! K ! known factors" VCKM " C(µ) " BK (µ)

BK

K ! ⇡⇡



Kaon Mixing

0.3

0.3

0.4

0.4

0.5

0.5

0.6

0.6

0.7

0.7

0.8

0.8

ETM 10A

JLQCD 08

RBC 04

UKQCD 04

SWME 10

SWME 11

RBC/UKQCD 10B

Aubin 09

RBC/UKQCD 09

RBC/UKQCD 07A, 08

HPQCD/UKQCD 06

our estimate for Nf=2+1

BK

N
f=

2
N

f=
2+

1

0.5

0.5

0.6

0.6

0.7

0.7

0.8

0.8

0.9

0.9

1

1

ETM 09D

JLQCD 08

RBC 04

UKQCD 04

SWME 10

SWME 11

Aubin 09

RBC/UKQCD 09

RBC/UKQCD 10B

RBC/UKQCD 07A, 08

HPQCD/UKQCD 06

our estimate for Nf=2+1

BK

〉

N
f=

2
N

f=
2+

1

Figure 1: Recent unquenched lattice results forBK (MS-scheme, scaleµ = 2 GeV) and for
the corresponding RGI parameter öBK . The gray band indicates our estimate.

for BK [21] arising from neglecting higher orders in perturbation theory amounts to 4.4%,
which accounts for about 95% of the entire systematic error reported by this collaboration.
The two other groups, RBC/UKQCD 07A, 08, 10B and Aubin 09, have both implemented
a non-perturbative renormalization procedure based on the RI/MOM scheme. Nonetheless,
Aubin 09 state that their biggest single systematic uncertainty of 3.2% in BK (or 85% of
the total systematic error) is still associated with the uncertainty in the renormalization
factor which links the B-parameter of the bare operator to that in the MS-scheme at 2 GeV.
RBC/UKQCD 10B [ 22] have investigated several different RI/MOM schemes, including so-
called non-exceptional momenta. The resulting spread of results in di fferent schemes is then
included in the uncertainty for the renormalization factor . As observed in [22], this error can
be signiÞcantly reduced if the conversion to theMS-scheme is performed at 3 GeV instead
of the conventional choice, µ = 2 GeV. For this reason, the RBC/UKQCD collaboration
prefers to quoteBMS

K (3 GeV), but also gives the value obtained at the conventional scale, for
comparison with other results. All of the numbers listed in the Þrst column of Table1 refer
to the conventional scale. In ref. [32] the RBC/UKQCD collaboration also investigated the
effects of residual chiral symmetry breaking induced by the Þnite extent of the 5th dimension
in the domain wall fermion formulation and found that the mix ing of Q∆S=2 with operators
of opposite chirality was negligibly small.

The rules of section2 stipulate that our averages only involve results which are free of red
tags and are published in a refereed journal. Papers which, at the time of writing, are still
unpublished but are obvious updates of earlier published results should also be taken into
account. In view of the above, we combine the results of Aubin09 and RBC/UKQCD 10B,
by applying the following procedure: in a Þrst step statistical and systematic errors are added
in quadrature, in order to have an overall error for the result of a particular collaboration.
In a second step the results from the two groups are combined in a weighted average. This
yields

Nf = 2 + 1 : BMS
K (2GeV) = 0 .536(17) öBK = 0 .738(20). (15)

Here we have used the RBC/UKQCD 10B result at the scale of 2 GeV, in spite of the bigger
uncertainty reported for the associated renormalization factor.
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• Summary of Lattice results for       from FLAG [1011.4408]BK

(MS, 2GeV)
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Direct CP Violation

•                amplitude enhanced relative to                  amplitude

• Wilson coefficients accounts for only a small fraction

• In SM, remainder must arise from the nonperturbative hadron matrix elements

• This is a notoriously difficult calculation on the Lattice 

• Euclidean space, finite volume

• After >20 years, first results appeared in 2011

•                   with physical kinematics    [PRL108, 141601 (RBC/UKQCD)]

•                   K, π both at rest (unphysical)    [1106.2714 (RBC/UKQCD)]

Lattice QCD

�I =
1
2

�I =
3
2

2012 Ken Wilson 
Award winner

K ! (⇡⇡)I =0,2
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2
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Determine �G��2(k)

�—
k = ��

k = �—2�S/L
k  ��

Cairns   June 26, 2012 (20)

[PRL108, 141601 (RBC/UKQCD)]
K ! (!! )I =2

m⇡ = 142.9(1.1) MeV

mK = 511.3(3.9) MeV

E!! = 492.6(5.5) MeV

Re(A2) = (1.436± 0.063stat ± 0.258sys) 10
! 8 GeV

Im( A2) = ( ! 6.29± 0.46stat ± 1.20sys) 10! 13 GeV

c.f. experiment: Re(A2) = 1 .479(4) 10�8 GeV

(See talk by N.Christ at Lattice 2012)

Future: Re(A0), Im(A0) ! 0/ !

combine with experimental Re(A0) and ✏0/ ✏

Re(! ! / ! )EWP = ! (6.52± 0.49stat ± 1.24sys)10" 4



Other Topics

• Many other areas of Lattice QCD with exciting new results, including:

• Finite Temperature and density

• Nuclear Physics   (He, H-dibaryon)

• Hadron Structure (Nucleon PDFs, decomposition of proton spin)

• Applications beyond QCD (Technicolour theories, Lattice SUSY,...)

• Muon g-2:

• Hadronic vacuum polarisation

• A recent flurry of activity

• Hadronic light-by-light

• Challenging but encouraging progress

(See plenary talk by T.Blum at Lattice 2012)

(Plenary talks by M.Lombardo & G.Aarts at Lattice 2012)

(See plenary talk by T.Doi at Lattice 2012)

(See plenary talk by H.W.Lin at Lattice 2012)

(See plenary talks by J.Giedt & M.Hanada at Lattice 2012)

http://www.physics.adelaide.edu.au/cssm/lattice2012/index.php

http://www.physics.adelaide.edu.au/cssm/lattice2012/index.php
http://www.physics.adelaide.edu.au/cssm/lattice2012/index.php


Summary & Outlook

• Many Lattice simulations now approaching (or even below) physical masses

• Precision determination of many quantities is now possible (spectrum, decay 
constants, B-parameters, ...)

• Implications for experiment and phenomenology. E.g. provide constraints on:

• CKM matrix

• Models Beyond the SM

• While low-lying mass spectrum is now under control, it is now important to 
extend calculations to excited states and light nuclei

• Ground-breaking result for                   shows that it is now possible to compute 
hadronic decay amplitudes on the Lattice 

K ! ⇡⇡


