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Electric and Magnetic Polarizabilities
Electric Polarizability 

Electric and Magnetic polarizability is a measure 
of deformability of a system.

Magnetic Polarizability
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Spin Polarizabilities (γE1E1, γM1M1, γM1E2, γE1M2): a measure of stiffness of the spin of 
the system.

For spin 1/2 target, there exist 4 independent spin polarizabilities:   
γE1E1, γM1M1, γM1E2, γE1M2

Spin polarizabilities do not have such simple classical interpretation as electric and magnetic 
polarizabilities.

Spin Polarizability

The presence of a time-varying electric(magnetic) fields in the plane of a rotating 
charge will lead to a charge(current) separation. The presence induced 
electric(magnetic) moments will produce the following effective Hamiltonian:

Hspin
eff = �1

2
4⇡�E1E1 ~� · ( ~E ⇥ ~̇E)� 1

2
4⇡�M1M1 ~� · ( ~B ⇥ ~̇B) + 4⇡�M1E2 �iBjEij � 4⇡�E1M2 �iEjBij

Tij =
1

2
(@jTj + @jTi)

~T = ~E, ~B
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Nucleon in the External EM field

•Nucleon has a core of three light quarks. 
•Replace quark anti-quark pairs by a pion cloud. 
•We can use Chiral Perturbation Theory (ChPbTh):
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Compton Scattering and Polarizability
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Figure 1: FeynArts output for Compton scattering at tree level in the CHM.

or rely on some degree of automatization with computer-based packages. In this work, we employ the Computa-
tional Hadronic Model (CHM) which allows calculations to be completed up to NLO with the octet of mesons
and baryons and the decuplet of resonances participating in the loop calculations. The renormalization is done
using the Modified Minimal Subtraction scheme. CHM extends the FeynArts (author?) [9] package, designed for
particles of the Standard Model only, into the hadronic sector, and can be used along with the FormCalc, LoopTools
(author?) [10] and Form (author?) [11] packages giving results first in analytical and then in numerical form. A
more detailed description of CHM can be found in (author?) [12].

III. COMPTON STRUCTURE FUNCTIONS

For a baryon without a structure, the Compton amplitude is derived from the Leading-Order (LO) perturbation
expansion and is represented by the tree-level graphs (see Fig. (1)) by:

MLO = �e2Z2

4⌃m
�⌅⌅ ⇥ ·�⌅⌅ . (10)

If we consider a baryon with structure, the spin-independent Compton scattering amplitude has the following form
[2]:

M(⇤N ⌅ ⇤⇥N) = MLO +MNLO = �e2Z2

4⌃m
�⌅⌅ ⇥ ·�⌅⌅ + �E⌥

⇥⌥�⌅⌅ ⇥ ·�⌅⌅ + ⇥M (�⌅⌅ ⇥ ⇤
�⌅
k ⇥)(�⌅⌅ ⇤

�⌅
k ) +O(⌥4). (11)

Here, (�⌅⌅ , ⌥,
�⌅
k ) are the polarization vector, frequency and momenta of the incoming photon, respectively. Primed

quantities denote the outgoing photon. The two structure constants �E and ⇥M are the electric and magnetic
polarizabilities of the baryon, correspondingly.

In order to satisfy the gauge invariance of the electromagnetic current (⌦µJµ = 0), this amplitude is not renor-
malized, and is expressed through the set of physical observables such as charge and mass. Recalling the well-known
LET, in the Thomson limit ({

�⌅
k ⇥,

�⌅
k } ⌅ 0), the Compton amplitude in Eq.(11) should take the form of MLO in

Eq.(10). Hence, when soft photons are considered, the Compton scattering is sensitive only to the charge of the
baryon and not to the internal structure. This means that the two structure constants, the electric and magnetic
polarizabilities, can be determined only through the NLO loop calculations. A generic set of one-loop diagrams
representing types of topologies allowed in Compton scattering is shown in Fig.(2).

The full set of graphs includes crossed diagrams and wave function renormalization graphs absorbed into coun-
terterms.

The polarizabilities in Eq.(11) are normally called static and defined in the limit of zero energy of the incoming
photon, {�E1, ⇥M1} = lim

⇥�0
{�E1(⌥), ⇥M1(⌥)}. However, the experiments providing their values were performed in

the kinematic region of 55 to 800 MeV photons (author?) [13, 14, 15]. Thus, to determine the static polarizabilities
by extrapolation to zero energy, one requires additional theoretical information about the energy dependence of the
baryon’s structure parameters. To construct the energy dependence for the baryon polarizabilities, we follow the
approach of (author?) [16] which o�ers an analysis of the dynamical polarizabilities in the energy domain up to
the one-pion production threshold. Taking into account that polarizabilities in Eq.(11) now depend on the photon
energy, we can rewrite the NLO Compton amplitude using the two energy-dependent structure functions A1(⌥, ⇧)
and A2(⌥, ⇧). For ⌥⇥ ⌅ ⌥ we have:

MNLO(⇤N ⌅ ⇤⇥N) = A1(⌥, ⇧)
�⌅⌅ ⇥ ·�⌅⌅ +A2(⌥, ⇧)(

�⌅⌅ ⇥ ·
�⌅
k )(�⌅⌅ ·

�⌅
k ⇥) +O(⌥4), (12)
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Figure 2: Representative diagrams for Next-to-the-Leading order Compton scattering in the CHM.

where ⌅ is the photon’s scattering angle in the center of mass reference frame. Multipole expansion for the spin-
independent structure functions implemented in (author?) [16] allows us to relate our computer-generated ampli-
tude in the CHM to the dynamical electric and magnetic polarizabilities of the baryon. If we consider only dipole
contributions in the multipole expansion of the structure functions, the two Compton structure functions of Eq.(12)
read:

A1(⌃, ⌅) =
4⇧W

m
(�E1(⌃) + cos(⌅) · ⇥M1(⌃)) · ⌃2 +O(⌃4), (13)

A2(⌃, ⌅) = �4⇧W

m
⇥M1(⌃) +O(⌃2).

Here W = ⌃ +
⇧
m2 + ⌃2 is the center of mass energy and m is the mass of the baryon.

The Compton amplitude generated in the CHM is represented using the basis of the Dirac spinor chains. Our
calculations are spin-independent, and the NLO amplitude takes the form of Eq.(12) after traces are taken. Simple
extraction of the coe⌫cients in front of �⇤⇤ � ·�⇤⇤ and (�⇤⇤ � ·

�⇤
k )(�⇤⇤ ·

�⇤
k �) points to the structure functions A1(⌃, ⌅) and

A2(⌃, ⌅) respectively.
Solving the system of Eq.[13] for �E1(⌃) and ⇥M1(⌃) using the zero momentum transfer approximation (⌅ ⇤ 0),

we obtain

�E1(⌃) =
m

4⇧W⌃2
·A1(⌃, 0)� ⇥M1(⌃), (14)

⇥M1(⌃) = � m

4⇧W
·A2(⌃, 0).

Although the CHM does produce analytic expressions for both structure functions, they are extremely lengthy
and cumbersome and therefore are excluded from this article. Our results are presented in the form of numerical
simulations of the dependencies of �E1(⌃), and ⇥M1(⌃) on photon energy in the next section.

Compton Scattering and Polarizability
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Dynamical versus Static Polarizabilities

• A composite object has energy-dependent polarizabilities. 

• It is well known that polarizabilities can become energy-dependent due to internal 
relaxation mechanisms, resonances, and particle  production  thresholds in a physical 
system. 

•The Compton scattering experiments were performed with 50 to 800 MeV photons and 
hence require an additional theoretical input to relate the results to zero-energy 
parameters. 

7
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Computational Hadronic Model (CHM) 
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Nucleon EM Dynamical Polarizability: (10-4 fm3)  

•All our results (red solid line) are relativistic SU(3) calculations of order of O(p4)
•Pole-type delta resonance contribution to nucleon polarizabilities is included
•Contribution to EM nucleon polarizabilities coming from the resonances in the loops borrowed from SSE framework

O(P 3) O(P 4) [192, 198] Mod. O(ε3) [14] Fixed-t [15, 88, 89] Fixed-θ=180◦ [15]

α(p)
E1+ β(p)

M1 13.8 15.4 ± 1.4∗ 13.8 ± 0.4† 13.2 ± 0.9 ± 0.7∗ N/A

α(p)
E1- β

(p)
M1 11.3 8.8 ± 1.6∗ 8.3 ± 1.9∗ 11.1 ± 1.1 ± 0.8∗ 10.9

α(p)
E1 12.5 12.1 ± 1.1 ± 0.5∗ 11.0 ± 1.4∗ 12.2 ± 0.7 ± 0.5∗ N/A

β(p)
M1 1.25 3.4 ± 1.1 ± 0.1∗ 2.8 ∓ 1.4∗ 1.1 ± 0.7 ± 0.5∗ N/A

γ(p)E1E1 -5.7 -1.3 -5.7 -3.85 ± 0.45 -3.8

γ(p)M1M1 -1.1 3.3 3.1 2.8 ± 0.1 2.9

γ(p)E1M2 1.1 0.2 1.0 -0.15 ± 0.15 0.5

γ(p)M1E2 1.1 1.7 1.0 2.0 ± 0.1 1.6

Table 4.2: Previous calculations of proton polarisabilities. † indicates that the Baldin sum rule was
used. ∗ indicates that the result was obtained by fitting to γp data. In the O(P 4) column, the second
errors are theory errors; the errors of the modified O(ε3) calculation are statistical only. In the fixed-
t DR column, the second errors are from floating normalisations (see Section 4.1) and the numbers
for spin polarisabilities are obtained by averaging the calculations of Refs. [88, 89] with uncertainties
reflecting the range. The DR calculations presented here predict all spin polarisabilities, in contrast to
the fit of Ref. [15] discussed in Sec. 4.1.
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Figure 4.7: (Colour online) Comparison of DR results [15] (green long-dashed line) and O(P 3), modified
O(ε3) and modified O(e2δ3) EFT results (red dotted, and black dashed and solid lines respectively) for
the real parts of the six dipole proton polarisabilities, as a function of cm energy. The O(e2δ3) EFT
results use the parameters αE1 = 10.7, βM1 = 3.1 and b1 = 3.66 as determined in the Baldin-constrained
fit of Section 4.4, whereas the O(ε3) result uses the same polarisabilities but a non-relativistic ∆(1232)
propagator and hence b1 = 5 as discussed in Section 4.2.8. The threshold for pion production and
the peak of the ∆(1232) Breit-Wigner cross section are marked by ωπ and ω∆ respectively. Note the
difference in scales and the inherent theoretical uncertainties of each approach.
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Nucleon EM Dynamical Polarizability: (10-4 fm3)  

•All our results (red solid line) are relativistic SU(3) calculations of order of O(p4)
•Pole-type delta resonance contribution to nucleon polarizabilities is included
•Contribution to EM nucleon polarizabilities coming from the resonances in the loops borrowed from SSE framework

O(P 3) O(P 4) [192, 198] Mod. O(ε3) [14] Fixed-t [15, 88, 89] Fixed-θ=180◦ [15]

α(p)
E1+ β(p)

M1 13.8 15.4 ± 1.4∗ 13.8 ± 0.4† 13.2 ± 0.9 ± 0.7∗ N/A

α(p)
E1- β

(p)
M1 11.3 8.8 ± 1.6∗ 8.3 ± 1.9∗ 11.1 ± 1.1 ± 0.8∗ 10.9

α(p)
E1 12.5 12.1 ± 1.1 ± 0.5∗ 11.0 ± 1.4∗ 12.2 ± 0.7 ± 0.5∗ N/A

β(p)
M1 1.25 3.4 ± 1.1 ± 0.1∗ 2.8 ∓ 1.4∗ 1.1 ± 0.7 ± 0.5∗ N/A

γ(p)E1E1 -5.7 -1.3 -5.7 -3.85 ± 0.45 -3.8

γ(p)M1M1 -1.1 3.3 3.1 2.8 ± 0.1 2.9

γ(p)E1M2 1.1 0.2 1.0 -0.15 ± 0.15 0.5

γ(p)M1E2 1.1 1.7 1.0 2.0 ± 0.1 1.6

Table 4.2: Previous calculations of proton polarisabilities. † indicates that the Baldin sum rule was
used. ∗ indicates that the result was obtained by fitting to γp data. In the O(P 4) column, the second
errors are theory errors; the errors of the modified O(ε3) calculation are statistical only. In the fixed-
t DR column, the second errors are from floating normalisations (see Section 4.1) and the numbers
for spin polarisabilities are obtained by averaging the calculations of Refs. [88, 89] with uncertainties
reflecting the range. The DR calculations presented here predict all spin polarisabilities, in contrast to
the fit of Ref. [15] discussed in Sec. 4.1.
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Figure 4.7: (Colour online) Comparison of DR results [15] (green long-dashed line) and O(P 3), modified
O(ε3) and modified O(e2δ3) EFT results (red dotted, and black dashed and solid lines respectively) for
the real parts of the six dipole proton polarisabilities, as a function of cm energy. The O(e2δ3) EFT
results use the parameters αE1 = 10.7, βM1 = 3.1 and b1 = 3.66 as determined in the Baldin-constrained
fit of Section 4.4, whereas the O(ε3) result uses the same polarisabilities but a non-relativistic ∆(1232)
propagator and hence b1 = 5 as discussed in Section 4.2.8. The threshold for pion production and
the peak of the ∆(1232) Breit-Wigner cross section are marked by ωπ and ω∆ respectively. Note the
difference in scales and the inherent theoretical uncertainties of each approach.
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Nucleon Dynamical Spin Polarizability: (10-4 fm4) 

O(P 3) O(P 4) [192, 198] Mod. O(ε3) [14] Fixed-t [15, 88, 89] Fixed-θ=180◦ [15]

α(p)
E1+ β(p)

M1 13.8 15.4 ± 1.4∗ 13.8 ± 0.4† 13.2 ± 0.9 ± 0.7∗ N/A

α(p)
E1- β

(p)
M1 11.3 8.8 ± 1.6∗ 8.3 ± 1.9∗ 11.1 ± 1.1 ± 0.8∗ 10.9

α(p)
E1 12.5 12.1 ± 1.1 ± 0.5∗ 11.0 ± 1.4∗ 12.2 ± 0.7 ± 0.5∗ N/A

β(p)
M1 1.25 3.4 ± 1.1 ± 0.1∗ 2.8 ∓ 1.4∗ 1.1 ± 0.7 ± 0.5∗ N/A

γ(p)E1E1 -5.7 -1.3 -5.7 -3.85 ± 0.45 -3.8

γ(p)M1M1 -1.1 3.3 3.1 2.8 ± 0.1 2.9

γ(p)E1M2 1.1 0.2 1.0 -0.15 ± 0.15 0.5

γ(p)M1E2 1.1 1.7 1.0 2.0 ± 0.1 1.6

Table 4.2: Previous calculations of proton polarisabilities. † indicates that the Baldin sum rule was
used. ∗ indicates that the result was obtained by fitting to γp data. In the O(P 4) column, the second
errors are theory errors; the errors of the modified O(ε3) calculation are statistical only. In the fixed-
t DR column, the second errors are from floating normalisations (see Section 4.1) and the numbers
for spin polarisabilities are obtained by averaging the calculations of Refs. [88, 89] with uncertainties
reflecting the range. The DR calculations presented here predict all spin polarisabilities, in contrast to
the fit of Ref. [15] discussed in Sec. 4.1.
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Figure 4.7: (Colour online) Comparison of DR results [15] (green long-dashed line) and O(P 3), modified
O(ε3) and modified O(e2δ3) EFT results (red dotted, and black dashed and solid lines respectively) for
the real parts of the six dipole proton polarisabilities, as a function of cm energy. The O(e2δ3) EFT
results use the parameters αE1 = 10.7, βM1 = 3.1 and b1 = 3.66 as determined in the Baldin-constrained
fit of Section 4.4, whereas the O(ε3) result uses the same polarisabilities but a non-relativistic ∆(1232)
propagator and hence b1 = 5 as discussed in Section 4.2.8. The threshold for pion production and
the peak of the ∆(1232) Breit-Wigner cross section are marked by ωπ and ω∆ respectively. Note the
difference in scales and the inherent theoretical uncertainties of each approach.
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•Pion pole contribution is not included.
•Only pole-type delta resonance contribution to nucleon spin polarizabilities is considered.
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proton neutron

proton neutron

-

O(P 3) O(P 4) [192, 198] Mod. O(ε3) [14] Fixed-t [15, 88, 89] Fixed-θ=180◦ [15]

α(p)
E1+ β(p)

M1 13.8 15.4 ± 1.4∗ 13.8 ± 0.4† 13.2 ± 0.9 ± 0.7∗ N/A

α(p)
E1- β

(p)
M1 11.3 8.8 ± 1.6∗ 8.3 ± 1.9∗ 11.1 ± 1.1 ± 0.8∗ 10.9

α(p)
E1 12.5 12.1 ± 1.1 ± 0.5∗ 11.0 ± 1.4∗ 12.2 ± 0.7 ± 0.5∗ N/A

β(p)
M1 1.25 3.4 ± 1.1 ± 0.1∗ 2.8 ∓ 1.4∗ 1.1 ± 0.7 ± 0.5∗ N/A

γ(p)E1E1 -5.7 -1.3 -5.7 -3.85 ± 0.45 -3.8

γ(p)M1M1 -1.1 3.3 3.1 2.8 ± 0.1 2.9

γ(p)E1M2 1.1 0.2 1.0 -0.15 ± 0.15 0.5

γ(p)M1E2 1.1 1.7 1.0 2.0 ± 0.1 1.6

Table 4.2: Previous calculations of proton polarisabilities. † indicates that the Baldin sum rule was
used. ∗ indicates that the result was obtained by fitting to γp data. In the O(P 4) column, the second
errors are theory errors; the errors of the modified O(ε3) calculation are statistical only. In the fixed-
t DR column, the second errors are from floating normalisations (see Section 4.1) and the numbers
for spin polarisabilities are obtained by averaging the calculations of Refs. [88, 89] with uncertainties
reflecting the range. The DR calculations presented here predict all spin polarisabilities, in contrast to
the fit of Ref. [15] discussed in Sec. 4.1.
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Figure 4.7: (Colour online) Comparison of DR results [15] (green long-dashed line) and O(P 3), modified
O(ε3) and modified O(e2δ3) EFT results (red dotted, and black dashed and solid lines respectively) for
the real parts of the six dipole proton polarisabilities, as a function of cm energy. The O(e2δ3) EFT
results use the parameters αE1 = 10.7, βM1 = 3.1 and b1 = 3.66 as determined in the Baldin-constrained
fit of Section 4.4, whereas the O(ε3) result uses the same polarisabilities but a non-relativistic ∆(1232)
propagator and hence b1 = 5 as discussed in Section 4.2.8. The threshold for pion production and
the peak of the ∆(1232) Breit-Wigner cross section are marked by ωπ and ω∆ respectively. Note the
difference in scales and the inherent theoretical uncertainties of each approach.
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Summary

•The electric and magnetic polarizabilities exhibit mostly static behaviour below the 
pion production threshold.

•The electric polarizability has a resonant-type behaviour near meson production 
thresholds.

•The magnetic polarizability shows a change of slope at the production energy.

•Spin dependent dynamical polarizabilities have the similar shapes, but have systematic 
differences in all models.

•Resonances in loops should be considered as well. 
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Thank You!
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Backup Slides
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