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Introduction

Unpolarized Deep—Inelastic Scattering (DIS):
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Structure Functions: Fj f,

contain light and heavy quark contributions.



Factorization of the Structure Functions

At leading twist the structure functions factorize in terms of a Mellin convolution
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into (pert.) Wilson coefficients and (nonpert.) parton distribution functions (PDFs).
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The subsequent calculations are performed in Mellin space, where ® reduces to a

® denotes the Mellin convolution

multiplication, due to the Mellin transformation
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Wilson coeflicients:
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At Q? > m? the heavy flavor part
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[Buza, Matiounine, Smith, van Neerven 1996 Nucl.Phys.B]|
factorizes into the light flavor Wilson coefficients C' and the massive operator matrix elements
(OMESs) of local operators O; between partonic states j

m? . .
Aij <F7N) = (|0 |J) -

— additional Feynman rules with local operator insertions for partonic matrix elements.

The unpolarized light flavor Wilson coefficients are known up to NNLO
[Moch, Vermaseren, Vogt, 2005 Nucl.Phys.B].
For F5(x,Q?) : at Q% = 10m? the asymptotic representation holds at the 1% level.



Status of OME calculations

Leading Order: [Witten, 1976 Nucl.Phys.B; Babcock, Sivers, 1978 Phys.Rev.D; Shifman, Vainshtein,

Zakharov, 1978 Nucl.Phys.B; Leveille, Weiler, 1979 Nucl.Phys.B; Gliick, Reya, 1979 Phys.Lett.B; Gliick,
Hoffmann, Reya, 1982 Z.Phys.C.]

Next-to-Leading Order : [Laenen, van Neerven, Riemersma, Smith, 1993 Nucl. Phys. B]

[Large Q2/m?: Buza, Matiounine, Smith, Migneron, van Neerven, 1996 Nucl.Phys.B] IBP

[Bierenbaum, Bliimlein, Klein, 2007 Nucl.Phys.B]| via qu7S, more Compact results

[Bierenbaum, Bliimlein, Klein 2008 Nucl.Phys.B, 2009 Phys.Lett.B]:O(a2¢) contributions (all N)
NNLO: Bierenbaum, Bliimlein, Klein 2009 Nucl.Phys.B] Moments for Fy: N = 2...10(14)
[Bliimlein, Klein, Tsdtli 2009 Phys. Rev. D] contrib. to transversity: N = 1...13

[Ablinger, Bliimlein, Klein, Schneider, Wibrock 2011 Nucl.Phys.B] contrib. oc ny to Fy (all N):
At 3-loop order known:

Aqu, Ay complete.
e Ap,, AQq, Aqu, Agg.0s Aggor all terms of O(nTEC A r)
AQq, ANSQ° all terms of O(T% Ca/r)

e Ladder and Benz topologies with a single massive line: first results this talk.



Calculation Methods

e Generation of diagrams with QGRAF [Nogueira 1993 J. Comput. Phys].

e Summation methods based on Zeilberger’s algorithm, implemented in the Mathematica
program Sigma [C. Schneider, 2005-].
— Reduction of the sums to a small number of key sums.
— Expansion the summands in €.

— Simplification by symbolic summation algorithms based on ITX-fields [Karr 1981 J. ACM,
Schneider 2005-].

— Harmonic sums are algebraically reduced using the package HarmonicSums (Ablinger)
[Ablinger, Bliimlein, Schneider 2011].

e In the case of convergent massive 3-loop Feynman integrals, they can be performed in
terms of Hyperlogarithms [Generalization of a method by F. Brown, 2008].

e Mellin-Barnes representations.

e Integration by parts identities.



Ladder Diagrams for Quarkonic OMEs

[Ablinger, Bliimlein, Hasselhuhn, Klein, Schneider, Wilbrock; arXiv:1206.2252)]
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Let’s consider the scalar integral with all powers of the propagators equal to one
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After Feynman parametrization, and performing the momentum integrals, we obtain
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where S, is the spherical factor S, = exp
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We see that by doing a binomial expansion for the polynomial raised to the Nth power (which
arises due to the operator insertion), the resulting integrals in w; and wy can be written in

terms of Appell hypergeometric functions:
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In our case, the parameters z, y correspond to w3 /(1 — ws) and w4 /(1 — wy), respectively. To

obtain a series-representation of the integral, we carry out the following analytic continuation:
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Applying this to our integral I,,, we obtain
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After expanding in €, the summation can be performed using Sigma.
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The result for this and other integrals can be written in terms of harmonic sums Sz and their
generalizations Sz(&; N):
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The threefold and fourfold sums in [ 1a give
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This result was checked using MATAD for the fixed moments N =1...10.
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The O(nfT?a?) contributions to A, ¢

/ \

The all-¢ result constituting the color factor T’ I%n #CF [arXiv:1205.4184, to appear in Nucl. Phys. B]
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Here we confirm the n f contribution to the anomalous dimension:
[Moch, Vermaseren, Vogt 2004 Nucl.Phys.B]
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in an independent calculation.

Furthermore we are able to check a result for the combination
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of 3-loop anomalous dimensions, derived from the large n; expansion in QCD
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by [Bennett, Gracey 1997]; where we denote with +, j) the leading ny coefficient of ~;;”.
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Calculation of Convergent Massive 3-Loop Graphs

Many of the Feynman integrals appearing in the calculation of the massive 3-loop operator

matrix elements are finite.

We have generalized a method originally proposed by F. Brown [Comm. Math. Phys. 2008] to the
case where we have masses and operator insertions in order to find general N representations

for all convergent 3-loop topologies.

Here we work in the a-representation to calculate the integrals.

The corresponding graph polynomials of a graph G are given by

o U= r]ligrcu, where T denotes the spanning trees of G

o V - ZlEmassive Qj

e Dodgson polynomials arise from the operator insertions.
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Calculation of Convergent Massive 3-Loop Graphs

N TN—jTj
I4(N) = o+ [ day das das doy dos dag day d J=0 "o " 4b
4 = a1 daz dag dag das dog dar das 212
Tia = oasaroy + agoszoas + asasoy + asasor + asasog + agasoy + asaroag + agozog

+arasag + agasag + agaras + asazag + cqgazag + ooy + Qg7
Ty, = tagasay + agocag + agaras + asasag + asazas + arasag + azaras + agasoy
fasaray + agiag + avraray + asasar + asarag + agai oy + apasay
U = o«asas0y4 + agazas + ajazas + asaroy + apoaeog + apazoe + agazag + agagog
‘+asasayg + @1y + azasayr + a1z + a1ty + azarag + gy + a3as Qe
+asazag + asasag + asarag + agasag + agasag + aszag + ajagas + a1agag
+agazag + gy + gy g + g2y + oy g + agvy uy

V. = ar+ax+as+as+as+ ar

e The integral above is a projective integral, one a-parameter may be set 1

e The operators sit on on-shell diagrams which obey specific symmetries. These are generally not obeyed by the
operator insertion.

e For the above example : after applying symmetry transformations ¢y — 1 — s, az — T2 — aq, @z — Ts — Qg
oo, aq, g are only contained in the operator polynomials and may be integrated out at this stage.



15

Calculation of Convergent Massive 3-Loop Graphs

e Feynman parameter integrals are performed in terms of Hyperlogarithms,
[Brown 2008 Comm. Math. Phys.]
L(w,z): C\X — C, where
— ¥ ={09,01,...,0n} are distinct points in C which may contain variables
— W is a word over the alphabet 2 = {ag, a1, ...,an} where each letter a; corresponds to a

point o;

o L (W, %) is uniquely defined by the following properties

1. L({},z) =1, and L (0™, z,) = & log"(z) for n > 1

n

2. 2L ({a;w},2) = 2L (W,z2) for 2 € C\Z

zZ2—04

3. If W is not of the form w = (0,0,---,0), then lim,_,o L (w, z) = 0.

o e.g. L(aj,z) =log(z —o;) —log(o;)
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The hyperlogarithms satisfy shuffle relations L (wq, ) L (w3, 2) = L (w7 L ws, 2), e.g.:
L ({a,l, &2}, Z) L ({&3}, Z) =L ({a'37 at, a'2}7 Z) + L ({ala as, &2}, Z) + L ({ala az, &3}, Z)
The indices a; contain further integration variables.

Using these properties after partial fractioning and integration by parts, one can express
any primitive for expressions consisting of rational and hyperlogarithmic functions in terms
of different hyperlogarthmic functions. These primitives have to be evaluated at the

respective integration limits

Due to the operator-insertions leading to power-type functions, the integrals do not fit
directly into the framework of the algorithm for general values of N.

In order to use the algorithm also on integrals with general values of IV, a generating
function is constructed e.g. by the mapping
N 1
) — :
1—£Cp(C¥1,°°° 7an)

p(a17"' y Oy

Performing the Feynman-parameter integrations then leads to an expression which contains
hyperlogarithms L,,(x) in the variable z.

Finally the Nth coefficient of this expression in x has to be extracted analytically. This has
been done with the package HarmonicSums by J.Ablinger. [Ablinger, Bliimlein, Schneider; 2012]



Six Massive Lines and Vertex Insertion
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The 2%V factors cancel in the large N limit:

14%@2

1115231 74121 | 122951 40677 13391 873 1391 417 101
20N10  4N9 T 20NS  20NT ' 20N6  AN5 ' 20Nt 20N3 ' 90 N2

¢,| (95855 , 81525 10295 3325 1055 325 95 25 _ 5 In(V)
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I(x)

I(N)
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General Values of N: Higher Topologies

1
(1+ N)(2+ N)x
+2L ({=1,0,1,1},2) — 2zL ({0,0,1,1}, z) + 3zL ({0,1,0,1}, z) — =L ({0,1,1, 1}, z)

+(=3+22)L ({1,0,0,1},2) + 2oL ({1,0,1,1},2) — (=1 + 52)L ({1,1,0,1},2) + L ({1,1,1,1}, z)
—2L ({1,0,0,1,1},2) + 3L ({1,0,1,0,1},x) — L ({1,0,1,1,1},2) + 2L ({1,1,0,0,1}, z)

{gg [2L ({—1},2) — 2(—1 + 22)L ({1}, z) — 4L ({1, 1},3(;)] ~ 3L ({-1,0,0,1}, )

+2L({1,1,0,1,1},2) — 5L ({1,1,1,0,1},2) + L ({1,1, 1,1, 1},3:)}
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(N 4+ 1)(N + 2)(N + 3) (14 N)3(2+ N)3(3+ N)3
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- CS - (_1) S—B - Sl + _Sl
(14 N) 6(1+ N) 24
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20+ N)2(2+N) 72 872 21+ N)2(2+N)"tP 47 314+ N) 7°
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—— 84 —2(-1)"S_ -~ —’8 S

g5 72N Soan T S I+ NBE2+N2ZB+ N2 !
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301 2(1—i—N) 201 3 301 2,101 3,1 2,1,1



General Values of N: Higher Topologies

1 2(1—13(-1)N 4+ (=1)N23+N 4+ N — 7(=1)V N + 3(—=1)N 21TV N)
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2(-1)V(3+ N)

N
eSS So,1 —12(=1)" 513

+2(—1)N¢351 (2) +

+2((_11—|)—]j\§)5(_2|_—z]j\7)) S159 + 3(—1)N5153 + 4(—1)N52,151 — 4(—1)N53,1
4 ((—1)N22HN —3(=2)V N + 3(-1)N 21TV N) 1
_ T PETN S .2 (5,1> —5(-=1)N 8314
2 (—(—1)N22TN —13(=2)V N + 5(—-1)V 21TV N) 1
I+ME+M) s (501:1)

1 1
_2(_1)N51,1,2 (27 57 1) — (_]‘)Nsl,l,l’l <27 57 1’ 1) }

_|_
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Conclusions

There has been substantial progress in the calculation of massive 3-loop operator matrix

elements for general values of the Mellin variable IV in the last few years.

The quarkonic 3-loop contributions of O(n;T2C4 r) to Ay and A,, were calculated in
[Ablinger, Bliimlein, Klein, Schneider, WiBbrock 2011 Nucl. Phys. B]. Now also A,; ¢ and Ay, 0

have been obtained for these color coefficients at general N [arXiv:1205.4184].

Ladder topologies, including poles, are currently calculated using Sigma and the method of

hyperlogarithms. [Brown, Comm. Math. Phys. 2008]

As a consequence of the complicated nature of sums arising in due course of the

calculation, considerable upgrades have been made to the package Sigma.

With the help of hyperlogarithms non-divergent 3-loop graphs can be calculated. For
general values of IV first analytic results have been obtained, including Benz-topologies,

performing the calculation automatically.

3-loop moments of polarized massive OMESs up to the constant terms have been calculated.



