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Abstract

I We present finite energy SU(2) Yang-Mills-Higgs particles of one-half
topological charge.

I The ’t Hooft Abelian magnetic fields of these solutions at spatial infinity
correspond to the magnetic field of a positive one-half magnetic monopole
located at r = 0 and a semi-infinite Dirac string singularity located on one
half of the z-axis which carries a magnetic flux of 2π

g
going into the center

of the sphere at infinity. Hence the net magnetic charge is zero.

I The non-Abelian solutions possess gauge potentials that are singular at
only one point at large distances, elsewhere they are regular.
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The SU(2) YMH Theory

I The SU(2) YMH Lagrangian is given by

L = −1

4
F a
µνF

aµν − 1

2
DµΦaDµΦa − 1

4
λ(ΦaΦa − µ2

λ
)2. (1)

Here µ is the Higgs field mass, λ is the strength of the Higgs potential.
The vacuum expectation value of the Higgs field is ξ = µ/

√
λ.

I The covariant derivative of the Higgs field and the gauge field strength
tensor are given respectively by

DµΦa = ∂µΦa + gεabcAb
µΦc ,

F a
µν = ∂µA

a
ν − ∂νAa

µ + gεabcAb
µA

c
ν , (2)

where g is the gauge field coupling constant. The metric used is
gµν = (−+ ++). The SU(2) internal group indices a, b, c = 1, 2, 3 and
the space-time indices are µ, ν, α = 0, 1, 2, and 3 in Minkowski space.
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The SU(2) YMH Theory (cont.)

I The equations of motion that follow from the Lagrangian (1) are

DµF a
µν = ∂µF a

µν + gεabcAbµF c
µν = gεabcΦbDνΦc ,

DµDµΦa = λΦa(ΦbΦb − ξ2), (3)

and the Bogomol’nyi equation holds in the limit of vanishing µ and λ,

Ba
i ± DiΦ

a = 0. (4)

I The electromagnetic field tensor proposed by ’t Hooft [1] is

Fµν = Φ̂aF a
µν −

1

g
εabcΦ̂aDµΦ̂bDνΦ̂c ,

= ∂µAν − ∂νAµ −
1

g
εabcΦ̂a∂µΦ̂b∂νΦ̂c , (5)

where Aµ = Φ̂aAa
µ, the Higgs unit vector, Φ̂a = Φa/|Φ|, and the Higgs

field magnitude |Φ| =
√

ΦaΦa.
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The SU(2) YMH Theory (cont.)

I Eq. (5) can be decompose into the gauge part and the Higgs part
respectively,

Gµν = ∂µAν − ∂νAµ, Hµν = − 1

g
εabcΦ̂a∂µΦ̂b∂νΦ̂c . (6)

I Hence the decomposed magnetic field is

Bi = −1

2
εijkFjk = BG

i + BH
i . (7)

The net magnetic charge of the system is

M =
1

4π

∫
∂ iBi d

3x =
1

4π

∮
d2σi Bi . (8)
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The SU(2) YMH Theory (cont.)

I The topological magnetic current [12]

kµ =
1

8π
εµνρσ εabc ∂

νΦ̂a ∂ρΦ̂b ∂σΦ̂c , (9)

is also the topological current density of the system. Hence the
corresponding conserved topological magnetic charge is

MH =
1

g

∫
d3x k0 =

1

8πg

∫
εijkε

abc∂i
(

Φ̂a∂j Φ̂
b∂kΦ̂c

)
d3x

=
1

8π

∮
d2σi

(
1

g
εijkε

abcΦ̂a∂j Φ̂
b∂kΦ̂c

)
=

1

4π

∮
d2σi B

H
i . (10)

The magnetic charge MH is the total magnetic charge of the system if and
only if the gauge field is non singular [13]. If the gauge field is singular and
carries Dirac string monopoles MG , then the total magnetic charge is
M = MG + MH .
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The SU(2) YMH Theory (cont.)

I In the electrically neutral BPS limit when the Higgs potential vanishes, the
energy is a minimum, [14]

Emin = ∓
∫
∂i (B

a
i Φa) d3x +

∫
1

2
(Ba

i ± DiΦ
a)2 d3x

= ∓
∫
∂i (B

a
i Φa) d3x =

4πξ

g
MH . (11)

Hence the dimensionless minimum total energy is MH .

I For non-BPS solution, its energy must be greater than that of Eq. (11).
The dimensionless value is given by

E =
g

8πξ

∫
{Ba

i B
a
i + DiΦ

aDiΦ
a +

λ

2
(ΦaΦa − ξ2)2} d3x ≥ MH . (12)
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The SU(2) YMH Theory (cont.)

I The magnetic ansatz is [8]

gAa
i = −

n̂a
φ

r

{
ψ1(r , θ)θ̂i − R1(r , θ)r̂i

}
+

1

r sin θ
{P1(r , θ)n̂a

θ − P2(r , θ)n̂a
r } φ̂i ,

gAa
0 = 0, gΦa = Φ1(r , θ) n̂a

r + Φ2(r , θ)n̂a
θ, (13)

where P1(r , θ) = sin θ ψ2(r , θ) and P2(r , θ) = sin θ R2(r , θ). The spatial
and isospin unit vectors are respectively,

r̂i = sin θ cosφ δi1 + sin θ sinφ δi2 + cos θ δi3,

θ̂i = cos θ cosφ δi1 + cos θ sinφ δi2 − sin θ δi3,

φ̂i = − sinφ δi1 + cosφ δi2, (14)

n̂a
r = sin θ cos nφ δa1 + sin θ sin nφ δa2 + cos θ δa3,

n̂a
θ = cos θ cos nφ δa1 + cos θ sin nφ δa2 − sin θ δa3,

n̂a
φ = − sin nφ δa1 + cos nφ δa2; where n = 1. (15)
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The SU(2) YMH Theory (cont.)

I The magnetic ansatz (13) is form invariant under the gauge transformation

ω = exp

(
i

2
σan̂a

φf (r , θ)

)
, σa = Pauli matrices (16)

and the transformed gauge potential and Higgs field take the form,

gA′ai = −1

r
{ψ1 − ∂θf }n̂a

φθ̂i +
1

r
{R1 + r∂r f }n̂a

φ r̂i

+
1

r sin θ
{P1 cos f + P2 sin f + n[sin θ − sin(f + θ)]} n̂a

θφ̂i

− 1

r sin θ
{P2 cos f − P1 sin f + n[cos θ − cos(f + θ)]} n̂a

r φ̂i ,

gA′a0 = 0,

gΦ′a = (Φ1 cos f + Φ2 sin f ) n̂a
r + (Φ2 cos f − Φ1 sin f )n̂a

θ. (17)
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The SU(2) YMH Theory (cont.)

I The general Higgs fields in the spherical and the rectangular coordinate
systems are respectively

gΦa = Φ1(x) n̂a
r + Φ2(x)n̂a

θ + Φ3(x)n̂a
φ

= Φ̃1(x) δa1 + Φ̃2(x) δa2 + Φ̃3(x) δa3, (18)

Φ̃1 = sin θ cos nφ Φ1 + cos θ cos nφ Φ2 − sin nφ Φ3 = |Φ| sinα cosβ

Φ̃2 = sin θ sin nφ Φ1 + cos θ sin nφ Φ2 + cos nφ Φ3 = |Φ| sinα sinβ

Φ̃3 = cos θ Φ1 − sin θ Φ2 = |Φ| cosα. (19)

The axially symmetric Higgs unit vector in rectangular coordinate system is

Φ̂a = sinα cosβ δa1 + sinα sinβ δa2 + cosα δa3, β = nφ, (20)

cosα = g cos θ − h sin θ, g =
Φ1

|Φ| , h =
Φ2

|Φ| . (21)
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The SU(2) YMH Theory (cont.)

I Hence the Higgs part and the gauge part of the ’t Hooft magnetic field (7)
become

gBH
i = −nεijk∂ j cosα∂kφ (22)

gBG
i = −nεijk∂j cosκ ∂kφ, cosκ =

1

n
(hP1 − gP2) , (23)

and the ’t Hooft’s magnetic field is

gBi = −nεijk∂j(cosα + cosκ) ∂kφ = −εijk∂jAk , (24)

where Ai is the ’t Hooft’s gauge potential.

I The orientation of the magnetic field can be plotted by using the vector
plot of the magnetic field unit vector,

B̂i =
−∂θ(cosα + cosκ)r̂i + r∂r (cosα + cosκ)θ̂i√

[r∂r (cosα + cosκ)]2 + [∂θ(cosα + cosκ)]2
. (25)
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The SU(2) YMH Theory (cont.)

I We also note that the Higgs field (13) and the gauge transformed Higgs
field (17) can be simplified to

Φa = |Φ|(cos(α− θ) n̂a
r + sin(α− θ)n̂a

θ),

Φ′a = |Φ|(cos(α′ − θ) n̂a
r + sin(α′ − θ)n̂a

θ), α′ = α− f . (26)

I At spatial infinity, all non-Abelian components of the gauge potential
vanish and the electromagnetic field tends to

F a
µν

∣∣
r→∞ = {∂µAν − ∂νAµ −

1

g
εcdeΦ̂c∂µΦ̂d∂νΦ̂e}Φ̂a = FµνΦ̂a, (27)

where Fµν is the ’t Hooft electromagnetic field.
I However there is no unique way of representing the Abelian

electromagnetic field in the region at finite values of r [15]. One proposal
was given by ’t Hooft as in Eq. (5).

I Another proposal which is less singular was given by Bogomol’nyi [3] and
Faddeev [16],

Bi = Ba
i

(
Φa

ξ

)
, Ei = E a

i

(
Φa

ξ

)
. (28)
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The Exact Asymptotic One-Half Monopole Solutions

I We start by analysing four seemingly different types of one-half monopole
charge solutions that we label as Type A1, A2, B1, and B2.

I The profile functions of the non-Abelian gauge potentials (13) of the four
types of one-half monopole solution at r infinity are given respectively by,

(Type A1) ψ1 =
1

2
, P1 = sin θ − 1

2
sin

1

2
θ(1 + cos θ),

R1 = 0, P2 = cos θ − 1

2
cos

1

2
θ(1 + cos θ),

Φ1 = ξ cos
1

2
θ, Φ2 = −ξ sin

1

2
θ. (29)

(Type A2) ψ1 = −1

2
, P1 = sin θ − 1

2
sin

3

2
θ(1 + cos θ),

R1 = 0, P2 = cos θ − 1

2
cos

3

2
θ(1 + cos θ),

Φ1 = ξ cos
3

2
θ, Φ2 = −ξ sin

3

2
θ. (30)

(Type B1) ψ1 =
1

2
, P1 = sin θ − 1

2
cos

1

2
θ(1− cos θ),
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The Exact Asymptotic One-Half Monopole Solutions (cont.)

R1 = 0, P2 = cos θ +
1

2
sin

1

2
θ(1− cos θ),

Φ1 = ξ sin
1

2
θ, Φ2 = ξ cos

1

2
θ. (31)

(Type B2) ψ1 = −1

2
, P1 = sin θ +

1

2
cos

3

2
θ(1− cos θ),

R1 = 0, P2 = cos θ − 1

2
sin

3

2
θ(1− cos θ),

Φ1 = −ξ sin
3

2
θ, Φ2 = −ξ cos

3

2
θ. (32)

I The Type A (Type B) solutions possess ’t Hooft’s gauge potential, which
is singular along the positive (negative) z-axis,

Ai =

{
cos θ ± 1

2r sin θ

}
φ̂i . (33)
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The Exact Asymptotic One-Half Monopole Solutions (cont.)

I The Higgs magnetic fields are given by

gBH
i =

1
2

sin( 1
2
θ)

sin θ

r̂i
r 2
, Type A solutions, (34)

gBH
i =

1
2

cos( 1
2
θ)

sin θ

r̂i
r 2
, Type B solutions, (35)

and the net ’t Hooft’s magnetic fields are given by

gBi =
r̂i

2r 2
− 2πδ(x1)δ(x2)θ(x3)δ3

i , Type A solutions, (36)

gBi =
r̂i

2r 2
+ 2πδ(x1)δ(x2)θ(−x3)δ3

i , Type B solutions. (37)

I The solutions therefore carry a positive one-half monopole at the origin
and the semi-infinite Dirac string singularity carries the other opposite half
of the magnetic monopole charge. Hence the net magnetic charge of the
configuration is zero.
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The Numerical Calculations

I The numerical one-half monopole solutions are constructed by using the
exact asymptotic solutions at large distances (29) - (32) for the Type A1,
A2, B1, and B2 solutions respectively and by fixing the boundary
conditions for all the profile functions (13) along the z-axis and near r = 0.

I In order to avoid the singularity of R2(r , θ), we choose to perform our
numerical analysis with the functions,

P1(r , θ) = ψ2(r , θ) sin θ, P2(r , θ) = R2(r , θ) sin θ. (38)

I Near r = 0, we have the common trivial vacuum solution for all the four
solutions. The asymptotic solutions and boundary conditions at small
distances that will give rise to finite energy solutions are

ψ1 = P1 = R1 = P2 = 0, Φ1 = ξ0 cos θ, Φ2 = −ξ0 sin θ, (39)

sin θΦ1(0, θ) + cos θΦ2(0, θ) = 0,

∂r (cos θΦ1(r , θ)− sin θΦ2(r , θ))|r=0 = 0. (40)
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The Numerical Calculations (cont.)

I The boundary conditions imposed along the positive z-axis for the profile
functions (13) of the Type A solutions are

∂θΦ1(r , θ)|θ=0 = 0, Φ2(r , 0) = 0, ∂θψ1(r , θ)|θ=0 = 0,

R1(r , 0) = 0, P1(r , 0) = 0, P2(r , 0) = 0. (41)

Along the negative z-axis, the boundary conditions imposed are

Φ1(r , π) = 0, ∂θΦ2(r , θ)|θ=π = 0, ∂θψ1(r , θ)|θ=π = 0,

R1(r , π) = 0, P1(r , π) = 0, ∂θP2(r , θ)|θ=π = 0. (42)

I The boundary conditions imposed along the positive z-axis for the profile
functions (13) of the Type B solutions are

Φ1(r , 0) = 0, ∂θΦ2(r , θ)|θ=0 = 0, ∂θψ1(r , θ)|θ=0 = 0,

R1(r , 0) = 0, P1(r , 0) = 0, ∂θP2(r , θ)|θ=0 = 0, (43)

and along the negative z-axis, the boundary conditions imposed are

∂θΦ1(r , θ)|θ=π = 0, Φ2(r , π) = 0, ∂θψ1(r , θ)|θ=π = 0,

R1(r , π) = 0, P1(r , π) = 0, P2(r , π) = 0. (44)
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The Numerical Calculations (cont.)

I We set ξ = 1, g = 1 and 0 ≤ λ = µ ≤ 12. The numerical solutions
connecting the asymptotic solutions (29)-(32) at large r to the trivial
vacuum solution (39) at small r and subjected to the boundary conditions
(40)-(42) for the Type A solutions and the boundary conditions (40),
(43)-(44) for the Type B solutions together with the gauge fixing
condition [8]

r∂rR1 − ∂θψ1 = 0, (45)

are solved using the Maple 12 and MatLab R2009a softwares [19].

I The second order equations of motion (3) which are reduced to six partial
differential equations with the ansatz (13) are then transformed into a
system of nonlinear equations using the finite difference approximation.

I The system of nonlinear equations are discretized on a non-equidistant
grid of size 90× 80 covering the integration regions 0 ≤ x̄ ≤ 1 and
0 ≤ θ ≤ π. Here x̄ = r

r+1
is the finite interval compactified coordinate.

The partial derivative with respect to the radial coordinate is then replaced

accordingly by ∂r → (1− x̄)2∂x̄ and ∂2

∂r2 → (1− x̄)4 ∂2

∂x̄2 − 2(1− x̄)3 ∂
∂x̄

.

The numerical overall error estimate is 10−4.
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The Magnetic Dipole Moment and Magnetic Charge

I The profile functions, ψ1,P1,R1,P2,Φ1, and Φ2 of the one-half monopole
solutions are regular functions of r and θ. However the function R2 = P2

sin θ

possesses only one singular point at infinity (negative z-axis - Type A,
positive z-axis - Type B).

I The ’t Hooft’s gauge potential at large r , tends to

Ai = (cosα + cosκ)∂iφ|r→∞ =
φ̂i

r sin θ

(
1

2
(cos θ ± 1) +

FG (θ)

r

)
, (46)

FG (θ) = r(h(P1 − sin θ)− g(P2 − cos θ)− 1

2
(cos θ ± 1))|r→∞, (47)

for the Type A and Type B solutions respectively.

I From the graphs of FG (θ) versus angle θ, we find that FG (θ) = µm sin2 θ,
where µm is the dimensionless magnetic dipole moment of the one-half
monopole and is non vanishing for all values of λ.

I In the limit when λ = 0, µm = ±1.32 for the Type 1 solutions and
µm = ±1.04 for the Type 2 solutions. Figure 1 (a).
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Figure 1: (a) Plot of µm versus λ1/2. (b) Plot of M versus x̄ . (UH = upper

hemisphere, LH = lower hemisphere). Plots of E versus (c) λ1/2 and (d) ln(1 + λ).
Here g = ξ = 1.
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The Magnetic Dipole Moment and Magnetic Charge

I The net magnetic charge M (8) of the one-half monopole configurations
are plotted numerically versus the compactified axis, x̄ , when λ = ξ = 1.
Figure 1 (b). We notice that M = 1

2
when r ≥ 4 and its value vanishes as

r tends to zero.

I Also plotted in Figure 1 (b) are the magnetic charges covered by the upper
hemisphere and lower hemisphere versus x̄ . The plots show that the
magnetic charge at the origin is ‘heavier’ on the side of the z-axis away
from the Dirac string.

I Using the definition (28) by Bogomol’nyi [3] and Faddeev [16], we can
write

M =
1

4π

∫
∂ iBi d

3x =

∫
M dθ dr , M =

1

2
r 2 sin θ{∂ iBi}, (48)

where M is the magnetic charge density. Figure 2.
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Figure 2: 3D surface and contour plots of the magnetic charge density M of the (a)
Type B1 and (b) Type B2 one-half monopole solutions along the x-z plane at y = 0
when λ = ξ = 1.



The Magnetic Dipole Moment and Magnetic Charge

Type 1 Type 2 Type 1 Type 2
λ µm µm E E
0 ±1.3203 ±1.0383 0.5090 0.5245

0.04 ±1.2173 ±0.9592 0.5360 0.5518
0.20 ±1.1480 ±0.9073 0.5589 0.5747
0.40 ±1.1124 ±0.8801 0.5723 0.5883
0.60 ±1.0904 ±0.8631 0.5813 0.5973
0.80 ±1.0743 ±0.8507 0.5881 0.6041
1.00 ±1.0616 ±0.8409 0.5936 0.6098
2.00 ±1.0211 ±0.8095 0.6124 0.6286
4.00 ±0.9793 ±0.7772 0.6332 0.6497
8.00 ±0.9367 ±0.7443 0.6561 0.6728

12.00 ±0.9242 ±0.7297 0.6702 0.6862

Table 1: Table of the dimensionless magnetic dipole moment µm and dimensionless
total energy E of the Type 1 and Type 2 solutions for different values of λ. The
magnetic dipole moment µm is positive for the Type A solutions and negative for the
Type B solutions.
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The Magnetic Field and Higgs Field

I From Eq. (24), the magnetic field lines contour plots of the one-half
monopole solutions along the x-z plane at y = 0 when λ = ξ = 1 are
shown in Figure 3.

I The direction of the magnetic field lines are shown in the vector field plot
of the magnetic field unit vector B̂i (25) of the one-half monopole
solutions along the x-z plane at y = 0 when λ = ξ = 1. The * indicates
the location of the one-half monopole. The presence of a one-half
monopole sitting at r = 0 is once again indicated by the location of the
Higgs field’s node marked * on the Higgs field’s vector plots along the x-z
plane at y = 0. Figure 3.

I The 3D surface and contour plots of the modulus of the Higgs field |Φ| of
the one-half monopole solutions along the x-z plane at y = 0 when
λ = ξ = 1, show that there is a point zero of the Higgs field modulus at
r = 0 where the one-half monopole is located. Figure 4.
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The Magnetic Field and Higgs Field (cont.)

I The modulus of the Higgs field at large r tends to

g |Φ(r , θ)|r→∞ = (ξ − FH(θ)

r
). (49)

We find that FH(θ) is a non vanishing constant c1 only when λ = 0.
c1 = −0.43 (Type 1) and c1 = −0.63 (Type 2). For non vanishing values
of λ, c1 = 0 for the one-half monopole solutions.
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Figure 3: Contour plot of the ’t Hooft magnetic field lines, unit vector field plot of the
’t Hooft magnetic field and Higgs field vector plots of the (a) Type B1 and (b) Type
B2 solutions along the x-z plane at y = 0 when λ = ξ = 1. The * indicates the
location of the one-half monopole.



Figure 4: The 3D surface and contour plots of the Higgs field modulus |Φ| of the (a)
Type B1 and (b) Type B2 one-half monopole solutions along the x-z plane at y = 0
when λ = ξ = 1.
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The Energy Density and Total Energy

I The total dimensionless energy (12) of the Type 1 one-half monopole
solutions is 0.509 and that of the Type 2 solutions is 0.525 when λ = 0.
Their total energies are higher than the BPS total energy of a one-half
monopole which is 1

2
.

I The total energies of the one-half monopole solutions are plotted versus
λ1/2 and ln(1 + λ) for values 0 ≥ λ ≥ 12. Figure 1 (c), (d). For a
particular value of λ, the Type 2 solutions possess higher total energy
compared to the Type 1 solutions.

I The total dimensionless energy (12) when ξ=g=1, can be written as

E =

∫
Edθ dr , E =

1

4
r 2 sin θ{Ba

i B
a
i + DiΦ

aDiΦ
a +

λ

2
(ΦaΦa − ξ2)2}, (50)

where E is the energy density. The 3D surface and contour line plots of E
of the one-half monopole solutions along the x-z plane at y = 0 when
λ = 1 are shown in Figure 5. The shape of the one-half monopole is that
of a rugby ball.
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Figure 5: 3D surface and contour plots of the energy density E of the (a) Type B1
and (b) Type B2 one-half monopole solutions along the x-z plane at y = 0 when
λ = ξ = 1.
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Remarks

I From our analysis of the four one-half monopole solutions, we are able to
conclude that the Type B solutions are exact 180o rotation of the z-axis
about r = 0 of the respective Type A solutions in 3D space. Hence they
are gauge equivalent.

I We have found two different one-half monopole, the Type 1 and Type 2,
as they are not gauge equivalent along the boundary at θ = π for the Type
A solutions and along the boundary at θ = 0 for the Type B solutions.
These solutions are distinct in the region where the energy of the one-half
monopole is concentrated.
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