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Black holes

I Gravitational collapse of stars greater than about 1.3 solar
masses leads to the formation of a black hole. (For smaller
masses the star may stabilize as a white dwarf or neutron
star.)

I There is indirect observational evidence both for stellar
mass (∼ 101M�) and supermassive (106 − 1010M�) black
holes.

I There appears to be no obstruction in principle to the
formation of black holes of any mass above the Planck
mass, MP ∼ 10−5g, e.g., by sufficiently energetic collisions.



Schwarzschild Metric

I In practice the formation of a black hole is messy, but in
simple models it can be understood analytically.

I Oppenheimer-Snyder collapse of a uniform ball of dust:
Use closed FRW universe,
ds2 = −dT 2 + a2(T )[dχ2 + sin2 χdΩ2

2]; keep region up to
some comoving radius; use Birkhoff’s theorem. Outside
the dust ball, the geometry is given by the vacuum solution
found by Karl Schwarzschild:

ds2 = −(1− rS

r
)dt2 +

1
1− rS

r
dr2 + r2dΩ2 .

I The mass as measured at infinity is M = rS/2G. By energy
conservation, the Schwarzschild radius rS is set by the
mass of the dust ball.



Kruskal Extension
The Schwarzschild metric breaks down at r = rS but this is a
coordinate singularity→ Kruskal extension
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Key Features

I There is a curvature singularity at r = 0, where GR breaks
down.

I At late times the proper size of the dust ball approaches
zero; in particular, it will be smaller than rS.

I No signals can travel from r < rS to infinity.
I From the outside, therefore, the spacetime appears to end

at r = rS and is entirely described by the Schwarzschild
solution.

I The Hawking-Penrose singularity theorems and the no-hair
theorem guarantee that more realistic collapse processes
will share these features.



Geography

I Singularity (r = 0)
I Interior (r < rS):

I Collapsing matter
I Vacuum

I Horizon(r = rS)
I Exterior (r > rS)

I Near-horizon region (“zone”, r − rS . rs)
I Far region (r − rS � rS)



Amnesia

I Quasi-normal modes decay exponentially with
characteristic time-scale rS

I After a time of order rS log rS (the “scrambling time”), the
the black hole is indistinguishable from its no-hair state

I After the scrambling time, even infalling observers cannot
distinguish the solution from vacuum Kerr

I Signals must be sent within a time rS exp(−t/RS) after
horizon crossing, in order to be received by an observer
who jumps in at time t , before that observer hits the
singularity [HOMEWORK or see hep-th/9308100]







The Black Hole, Messing With Our Little Brains

In the early 1970s, black holes were found to behave according
to laws that were exactly analogous to the laws of
thermodynamics, with T ↔ κ ∼ r−1

S , S ↔ A, E ↔ M = rS/2G:
I 0th Law: The temperature of a body in equilibrium is

constant↔ κ constant over horizon
I 1st Law: dS = dE/T ↔ dA/8π = dM/κ

I 2nd Law: dA ≥ 0 (Hawking’s area theorem)
Take this seriously? No. Otherwise, black holes would have to
radiate, which is impossible [Bardeen, Carter, Hawking 1973]



Bekenstein’s Argument



Bekenstein’s Argument



Bekenstein’s Argument



Bekenstein’s Argument



Bekenstein’s Argument



Lessons*

I Ask the right question in the right way (complementarity is
implicit!)

I To find the beautiful subtle answer, you first have to reject
the obvious dumb one

I Know which objections to ignore for now, even though they
seem devastating and you have no good answer
(T−1 = dS/dE)

*Warning to grad students (and self): this almost never works.
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Bekenstein, again

I Throw an object with entropy S into a black hole
I By the “no-hair theorem”, the final result will be a (larger)

black hole, with no classical attributes other than mass,
charge, and angular momentum

I This state would appear to have no or negligible entropy,
independently of S

I So we have a process in which dS < 0
I The Second Law of Thermodynamics appears to be

violated!



Bekenstein, again

I In order to rescue the Second Law, Bekenstein proposed
that black holes themselves carry entropy

I Hawking (1971) had already proven the “area law”, which
states that black hole horizon area never decreases in any
process:

dA ≥ 0

I So the horizon area seemed like a natural candidate for
black hole entropy. On dimensional grounds, the entropy
would have to be of order the horizon area in Planck units:

SBH ∼ A

I (This was later confirmed, and the factor 1/4 determined,
by Hawking’s calculation of the temperature and the
relation dS = dE/T )



Bekenstein, again

I In order to rescue the Second Law, Bekenstein proposed
that black holes themselves carry entropy

I Hawking (1971) had already proven the “area law”, which
states that black hole horizon area never decreases in any
process:

dA ≥ 0

I So the horizon area seemed like a natural candidate for
black hole entropy. On dimensional grounds, the entropy
would have to be of order the horizon area in Planck units:

SBH ∼ A

I (This was later confirmed, and the factor 1/4 determined,
by Hawking’s calculation of the temperature and the
relation dS = dE/T )



The Generalized Second Law

I With black holes carrying entropy, it is no longer obvious
that the total entropy decreases when a matter system is
thrown into a black hole

I Bekenstein proposed that a Generalized Second Law of
Thermodynamics remains valid in processes involving the
loss of matter into black holes

I The GSL states that dStotal ≥ 0, where

Stotal = SBH + Smatter





Is the GSL true?

I However, it is not obvious that the GSL actually holds!
I The question is whether the black hole horizon area

increases by enough to compensate for the lost matter
entropy

I If the initial and final black hole area differ by ∆A, is it true
that

Smatter ≤ ∆A/4 ?

I Note that this would have to hold for all types of matter and
all ways of converting the matter entropy into black hole
entropy!



Testing the GSL

I Let’s do a few checks to see if the GSL might be true
I There are two basic processes we can consider:
I Dropping a matter system to an existing black hole, and
I Creating a new black hole by compressing a matter system

or adding mass to it

I Let’s consider an example of the second type
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Testing the GSL

I Spherical box of radius R, filled with radiation at
temperature at temperature T , which we slowly increase

I Let Z be the effective number of massless particle species
I S ≡ Smatter ≈ ZR3T 3, so the entropy increases arbitrarily?!
I However, the box cannot be stable if its mass, M ≈ ZR3T 4,

exceeds the mass of a black hole of the same radius,
M ≈ R.

I A black hole must form when T ≈ Z−1/4R−1/2. Just before
this point, the matter entropy is

S ≈ Z 1/4A3/4



Testing the GSL

I After the black hole forms, the matter entropy is gone and
the total entropy is given by the black hole horizon area,
S = A/4.

I This is indeed larger than the initial entropy, Z 1/4A3/4, as
long as A & Z , which is just the statement that the black
hole is approximately a classical object.

I (We require this in any case since we wish to work in a
setting where classical gravity is a good description.)

I So in this example the GSL is satisfied



Entropy bounds from the GSL

I In more realistic examples, such as the formation of black
holes by the gravitational collapse of a star, the GSL is
upheld with even more room to spare

I As our confidence in the GSL grows, it is tempting to turn
the logic around and assume the GSL to be true

I Then we can derive a bound on the entropy of arbitrary
matter systems, namely

Smatter ≤ ∆A/4 ,

where ∆A is the increase in horizon entropy when the
matter system is converted into or added to a black hole



Spherical entropy bound

I For example, consider an arbitrary spherical matter system
of mass m that fits within a sphere of area A ∼ R2.

I We could presumably collapse a shell of mass R/G −m
around this system to convert it into a black hole, also of
area A

I The GSL implies that Smatter ≤ A/4, i.e., that the entropy of
any matter system is less than the area of the smallest
sphere that encloses it

I In this sense the world is like a hologram!
I The amount of information needed to fully specify the

quantum state in a spherical region fits on its boundary, at
a density of order one qubit per Planck area.

I Local QFT is hugely redundant; there are only exp(A/4)
states
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Bekenstein bound

I A tighter bound results from a cleverer process:
I Slowly lower the matter system into a very large black hole,

to minimize ∆A
I This decreases the energy of the system at infinity, by a

redshift factor, before it is dropped in
I The mass added to the black hole is nonzero, however,

because the system has finite size
I After some algebra (see hep-th/0203101), one finds

S ≤ 2πMR/~

I We will return to this bound later but focus for now on the
holographic bound, S ≤ A/4G~



Limitations

I The derivation of the above bounds from the GSL is
somewhat handwaving

I E.g., what if some mass is shed before the black hole
forms? It is difficult to treat gravitational collapse processes
exactly except in overly idealized limits

I Moreover, the derivation implicitly assumes that we are
dealing with a matter system that has weak self-gravity
(M � R).

I Hence, it does not imply that S ≤ A/4 for all matter
systems.

I Will shortly see that indeed, the bound does not hold for
some matter systems, if S is naively defined as the entropy
“enclosed” by the surface





Spacelike Entropy Bound

time

space

V

B

I SEB: S[V ] ≤ A[B]/4, for any 3-dimensional volume V
I I will now give four counterexamples to this bound



(1) Closed universe
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as the two-sphere area goes to zero [1]. This illustrates the power of the decreasing area

rule.
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Figure 4. The closed FRW universe. A small two-sphere divides the S3

spacelike sections into two parts (a). The covariant bound will select the small

part, as indicated by the normal wedges (see Fig. 1d) near the poles in the

Penrose diagram (b). After slicing the space-time into a stack of light-cones,

shown as thin lines (c), all information can be holographically projected towards

the tips of wedges, onto an embedded screen hypersurface (bold line).

5.4. Questions of proof

More details and additional tests are found in Ref. [1]. No physical counterexample

to the covariant entropy bound is known (see the Appendix). But can the conjecture

be proven? In contrast with the Bekenstein bound, the covariant bound remains valid

for unstable systems, for example in the interior of a black hole. This precludes any

attempt to derive it purely from the second law. Quite conversely, the covariant bound

can be formulated so as to imply the generalized second law [17].

FMW [17] have been able to derive the covariant bound from either one of two sets

of physically reasonable hypotheses about entropy flux. In e!ect, their proof rules out

a huge class of conceivable counterexamples. Because of the hypothetical nature of the

FMW axioms and their phenomenological description of entropy, however, the FMW

proof does not mean that one can consider the covariant bound to follow strictly from

currently established laws of physics [17]. In view of the evidence we suggest that the

covariant holographic principle itself should be regarded as fundamental.

6. Where is the boundary?

Is the world really a hologram [5]? The light-sheet formalism has taught us how to

associate entropy with arbitrary 2D surfaces located anywhere in any spacetime. But

to call a space-time a hologram, we would like to know whether, and how, all of its

information (in the entire, global 3+1-dimensional space-time) can be stored on some

surfaces. For example, an anti-de Sitter “world” is known to be a hologram [6, 9]. By

this we mean that there is a one-parameter family of spatial surfaces (in this case, the

I Let V be almost all of a closed three-dimensional space,
except for a small region bounded by a tiny sphere B.

I The SEB should apply, S[V ] ≤ A[B]/4, but we can choose
S[V ] arbitrarily large, and A[B] arbitrarily small

I (This type of “arbitrarily bad” violation can be found for any
proposed entropy bound other than the CEB; all our
counter-examples to the SEB will be of this type.)
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(2) Flat FRW universe

ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2)

I (E.g., with radiation, a(t) ∼ t1/2

and the physical entropy density is σ ∼ t−3/2)
I Consider a volume of physical radius R at fixed time t :

V ∼ R3 ; A[B] ∼ R2

S[V ] ∼ σR3

I In large volumes of space (R & σ−1), the SEB is violated
I S/A→∞ as R →∞



(3) Collapsing star

I Consider a collapsing star (idealize as spherical dust
cloud)

I Its initial entropy S0 can be arbitrarily large
I Let V be the volume occupied by the star just before it

crunches to a singularity
I (This is well after it crosses its own Schwarzschild radius,

so gravity is dominant and the surface of the star is
trapped)

I From collapse solutions we know that A[B]→ 0 in this limit
I From the (ordinary) Second Law, we know that S[V ] ≥ S0

I So we can arrange S[V ] > A[B]/4 and, indeed, S/A→∞



Give up?

I Perhaps there exists no general entropy bound of the form
S ≤ A/4, which holds for arbitrary regions?

I Instead try to characterize spatial regions that are in some
sense sufficiently small, such that the SEB always holds for
all of these “special” regions?

I E.g., interior of apparent horizon in FRW, interior of particle
horizon, interior of Hubble horizon, etc.?

I Not well-defined beyond highly symmetric solutions
I Counterexamples have been found to all of these

proposals, so
I Retreating from generality doesn’t help!
I The notion of a “sufficiently small spatial region” conflicts

with general covariance! (See next counterexample.)
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(4) Nearly null boundaries

x

t

y
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I Consider an ordinary matter system of constant entropy S
I Choose V such that B is Lorentz-contracted everywhere
I In the null limit A[B]→ 0, so again,
I the SEB is violated





What is the holographic principle?

I In its most general form, the holographic principle is
a relation between the geometry and information content
of spacetime

I This relation manifests itself in the
Covariant Entropy Bound

I The CEB reduces to the types of statements we were
trying to make before using black holes, in regimes where
they are valid

I But the CEB is more general; it remains valid for arbitrary
surfaces in arbitrary spacetimes.

I I will first state the bound, and then revisit its definition
more carefully.



Covariant Entropy Bound
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F3

B

2F

4F

time

For any two-dimensional surface B of area A, one can con-
struct lightlike hypersurfaces called light-sheets. The total
matter entropy on any light-sheet is less than A/4 in Planck
units: S ≤ A/4G~.



Covariant Entropy Bound
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A light-sheet is generated by nonexpanding light-rays or-
thogonal to the initial surface B. Out of the 4 null directions
orthogonal to B, at least 2 will have this property.



Covariant Entropy Bound
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I If B is closed and “normal”, the light-sheet directions will
coincide with our intuitive notion of the “interior” of B

I But if B is trapped (anti-trapped) the light-sheets go only to
the future (to the past).



What is the holographic principle?
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I The CEB is completely general: it appears to hold for
arbitary physically realistic matter systems and arbitrary
surfaces in any spacetime that solves Einstein’s equation

I The CEB can be checked case by case; no
counterexamples are known

I But it seems like a conspiracy every time.
The Origin of the CEB is not known!

I This is similar to the “accident” that inertial mass is equal
to gravitational charge
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What is the holographic principle?

I Solution: Elevate this to a principle and demand a theory in
which it could be no other way!

I Equivalence Principle→ General Relativity
I Holographic Principle→

Quantum Gravity
I Because the CEB involves both the quantum states of

matter and the geometry of spacetimes, any theory that
makes the CEB manifest must be a theory of everything,
i.e., quantum gravity theory that also specifies the matter
content. (Example of a candidate: string theory.)

I Someone please explain how the CEB and locality fit
together!
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What is entropy?

I Entropy is the (log of the) number of independent quantum
states compatible with some set of macroscopic data
(volume, energy, pressure, temperature, etc.)

I The relevant boundary condition for our purposes is that
the matter system should fit on a light-sheet of a surface of
area A (roughly, that it fits within a sphere of that area)



Null geodesic congruences

out orthogonally1 from B. But we have four choices: the family of light-
rays can be future-directed outgoing, future-directed ingoing, past-directed
outgoing, and past-directed ingoing (see Fig. 1). Which should we select?

time

space

B

F1

F2

F3

F4

Figure 1: There are four families of light-rays projecting orthogonally away from
a two-dimensional surface B, two future-directed families (one to each side of
B) and two past-directed families. At least two of them will have non-positive
expansion. The null hypersurfaces generated by non-expanding light-rays will be
called “light-sheets.” The covariant entropy conjecture states that the entropy on
any light-sheet cannot exceed a quarter of the area of B.

And how far may we follow the light-rays?
In order to construct a selection rule, let us briefly return to the limit in

which Bekenstein’s bound applies. For a spherical surface around a Beken-
stein system, the enclosed entropy cannot be larger than the area. But the

1While it may be clear what we mean by light-rays which are orthogonal to a closed
surface B, we should also provide a formal definition. In a convex normal neighbourhood
of B, the boundary of the chronological future of B consists of two future-directed null
hypersurfaces, one on either side of B (see Chapter 8 of Wald [19] for details). Similarly, the
boundary of the chronological past of B consists of two past-directed null hypersurfaces.
Each of these four null hypersurfaces is generated by a congruence of null geodesics starting
at B. At each point on p ! B, the four null directions orthogonal to B are defined by
the tangent vectors of the four congruences. This definition can be extended to smooth
surfaces B with a boundary !B: For p ! !B, the four orthogonal null directions are the
same as for a nearby point q ! B " !B, in the limit of vanishing proper distance between
p and q. We will also allow B to be on the boundary of the space-time M , in which case
there will be fewer than four options. For example, if B lies on a boundary of space, only
the ingoing light-rays will exist. We will not make such exceptions explicit in the text, as
they are obvious.
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I Any 2D spatial surface B bounds four (2+1D) null
hypersurfaces

I Each is generated by a congruence of null geodesics ⊥ B



Expansion of a null congruence
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I θ ≡ ∇̂aka, where ka is the affine tangent vector field to the
congruence (see Wald)

I In terms of an infinitesimal area element A spanned by
nearby light-rays,

θ =
dA/dλ
A

I θ < 0↔ contraction;
I θ → −∞↔ caustic (“focal point”, “conjugate point to B”)



Light-sheets

I A light-sheet of B is a null hypersurface L ⊥ B with
boundary B and θ ≤ 0 everywhere on L

I Note: Assuming the null energy condition (Tabkakb ≥ 0)
holds,

I there are at least two null directions away from B for which
θ ≤ 0 initially

I dθ/dλ ≤ −θ2/2, so a caustic is reached in finite affine time
I If we think of generating L by following null geodesics away

from B, we must stop as soon as θ becomes positive
I In particular, we must stop at any caustic



Covariant Entropy Bound

The total matter entropy on any light-sheet of B is bounded
by the area of B:

S[L(B)] ≤ A[B]/4G~



Allowed light-sheet directionsThe Holographic Principle for General Backgrounds 4
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(b) A

(a)

        (d1)   (d2)    (d3)(c)

A

A

V

V2

1

Figure 1. [In (a,b) we have suppressed one spatial dimension (surface ! line).

In (c,d) we have suppressed two (surface ! point). A fixed light-like angle

separates spacelike and timelike directions.]

The spatial volume V enclosed by a surface A depends on time slicing (a).

Thus the original formulation of the holographic principle was not covariant.

However, A is the 2D boundary of four 2+1D light-like hypersurfaces (b). They

are covariantly generated by the past- and future-directed light-rays going to

either side of A. E.g., for a normal spherical surface they are given by two

cones and two “skirts” (b).

In a Penrose diagram, where spheres are represented by points, the

associated null hypersurfaces show up as the 4 legs of an X (c). Null

hypersurfaces with decreasing cross-sectional area, such as the two cones in

(b), are called light-sheets. The entropy passing through them cannot exceed

A/4 (covariant entropy bound).

The light-sheets for normal (d1), trapped (d2), and anti-trapped (d3)

spherical surfaces are shown. If gravity is weak, as in (b), the light-sheet

directions agree with our intuitive notion of “inside” (d1). For surfaces in

a black hole interior, both of the future-directed hypersurfaces collapse (d2).

Near the big bang, the cosmological expansion means that the area decreases

on both past-directed hypersurfaces (d3).

FRW universes, to which the Bekenstein bound could not be applied. In closed or

collapsing space-times, however, the FS bound is not valid [10, 14]. At the root of this

di!culty lies the ambiguity of the concept of “inside” in curved, dynamic space-times.

For a closed surface in asyptotically flat space, the definition seems obvious: “Inside” is

the side on which infinity is not. But what if space is closed? For example, which side

is inside the equatorial surface (an S2) of a three-sphere?

We propose a di"erent definition which is unambiguous, local, and covariant. Inside

is where the cross-sectional area decreases. Consider a two-sphere in flat space (Fig. 2a).

Let us pretend that we do not know which side is inside. We can make an experiment to

find out. We measure the area of the surface. Now, we move every point of the surface

by some fixed infinitesimal distance along surface-orthogonal rays (radial rays in this

case), to one particular side. If this increases the area, it was the outside. If the area

I Often we consider spherically symmetric spacetimes
I In a Penrose diagram, a sphere is represented by a point
I The allowed light-sheet directions can be represented by

wedges
I This notation will be useful as we analyze examples



(1) Closed universe

The Holographic Principle for General Backgrounds 9

as the two-sphere area goes to zero [1]. This illustrates the power of the decreasing area

rule.
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Figure 4. The closed FRW universe. A small two-sphere divides the S3

spacelike sections into two parts (a). The covariant bound will select the small

part, as indicated by the normal wedges (see Fig. 1d) near the poles in the

Penrose diagram (b). After slicing the space-time into a stack of light-cones,

shown as thin lines (c), all information can be holographically projected towards

the tips of wedges, onto an embedded screen hypersurface (bold line).

5.4. Questions of proof

More details and additional tests are found in Ref. [1]. No physical counterexample

to the covariant entropy bound is known (see the Appendix). But can the conjecture

be proven? In contrast with the Bekenstein bound, the covariant bound remains valid

for unstable systems, for example in the interior of a black hole. This precludes any

attempt to derive it purely from the second law. Quite conversely, the covariant bound

can be formulated so as to imply the generalized second law [17].

FMW [17] have been able to derive the covariant bound from either one of two sets

of physically reasonable hypotheses about entropy flux. In e!ect, their proof rules out

a huge class of conceivable counterexamples. Because of the hypothetical nature of the

FMW axioms and their phenomenological description of entropy, however, the FMW

proof does not mean that one can consider the covariant bound to follow strictly from

currently established laws of physics [17]. In view of the evidence we suggest that the

covariant holographic principle itself should be regarded as fundamental.

6. Where is the boundary?

Is the world really a hologram [5]? The light-sheet formalism has taught us how to

associate entropy with arbitrary 2D surfaces located anywhere in any spacetime. But

to call a space-time a hologram, we would like to know whether, and how, all of its

information (in the entire, global 3+1-dimensional space-time) can be stored on some

surfaces. For example, an anti-de Sitter “world” is known to be a hologram [6, 9]. By

this we mean that there is a one-parameter family of spatial surfaces (in this case, the



(2) Flat FRW universe

Here f(!) = sinh !, !, sin ! corresponds to open, flat, and closed universes
respectively. FRW universes contain homogeneous, isotropic spacelike slices
of constant (negative, zero, or positive) curvature. We will not discuss open
universes, since they display no significant features beyond those arising in
the treatment of closed or flat universes.

The matter content will be described by Tab = diag(", p, p, p), with pres-
sure p = #". We assume that " ! 0 and "1/3 < # # 1. The case # = "1
corresponds to de Sitter space, which was discussed in Sec. 3.3. The apparent
horizon is defined geometrically as the spheres on which at least one pair of
orthogonal null congruences have zero expansion. It is given by

$ = q!, (3.11)

where

q =
2

1 + 3#
. (3.12)

The solution for a flat universe is given by

a($) =

!
$

q

"q

. (3.13)

Its causal structure is shown in Fig. 6. The interior of the apparent horizon,
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Figure 6: Penrose diagram for a flat FRW universe dominated by radiation. The
apparent horizon, ! = ", divides the space-time into a normal and an anti-trapped
region (a). The information contained in the universe can be projected along past
light-cones onto the apparent horizon (b), or along future light-cones onto null
infinity (c). Both are preferred screen-hypersurfaces.

$ ! q!, can be projected along past light-cones centered at ! = 0, or by
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I Sufficiently large spheres at fixed time t are anti-trapped
I Only past-directed light-sheets are allowed
I The entropy on these light-sheets grows only like R2



(3) Collapsing star
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I At late times the surface of the star is trapped
I Only future-directed light-sheets exist
I They do not contain all of the star



(4) Nearly null boundaries
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I The null direction orthogonal to B is not towards the center
of the system

I The light-sheets miss most of the system, so S → 0 as
A[B]→ 0
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Figure 4: Every point p in Anti-de Sitter space is associated to a boundary scale δ. This
relation is completely determined by causality (left; only a small portion of the boundary is
shown). It implies the well-known UV-IR connection of the AdS/CFT correspondence (right;
here the global geometry is shown).

degrees of freedom also become localized at p. Both of these assumptions hold true in

AdS/CFT, but they are of course far weaker than the full duality.2

Let us define a coordinate δ ≡ LAdS/r. By Eq. (2.2), δ ≈ π
2
− ρ near the boundary,

where we can approximate the AdS metric as

ds2 =
1

δ2

�
−dτ 2 + dδ2 + dx2

�
, 0 ≤ δ � 1 , |x| � 1 ; (2.4)

see Fig. 4 (left). In otherwise empty AdS space, consider an excitation localized at

τ = 0, x = 0 on the boundary, δ = 0. As this excitation propagates into the bulk,

causality requires that it remain localized within the light-cone, δ2 + |x|2 ≤ τ 2. As

it propagates on the boundary, causality of the CFT requires that it remain within

|x|2 ≤ τ 2. It will suffice to consider values of τ � 1.

Now let us impose an infrared cut-off r � LAdS/δ̄c on the bulk, ignoring all points

with δ � δ̄c. The above excitation first enters the surviving portion of the bulk at the

time τ1 ∼ δ̄c, at the point x = 0. Let us also impose an ultraviolet cut-off |∆x| � δc

on the boundary, ignoring modes smaller than δc. Then the above excitation is first

2A closely related argument was presented in Ref. [15] in a different context; see in particular Sec. 5
therein.
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I First complete, nonperturbative quantum theory of gravity
I An asymptotically AdS spacetime is described by a

conformal field theory on the boundary
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I There exists a cutoff version of this correspondence: A
CFT with UV cutoff δ describes AdS out to a sphere of
area A

I The relation A(δ) is such that the log of the dimension of
the CFT Hilbert space is of order A

I The holographic principle is manifest!



Holographic screens in general spacetimes

The world is a hologram. . .
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I AdS is very special; the dual theory is a unitary field theory
sharing the same time variable

I This is related to a property of the holographic screen in
AdS



Holographic screens in general spacetimes
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Figure 3: A classical black hole forms in a scattering process. The spheres within
the apparent horizon are trapped (a). All information can be projected along past
light-cones onto I! (b). But I+ only encodes the information outside the black
hole; this reflects the information loss in the classical black hole. The black hole
interior can be projected onto the apparent horizon (c).

condition [17] holds, the expansion becomes positive only at “caustics,” or
focal points, of the light-rays. Caustics thus are the generic endpoints of
light-sheets [1].) This leads to a situation which would not be possible in a
classical space-time. There exists a hypersurface H , namely the black hole
apparent horizon during evaporation, from which one has to project away in
both directions. Thus, past-directed ingoing light-rays map H onto a di!er-
ent part of the apparent horizon (h), and future-directed outgoing light-rays
map it onto a part of I+.

A digression on unitarity

Let us examine the evaporation process in more detail. When a negative
mass particle enters the horizon, the expansion of the generators of the hori-
zon changes from zero to a positive value. There will be a nearby null con-
gruence, inside the black hole, whose expansion is changed from a negative
value to zero by the same process. This congruence will now generate the
apparent horizon. Since it has smaller cross-sectional area, the horizon has
shrunk. The movement of the apparent horizon will leave behind a trace in
the Hawking radiation, causing a deviation from a thermal spectrum over
and above the deviation caused by greybody factors. This is similar to the
distortion in the thermal spectrum of radiation enclosed in a cavity, while

14

I In general spacetimes, it would seem that the number of
degrees of freedom has to change as a function of the time
parameter along the screen

I The screen is not unique
I The screen can even be spacelike and it need not be

connected







Ambiguity of the Vacuum in Curved Spacetime

In flat spacetime, the vacuum is the state from which no
particles can be removed:

ai |0〉 = 0 ,

where ai are the annihilation operators defined by decomposing
the quantum field into positive and negative frequency modes:

φ =
∑

i

fiai + f ∗i a†i ,

and fi are a complete set of modes of positive frequency with
respect to the usual Minkowski time coordinate (fi ∼ eikx−iωt ),
obeying the equation of motion.



Ambiguity of the Vacuum in Curved Spacetime

In curved spacetime, there is no invariant notion of positive
frequency. Decompositions into modes with positive and
negative norm can be defined:

i
2

∫

Σ
(fi∂af ∗j − f ∗j ∂afi)dΣa = δij ,

but the subspace of positive norm modes is not unique. If the
spacetime contains asymptotic regions that are flat, then it is
natural to choose a basis of modes which are positive or
negative frequency with respect to the standard Minkowski
timelike Killing vector field. If such regions are present at early
(1) and late (3) times but spacetime is curved at intermediate
times (2), then it is not guaranteed that the preferred vacuum
state defined via (1) will agree with that defined from (3).



Particle Creation by Black Holes

Consider a black hole formed from collapse. At early times
(long before the black hole forms), decompose the field with
respect to Minkowski time

φ =
∑

i

fiai + f ∗i a†i ,

Note that the modes fi are defined at all times through the
equation of motion, gab∇a∇bφ = 0.



Particle Creation by Black Holes

The black hole horizon and future null infinity also form a
Cauchy surface. The distinction between them defines two sets
of modes which together are complete:

φ =
∑

i

pibi + p∗i b†i + qici + q∗i c†i ,

where the modes pi are positive frequency at null infinity and
purely outgoing, i.e., they vanish on the event horizon. Again,
this decomposition is defined at all times through the equation
of motion.



Bogoliubov Transformations

The modes and operators defined in these two ways are not
independent. Annihilation operators of one type can be
expressed as linear combinations of creation and annihilation
operators of the other decomposition:

pi =
∑

j

αij fj + βij f ∗j ;

bi =
∑

j

α∗ijaj + β∗ij a
∗
j .



Particle Creation by Black Holes

The initial state is defined as the infalling vacuum:

ai |0〉 = 0

for all i . Because of the mixing between creation and
annihilation operators in the Bogoliubov transforms, however,

bi |0〉 6= 0 !

The expected occupation number of the i-th mode at future null
infinity will be nonzero:

〈0|b†i bi |0〉 =
∑

j

|βij |2 .



Particle Creation by Black Holes

There is a technical complication: if backreaction is neglected,
the black hole emits an infinite total amount of radiation in every
mode: ∫ ∞

0
dω′|βωω′ |2 =∞ .

Handle this by defining wavepackets of finite temporal extent
and characteristic frequency, pnj .



Thermal spectrum

Let Γnj be the absorption probability for a wavepacket. One
finds that ∫ ∞

0
dω′|βjnω′ |2 =

Γnj

eω/T − 1
,

with
T =

κ

2π
.

Thus, as far as the expected occupation number of each mode
is concerned, the black hole emits as a thermal body.

One can show more generally that the state of the radiation is a
thermal density matrix:

ρ = e−H/T .





Information Loss



Why not?

I Unitarity is a fundamental principle in quantum mechanics;
black holes appear in the path integral that determines the
S-matrix

I The apparent validity of nontrivial entropy bounds suggests
that black holes do have a large enough Hilbert space to
store the information—only to lose it when they evaporate?
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Why not?



Why not?

I Scattering in AdS is described by a manifestly unitary CFT



Where’s the mistake?

Hawking’s calculation assumes only the equivalence principle.
It uses Quantum Field Theory on a curved spacetime
background, in a regime of low curvature. What could go
wrong?

Planck scale remnants? But they would appear to lead to
instabilities and they conflict with holographic entropy bounds.

The evaporation process takes a time O(r3
S), during which

O(r2
S) quanta are emitted from a region of area O(r2

S).
Hawking’s calculation uses local QFT in a situation where the
limitations imposed by the holographic principle are actually
encountered.
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Is Unitarity Consistent with the Equivalence Principle?

Just as unitarity lies at the core of QM, the equivalence
principle lies at the heart of GR. On scales� rS, for observers
entering after the scrambling time, the horizon should be locally
indistinguishable from Minkowski space. The horizon is not a
special place.

Independently of the details of Hawking’s calculation, it is not
clear whether these two principles are mutually consistent.

Black Hole Complementarity is an attempt to reconcile the
apparent conflict between the EP and Unitarity, by arguing that
no contradictions can be operationally verified by any observer
in the spacetime.
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The Principles of Black Hole Complementarity

1. The Hawking radiation is in a pure state determined by a
unitary S-matrix.

2. Effective Field Theory is valid outside the stretched
horizon.

3. A black hole has a Hilbert space of dimension exp(A/4).
4. An infalling observer encounters nothing special on

crossing the horizon.



Are they compatible?

I will first give an intuitive example, then a precise example of a
contradiction between unitarity and the equivalence principle.



Membrane vs. Free Fall

According to the outside observer, the black hole is an object
like any other. It behaves as a warm membrane located at the
stretched horizon (a timelike hypersurface located lP away from
the mathematical event horizon). The membrane has specific
electrical and mechanical properties that can be measured by
lowering probes. (This is closely related to AdS/Hydrodynamics
duality.) The membrane absorbs and thermalizes infalling
objects, and later returns them as Hawking radiation. Objects
do not cross the horizon. The infalling observer must see a
violation of the equivalence principle.



Membrane vs. Free Fall

According to the infalling observer, matter and its information
content can be carried across the horizon. By causality, this
information cannot return to the outside observer. The outside
observer should see information loss. This is consistent with
Hawking’s result that the out-state is a thermal density matrix.



Membrane vs. Free Fall

But by the time the infalling observer has been absorbed,
rS log rS, it is too late for the outside observer to send a signal
to him. And by the time the infalling observer has crossed the
horizon harmlessly, it is too late to report this fact to the outside
observer!

A sharper contradiction is obtained by considering evolution of
the quantum state, while assuming that both principles hold.
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Xeroxing paradox

A black hole forms by the
collapse of an object in the
pure state |ψ〉. Adopt the
Heisenberg picture.

After the black hole has
evaporated, the Hawking
cloud is in the quantum state
|ψ〉, by unitarity.

At the same time inside the
black hole, the object is still
collapsing and remains in the
quantum state |ψ〉, by the
equivalence principle.
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Xeroxing paradox

The black hole acts as a
quantum xeroxing machine:

|ψ〉 → |ψ〉 ⊗ |ψ〉

This violates the linearity of
quantum mechanics.

However, no observer can
see both copies!
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Strategy 1 (Susskind Thorlacius 1993)
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Figure 2: Alice and Bob test whether an evaporating black hole clones quantum information.
Alice, carrying her quantum memory, drops into the black hole. Bob recovers the content of Alice’s
memory from the Hawking radiation, and then enters the black hole, too. Alice sends her qubits
to Bob, and Bob verifies that cloning has occurred.

the singularity at U ! V !1
Bob. But if Alice falls freely, the proper time she experiences between

crossing the horizon at V = VAlice and reaching U = V !1
Bob is

!Alice = CrS (VAlice/VBob) , (10)

where C is a numerical constant that depends on Alice’s initial data (C = 1/e " .368 if Alice falls
from rest starting at r = #). In terms of Schwarzschild time, Bob’s fall into the black hole is
delayed relative to Alice’s by !t, where VBob/VAlice = e!t/2rS , and therefore

!Alice = CrS exp($!t/2rS) . (11)

Thus Alice’s proper time !Alice is of order the Planck time or shorter if Bob’s entry into the black
hole is delayed by !t = rS log rS or longer. The conclusion does not change substantially even if
Alice rides a rocket, as long as her proper acceleration is small in Planck units.

If Alice, after crossing the horizon, has less than a Planck time to communicate with Bob about
the status of her qubits, then she is required to send her message to Bob using super-Planckian
frequencies. And with our incomplete understanding of strongly-coupled quantum gravity, we lack
the tools to analyze the emission, transmission, and reception of such signals. On the other hand,
if Alice’s proper time were long compared to the Planck time, then in principle she could send her
qubits to Bob (or send a record of her measurement outcomes), allowing Bob to verify the cloning,
and the verification could be analyzed using controlled semiclassical approximations. We conclude
that, if verifiable cloning does not occur, then the black hole must retain Alice’s information for a
Schwarzschild time interval !t = "(rS log rS) [29, 30]. (The “big-Omega” notation indicates that
rS log rS is a lower bound on the information retention time for asymptotically large rS, up to a

14

Alice falls in with the star,
sends a bit to Bob right after
crossing the horizon. Bob
waits until he can recover the
bit in the Hawking radiation
and then jumps in to receive
Alice’s message. But: Bob
has to wait for O(R3) (Page
1993) until the first bit of
information comes out. Alice
would need energy
O(exp R2) to send a signal
that reaches Bob before he
hits the singularity. Bob fails
to see both copies, by a lot.



Strategy 2 (Hayden Preskill 2007)
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Figure 2: Alice and Bob test whether an evaporating black hole clones quantum information.
Alice, carrying her quantum memory, drops into the black hole. Bob recovers the content of Alice’s
memory from the Hawking radiation, and then enters the black hole, too. Alice sends her qubits
to Bob, and Bob verifies that cloning has occurred.

the singularity at U ! V !1
Bob. But if Alice falls freely, the proper time she experiences between

crossing the horizon at V = VAlice and reaching U = V !1
Bob is

!Alice = CrS (VAlice/VBob) , (10)

where C is a numerical constant that depends on Alice’s initial data (C = 1/e " .368 if Alice falls
from rest starting at r = #). In terms of Schwarzschild time, Bob’s fall into the black hole is
delayed relative to Alice’s by !t, where VBob/VAlice = e!t/2rS , and therefore

!Alice = CrS exp($!t/2rS) . (11)

Thus Alice’s proper time !Alice is of order the Planck time or shorter if Bob’s entry into the black
hole is delayed by !t = rS log rS or longer. The conclusion does not change substantially even if
Alice rides a rocket, as long as her proper acceleration is small in Planck units.

If Alice, after crossing the horizon, has less than a Planck time to communicate with Bob about
the status of her qubits, then she is required to send her message to Bob using super-Planckian
frequencies. And with our incomplete understanding of strongly-coupled quantum gravity, we lack
the tools to analyze the emission, transmission, and reception of such signals. On the other hand,
if Alice’s proper time were long compared to the Planck time, then in principle she could send her
qubits to Bob (or send a record of her measurement outcomes), allowing Bob to verify the cloning,
and the verification could be analyzed using controlled semiclassical approximations. We conclude
that, if verifiable cloning does not occur, then the black hole must retain Alice’s information for a
Schwarzschild time interval !t = "(rS log rS) [29, 30]. (The “big-Omega” notation indicates that
rS log rS is a lower bound on the information retention time for asymptotically large rS, up to a

14

Bob already controls more
than half of the Hawking
radiation, then Alice throws
in a bit. Since Bob’s radiation
is maximally entangled with
the black hole, Alice’s bit can
be recovered as soon as the
black hole has completely
thermalized it. Speculative
arguments suggest that the
scrambling time can be as
fast as O(R log R). In this
case, Bob fails to see both
copies, but only barely.



Xeroxing paradox

It appears that the following statements cannot all be true:
1. Unitarity: Hawking radiation contains the information about

the state that formed the black hole
2. Equivalence Principle: Nothing special happens to an

infalling observer while crossing the horizon

3. Omniscience: There must exist a consistent description of
the entire spacetime, even if there are horizons, i.e., even if
no-one can observe the entire spacetime.

Let us sacrifice (3) in order to rescue (1) and (2). This leads to
the principle of complementarity.
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Complementarity

A fundamental description of Nature need only describe
experiments that are consistent with causality. This principle
can be applied to arbitrary spacetimes. The regions that can be
probed are the causal diamonds: the intersection of the past
and future of an arbitrary worldline.



Complementarity

Complementarity implies that there must be a theory for every
causal diamond, but not necessarily for spacetime regions that
are too large to be contained in any causal diamond. If we
attempt to describe such regions, we may encounter
contradictions, but such contradictions cannot be verified in any
experiment.



Complementarity

As the thought-experiments show, complementarity resolves
both of the paradoxes described above.

But recently, a deep and subtle new gedankenexperiment was
proposed by Almheiri, Marolf, Polchinski, Sully, arXiv:1207.3123
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Maximal Entanglement

Let H = HA ⊗HB and NA = log |HA|.
Let ρA = TrB ρAB =

∑
b〈b|ρAB|b〉.

Let SA = −TrA ρA log ρA.

Assume the bipartite state is pure: ρAB = |ψ〉〈ψ|.
Definition: A is maximally entangled with B iff SA = NA.

(This is equivalent to ρA = e−NA I, and it implies NA ≤ NB.)



Maximal Entanglement

Example: 2 qubits.

The state |ψ〉 = (|00〉+ |11〉)/
√

2 is maximally entangled.

So are the other “Bell states”
(|00〉 − |11〉)/

√
2,

(|01〉+ |10〉)/
√

2,
(|01〉 − |10〉)/

√
2.

Maximally entangled states form a complete basis if NA = NB.
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Monogamy of Entanglement

Let H = HA ⊗HB ⊗HC .

Let ρAB = |ψ〉〈ψ|, where |ψ〉 = (|00〉+ |11〉)/
√

2 is maximally
entangled.

Can B and C be maximally entangled?

No; in fact they cannot be entangled or even correlated at all.
This follows from the strong subadditivity of the entanglement
entropy:

SABC + SB ≤ SAB + SBC .
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The Page Theorem

Note: this is not actually needed but it simplifies the argument
for firewalls.

Consider a bipartite system, H = HA ⊗HB, with NA ≤ NB, in a
Haar-random pure state. The smaller subsystem will be nearly
maximally entangled with the larger subsystem:

SA ≈ NA −
1
2

eNA−NB .



The Unruh State

The Minkowski vacuum can be written as a linear combination
of product states with support in the left and right Rindler
wedge, |x | > |t |:

|0〉M =
∏

j

∞∑

nj =0

e−πωj nj |nj〉R ⊗ |nj〉L .

Notice that this state is highly entangled. Tracing over the left
wedge yields a thermal state for the right wedge.

In Hawking’s calculation, this thermal state describes well the
Hawking quanta when they are still in the “zone”, and it explains
the thermal nature of the Hawking radiation.
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The AMPS argument: Unitarity

firewall paradoxxeroxing paradox
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early Hawking
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Figure 1. The causal diamond of an infalling (outside) observer is shown in red (blue);
the overlap region is shown purple. Observer complementarity is the statement that the de-
scription of each causal diamond must be self-consistent; but the (operationally meaningless)
combination of results from di↵erent diamonds can lead to contradictions. (a) Unitarity of
the Hawking process implies that the original pure state  is present in the final Hawking
radiation. The equivalence principle implies that it is present inside the black hole. If we
consider both diamonds simultaneously, then these arguments would lead to quantum xerox-
ing. However, no observer sees both copies, so no contradiction arises at the level of any
one causal diamond. (b) Unitarity implies that the late Hawking particle B is maximally
entangled with the early radiation A (see text for details). At the earlier time when the mode
B is near the horizon, the equivalence principle implies that it is maximally entangled with
a mode C inside the black hole. Since B can be maximally entangled only with one other
system, this constitutes a paradox. However, no observer can verify both entanglements, so
no contradiction arises in any single causal diamond. Therefore, it is not necessary to posit
a violation of the equivalence principle for the infalling observer.

probe is the causal diamond [3], the intersection of the past and future of the world-

line. Observer complementarity implies that there must be a theory for every causal

diamond, but not necessarily for spacetime regions that are contained in no causal

diamond.

Consider a causally nontrivial geometry, such as a black hole or cosmological space-

– 2 –

A black hole is allowed to
evaporate more than half of
its area.

The resulting “early Hawking
radiation” A is maximally
entangled with what remains
of the black hole, by unitarity
(Page 1993).

Equivalently, the early
radiation is maximally
entangled with the remaining
“late” Hawking radiation.
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entangled with the early radiation A (see text for details). At the earlier time when the mode
B is near the horizon, the equivalence principle implies that it is maximally entangled with
a mode C inside the black hole. Since B can be maximally entangled only with one other
system, this constitutes a paradox. However, no observer can verify both entanglements, so
no contradiction arises in any single causal diamond. Therefore, it is not necessary to posit
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Consider one of the quanta
of the late radiation, B, a
wavepacket of size O(R).

The early radiation A must in
particular be maximally
entangled with B.



The AMPS argument: Effective Field Theory
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Figure 1. The causal diamond of an infalling (outside) observer is shown in red (blue);
the overlap region is shown purple. Observer complementarity is the statement that the de-
scription of each causal diamond must be self-consistent; but the (operationally meaningless)
combination of results from di↵erent diamonds can lead to contradictions. (a) Unitarity of
the Hawking process implies that the original pure state  is present in the final Hawking
radiation. The equivalence principle implies that it is present inside the black hole. If we
consider both diamonds simultaneously, then these arguments would lead to quantum xerox-
ing. However, no observer sees both copies, so no contradiction arises at the level of any
one causal diamond. (b) Unitarity implies that the late Hawking particle B is maximally
entangled with the early radiation A (see text for details). At the earlier time when the mode
B is near the horizon, the equivalence principle implies that it is maximally entangled with
a mode C inside the black hole. Since B can be maximally entangled only with one other
system, this constitutes a paradox. However, no observer can verify both entanglements, so
no contradiction arises in any single causal diamond. Therefore, it is not necessary to posit
a violation of the equivalence principle for the infalling observer.

probe is the causal diamond [3], the intersection of the past and future of the world-

line. Observer complementarity implies that there must be a theory for every causal

diamond, but not necessarily for spacetime regions that are contained in no causal

diamond.

Consider a causally nontrivial geometry, such as a black hole or cosmological space-

– 2 –

Now consider an observer
Alice who falls into the black
hole.

She crosses the horizon
when B is still close to the
horizon and has size
1� λ� R.



The AMPS argument: Equivalence Principle
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Figure 1. The causal diamond of an infalling (outside) observer is shown in red (blue);
the overlap region is shown purple. Observer complementarity is the statement that the de-
scription of each causal diamond must be self-consistent; but the (operationally meaningless)
combination of results from di↵erent diamonds can lead to contradictions. (a) Unitarity of
the Hawking process implies that the original pure state  is present in the final Hawking
radiation. The equivalence principle implies that it is present inside the black hole. If we
consider both diamonds simultaneously, then these arguments would lead to quantum xerox-
ing. However, no observer sees both copies, so no contradiction arises at the level of any
one causal diamond. (b) Unitarity implies that the late Hawking particle B is maximally
entangled with the early radiation A (see text for details). At the earlier time when the mode
B is near the horizon, the equivalence principle implies that it is maximally entangled with
a mode C inside the black hole. Since B can be maximally entangled only with one other
system, this constitutes a paradox. However, no observer can verify both entanglements, so
no contradiction arises in any single causal diamond. Therefore, it is not necessary to posit
a violation of the equivalence principle for the infalling observer.
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By the equivalence principle,
Alice should see flat space
behavior on such scales.

But in the Minkowski
vacuum, modes with support
on one side of a surface are
maximally entangled with
modes on the other side
(Unruh state).

This implies that Alice must
see entanglement between B
and a mode C inside the
horizon.
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radiation. The equivalence principle implies that it is present inside the black hole. If we
consider both diamonds simultaneously, then these arguments would lead to quantum xerox-
ing. However, no observer sees both copies, so no contradiction arises at the level of any
one causal diamond. (b) Unitarity implies that the late Hawking particle B is maximally
entangled with the early radiation A (see text for details). At the earlier time when the mode
B is near the horizon, the equivalence principle implies that it is maximally entangled with
a mode C inside the black hole. Since B can be maximally entangled only with one other
system, this constitutes a paradox. However, no observer can verify both entanglements, so
no contradiction arises in any single causal diamond. Therefore, it is not necessary to posit
a violation of the equivalence principle for the infalling observer.

probe is the causal diamond [3], the intersection of the past and future of the world-

line. Observer complementarity implies that there must be a theory for every causal

diamond, but not necessarily for spacetime regions that are contained in no causal

diamond.

Consider a causally nontrivial geometry, such as a black hole or cosmological space-

– 2 –

This is a contradiction.

By the strong subadditivity of
entanglement entropy, B
cannot be maximally
entangled with A, and also
entangled with C).
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We must give up one of
these:

1. Unitarity
(entanglement of B with A)

2. QFT
(evolution of the mode B
from the near to the far
region)

3. Equivalence Principle
(entanglement of B with C)

AMPS argue that (3) is the
most conservative choice.
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B is near the horizon, the equivalence principle implies that it is maximally entangled with
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By a mining argument, the
AMPS argument applies not
only to outgoing s-waves, but
to higher-l near-horizon
modes as well. The lack of
Unruh entanglement of short
distance modes across the
horizon implies a divergent
stress tensor at the stretched
horizon—a “firewall” or
singularity. This is similar to
the Rindler vacuum.

Alice will hit the firewall and
will not enter the black hole.



Why Complementarity is Not Enough
How Complementarity might help:
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Xeroxing paradox: each observer sees only one copy

Firewall paradox: each observer sees only one entanglement
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Figure 1. The causal diamond of an infalling (outside) observer is shown in red (blue);
the overlap region is shown purple. Observer complementarity is the statement that the de-
scription of each causal diamond must be self-consistent; but the (operationally meaningless)
combination of results from di↵erent diamonds can lead to contradictions. (a) Unitarity of
the Hawking process implies that the original pure state  is present in the final Hawking
radiation. The equivalence principle implies that it is present inside the black hole. If we
consider both diamonds simultaneously, then these arguments would lead to quantum xerox-
ing. However, no observer sees both copies, so no contradiction arises at the level of any
one causal diamond. (b) Unitarity implies that the late Hawking particle B is maximally
entangled with the early radiation A (see text for details). At the earlier time when the mode
B is near the horizon, the equivalence principle implies that it is maximally entangled with
a mode C inside the black hole. Since B can be maximally entangled only with one other
system, this constitutes a paradox. However, no observer can verify both entanglements, so
no contradiction arises in any single causal diamond. Therefore, it is not necessary to posit
a violation of the equivalence principle for the infalling observer.
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Alice will find that the early
Hawking radiation is
consistent with unitarity.
However, she cannot
measure the full S-matrix
and she cannot verify that
the late radiation purifies the
quantum state of the
Hawking radiation. She can
consistently assume that B is
entangled only with C.
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radiation. The equivalence principle implies that it is present inside the black hole. If we
consider both diamonds simultaneously, then these arguments would lead to quantum xerox-
ing. However, no observer sees both copies, so no contradiction arises at the level of any
one causal diamond. (b) Unitarity implies that the late Hawking particle B is maximally
entangled with the early radiation A (see text for details). At the earlier time when the mode
B is near the horizon, the equivalence principle implies that it is maximally entangled with
a mode C inside the black hole. Since B can be maximally entangled only with one other
system, this constitutes a paradox. However, no observer can verify both entanglements, so
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This implies that there is a
separate theory for different
infalling observers.

This is consistent with the
version of complementarity
advocated earlier.

It is not consistent with
alternate statements of
complementarity that refer to
the black hole interior in its
entirety.
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Figure 1. The causal diamond of an infalling (outside) observer is shown in red (blue);
the overlap region is shown purple. Observer complementarity is the statement that the de-
scription of each causal diamond must be self-consistent; but the (operationally meaningless)
combination of results from di↵erent diamonds can lead to contradictions. (a) Unitarity of
the Hawking process implies that the original pure state  is present in the final Hawking
radiation. The equivalence principle implies that it is present inside the black hole. If we
consider both diamonds simultaneously, then these arguments would lead to quantum xerox-
ing. However, no observer sees both copies, so no contradiction arises at the level of any
one causal diamond. (b) Unitarity implies that the late Hawking particle B is maximally
entangled with the early radiation A (see text for details). At the earlier time when the mode
B is near the horizon, the equivalence principle implies that it is maximally entangled with
a mode C inside the black hole. Since B can be maximally entangled only with one other
system, this constitutes a paradox. However, no observer can verify both entanglements, so
no contradiction arises in any single causal diamond. Therefore, it is not necessary to posit
a violation of the equivalence principle for the infalling observer.
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Bob can measure the full
S-matrix and finds it to be
unitary. He cannot probe the
horizon under free fall. To
him, Alice seems to be
absorbed by a membrane,
and Alice can do nothing to
prove him wrong. By the time
she has verified that B is
entangled with C, it is too
late to send Bob a message,
so Bob can consistently
assume that B is entangled
only with A.



Consistency check

For complementarity to resolve the xeroxing paradox, it is
important that no observer can see both copies. This has been
verified.

For complementarity to resolve the firewall paradox, it is
important that no observer can see both entanglements. This
consistency check appears to fail.



The problem

I Alice can measure B before she crosses the horizon (at
least, I see no in-principle obstruction), so her theory at
this point must contain a Hilbert space for B.

I Since she can still choose to return to infinity, her theory
must contain a Hilbert space for R.

I By unitarity, B must be maximally entangled with some
purification RB ⊂ R in the early Hawking radiation.

I Free fall without a firewall requires that B is maximally
entangled with the interior modes A. This is impossible.



Now what?
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Except for giving up on unitarity, two possible stances:

(1) Attempt to preserve the equivalence principle.

I What will it take?
(2) Make sense of firewalls:

I How do they form?
I When do they form?
I Do they grow?
I Why do they form?
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Now what?

Sharp Paradox
=

Huge Opportunity
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