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Single transverse-Spin Asymmetry (SSA)

HERMES, COMPASS, ...

E704, STAR, PHENIX...

E704 (1991)

cannot be understood by the collinear parton model.

⇒ Need extension of the framework for QCD hard process.
2



・Multi-parton correlation in collinear factorization .

Efremov-Teryaev, Qiu-Sterman, Eguchi-Koike-Tanaka,
                                                                         and many works.

▷ SSA can be described in term of these correlation effects.

Ex. 

“twist-3 distribution” “twist-3 fragmentation”

(PT ⇠ Q � ⇤QCD)
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Collinear twist-3 approach for SSA

This talk



Twist-3 Fragmentation Function

“Non-pole” contribution to SSA

“Pole” contribution to SSA

No formalism in covariant gauges.

Yuan-Zhou (2009)

Meissner-Metz (2009)

Kang-Yuan-Zhou (2010)

Metz-Pitonyak (2013)
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No constraint from T-invariance

SIDIS    : Collins azimuthal asymmetry
PP→hX : Derivative term

All contribution in LC gauge

(⇔ Twist-3 distributions)
⇒ No contribution from poles.ÊF (z, z) = ÊF (0, z) = 0 (1)
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ÊF (z1, z2) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄F |0〉 (6)

1

z1
=

1

z2
(7)

1

z1,2
= 0 (8)

1



Contents of this talk

・Cross section formula in SIDIS.

・Collinear twist-3 formalism in Feynman gauge.

5

“Non-pole” Contribution of Twist-3 Fragmentation Function



Kinematics for SIDIS

Let’s focus on Twist-3 FF effect in hadronic tensor

kinematical variables

6

The azimuthal angle of the hadron plane as measured from the xz plane is taken to be χ
and thus the momentum of the final hadron is parameterized as

P µ
h =

zfQ

2

(

1 +
q2T
Q2

,
2qT
Q

cosχ,
2qT
Q

sinχ,−1 + q2T
Q2

)

. (9)

The transverse momentum of the final hadron in this frame is given by PhT = zfqT , which
is true in any frame where the 3-momenta "q and "p are collinear. The azimuthal angle of the
lepton plane measured from the xz plane is taken to be φ and thus the lepton momentum
can be parameterized as

lµ =
Q

2
(coshψ, sinhψ cosφ, sinhψ sinφ,−1) ,

l′µ =
Q

2
(coshψ, sinhψ cosφ, sinhψ sinφ, 1) , (10)

with coshψ = 2xbjSep

Q2 −1. The transverse spin vector of the initial nucleon Sµ is parametrized
as

Sµ = (0, cosΦS, sinΦS, 0), (11)

with the azimuthal angle ΦS of "S. Although three azimuthal angles φ, χ and ΦS are defined
above, it is obvious that the cross section for ep↑ → ehX depends on them through only
the relative angles φ − χ and ΦS − χ. Thus, it can be expressed in terms of Sep, xbj, Q2,
zf , q2T , φ− χ and ΦS − χ in the above hadron frame. Note that φ, χ and ΦS are invariant
under boosts in the "q-direction, so that the cross section presented below is the same in
any frame where "q and "p are collinear.

With the kinematical variables defined above, the differential cross section for the SIDIS
process with the unpolarized lepton is expressed as

d6∆σ

dxbjdQ2dzfdq2Tdφdχ
=

α2
em

128π4x2
bjS

2
epQ

2
zfL

µν(l, l′)Wµν(p, q, Ph), (12)

where Lµν(l, l′) = 2(lµl′ν + lνl′µ)−Q2gµν is the leptonic tensor, Wµν(p, q, Ph) is the hadronic
tensor in the same normalization as in [5], and αem = e2/(4π) is the QED coupling pa-
rameter. The single-spin-dependent part in the cross section (12) describes the SSA in the
process (6).

3.2 Analysis of hadronic tensor

In the following, we repeat the procedure presented in [6] to extract the twist-3 effect
originating from the final-state hadron. We first factorize the quark transversity distribution
from the hadronic tensor as

Wµν(p, q, Ph) =
∫ dx

x
h(x)wµν(xp, q, Ph), (13)

4

=
z

4MNN

∑

X

∫ dλ

2π
e−iλz 〈0|[−∞w, 0]γλ /wγ5ψ(0)|hX〉

×〈hX|ψ̄(λw)[λw,−∞w]|0〉←−∂
α
ελα

wPh . (4)

Here we used the fact the soft-gluon pole function ÊF (z, z) vanishes in QCD [2,3] to derive
the last equality. This ẽ(z) contributes to SSA in the twist-3 accuracy as well as the quark-
gluon correlation functions ÊF (z1, z2) and ẼF (z1, z2). For actual calculation, it is convenient
to use the following matrix in spinor space:

∆α
∂ij(z) =

1

N

∑

X

∫ dλ

2π
e−iλz 〈0|[−∞w, 0]ψi(0)|hX〉〈hX|ψ̄j(λw)[λw,−∞w]|0〉←−∂

α

=
MN

2z
(γ5 /Phγλ)ijε

λαwPh ẽ(z) + · · · . (5)

3 Collinear twist-3 formalism in Feynman gauge

3.1 Kinematics

Following [4], we summarize the kinematics for the SIDIS process,

e(l) + p↑(p, S)→ e(l′) + h(Ph) +X, (6)

where l, l′ and Ph are 4-momenta of the initial lepton, scattered lepton, and the produced
hadron. This process is described by the five independent Lorentz invariants:

Sep = (p+ l)2,

xbj = Q2

2p·q ,
Q2 = −q2 = −(l − l′)2,
zf = p·Ph

p·q ,

qT =
√
−q2t ,

(7)

where qt is the “transverse” component of q defined as

qµt = qµ − Ph · q
p · Ph

pµ − p · q
p · Ph

P µ
h , (8)

satisfying qt · p = qt · Ph = 0. In the hadron frame where the virtual photon and the initial
nucleon are collinear, i.e., both move along the z-axis, the momenta q and p are given by

qµ = (q0, 'q) = (0, 0, 0,−Q),

pµ =

(
Q

2xbj
, 0, 0,

Q

2xbj

)

.
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2.3. Collinear expansion and gauge invariance

The differential cross section for ep↑ → eπX can be written as

(19)dσ = 1
2Sep

d3 #Ph

(2π)32P 0
h

d3 ##′

(2π)32#′0

e4

q4 Lµν(#,#′)Wµν(p, q,Ph),

where

(20)Lµν(#,#
′) = 2(#µ#′

ν + #ν#
′
µ) − gµνQ

2

is the leptonic tensor for the unpolarized electron and Wµν is the hadronic tensor. In the present
study we are interested in the contribution from the twist-3 distribution for the initial proton
combined with the twist-2 unpolarized fragmentation function for the final pion ((A) term in (1)).
Accordingly, it is straightforward to factorize the fragmentation function from the hadronic tensor
as

(21)Wµν(p, q,Ph) =
∑

j=q,g

∫
dz

z2 Dj(z)w
j
µν

(
p,q,

Ph

z

)
,

where Dj(z) (j = q,g) is the quark and gluon fragmentation functions for the pion, with z

being the momentum fraction. Since the calculational procedure is the same for the two terms
in (21), we consider the case for the quark fragmentation in detail and omit the index j from w

j
µν

below. To extract the twist-3 effect in wµν contributing to single-spin-dependent cross section,
one needs to analyze the diagrams shown in Fig. 1 for the hadronic tensor. To this end, we work
in the Feynman gauge. In Fig. 1, the partons from the nucleon, which is represented by the lower
blob, undergoes the hard interaction with the virtual photon in the middle blob, followed by the
fragmentation into the pion as represented by the upper blob. Note that the fragmentation function
corresponding to the upper blob has already been factorized as (21). Corresponding to (a) and (b)
of Fig. 1, where the momenta for the parton lines connecting the blobs are assigned, respectively,
wµν can be written as the sum of the two terms:

(a) (b)

Fig. 1. Generic diagrams for the hadronic tensor of ep↑ → eπX, decomposed into the three blobs as nucleon matrix
element (lower), pion matrix element (upper), and partonic hard scattering by the virtual photon (middle). The first two
terms, (a) and (b), in the expansion by the number of partons connecting the middle and lower blobs are relevant to the
twist-3 effect induced by the nucleon.

φ, χ: azimuthal angles
h



Analysis of hadronic tensor

The azimuthal angle of the hadron plane as measured from the xz plane is taken to be χ
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In the following, we repeat the procedure presented in [6] to extract the twist-3 effect
originating from the final-state hadron. We first factorize the quark transversity distribution
from the hadronic tensor as

Wµν(p, q, Ph) =
∫ dx

x
h(x)wµν(xp, q, Ph), (13)

4

Factorize transversity h(x)

Figure 1: Generic diagrams giving rise to the twist-3 fragmentation function contribution
to ∆σ.

where the summation over the flavor of quarks is implicit. Our interest in the present study
resides in the contribution of the twist-3 fragmentation functions to SSA in SIDIS, which
is contained in wµν . According to the five diagrams depicted in Fig. 1, wµν is represented
as
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where k and k1,2 are the 4-momenta of the final quarks. We have suppressed the Lorentz in-
dices, µ and ν, and the momentum arguments for simplicity. S(k), SL
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are the partonic hard parts represented by the middle blobs in Fig. 1 while the matrix ele-
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where the summation over the flavor of quarks is implicit. Our interest in the present study
resides in the contribution of the twist-3 fragmentation functions to SSA in SIDIS, which
is contained in wµν . According to the five diagrams depicted in Fig. 1, wµν is represented
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where k and k1,2 are the 4-momenta of the final quarks. We have suppressed the Lorentz in-
dices, µ and ν, and the momentum arguments for simplicity. S(k), SL

α (k1, k2) and S̃L
α (k1, k2)

are the partonic hard parts represented by the middle blobs in Fig. 1 while the matrix ele-
ments in Eq. (14) are defined as
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+ Mirror 
    diagram

Hard parts:

Matrix elements for fragmentation:

⇒ These diagrams contain twist-3 FF effects.

ÊF (z, z) = ÊF (0, z) = 0 (1)

ÊF (z1, z2) (2)

(3)

h(Ph),
Ph
z1
, Ph

z2
, Ph

z2
− Ph

z1

∆(0)(k) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄|0〉 (4)

∆(1)α
A (k1, k2) ∼

∑

X

〈0|ψ|hX〉〈hX|ψ̄gAα|0〉 (5)

∆̃(1)α
A (k1, k2) ∼

∑

X

〈0|ψ̄ψ|hX〉〈hX|gAα|0〉 (6)

1
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ÊF (z1, z2) (2)

(3)
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Ph
z1
, Ph

z2
, Ph

z2
− Ph

z1

∆(0)(k) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄|0〉 (4)

∆(1)α
A (k1, k2) ∼

∑

X

〈0|ψ|hX〉〈hX|ψ̄gAα|0〉 (5)

∆̃(1)α
A (k1, k2) ∼

∑

X

〈0|ψ̄ψ|hX〉〈hX|gAα|0〉 (6)

1

ÊF (z, z) = ÊF (0, z) = 0 (1)

ÊF (z1, z2) (2)

(3)
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Ph
z1
, Ph

z2
, Ph

z2
− Ph

z1
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X

〈0|ψ|hX〉〈hX|ψ̄|0〉 (4)

∆(1)α
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∑

X

〈0|ψ|hX〉〈hX|ψ̄gAα|0〉 (5)

∆̃(1)α
A (k1, k2) ∼

∑

X

〈0|ψ̄ψ|hX〉〈hX|gAα|0〉 (6)

1

7

kα =
Pα
h

z
+ Ωα

βk
β (1)

kβ → −i∂β (2)

k → Ph

z
(3)

Ak ≡ Ak(φ− χ) (4)

ÊF (z, z) = ÊF (0, z) = 0 (5)

ÊF (z1, z2) = Re[ÊF (z1, z2)] + iIm[ÊF (z1, z2)] (6)

h(Ph),
Ph
z1
, Ph

z2
, Ph

z2
− Ph

z1

∆(0)(k) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄|0〉 (7)

∆(1)α
A (k1, k2) ∼

∑

X

〈0|ψ|hX〉〈hX|ψ̄gAα|0〉 (8)

∆̃(1)α
A (k1, k2) ∼

∑

X

〈0|ψ̄ψ|hX〉〈hX|gAα|0〉 (9)

∆(1)α
∂1 ∼

∑

X

〈p|ψ|hX〉〈hX|(∂αψ̄)gA−|0〉 (10)

∆(1)α
A ∼

∑

X

〈p|ψ|hX〉〈hX|ψ̄gAα|0〉 (11)

∆(0)α
∂ ∼

∑

X

〈p|ψ|hX〉〈hX|(∂αψ̄)|0〉 (12)

ÊF (z1, z2) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄F |0〉 (13)

ẽ(z), ÊF (z1, z2) (14)

S(k), SLα(k1, k2), S̃
Lα(k1, k2) (15)

=
MN

2z
(γ5 /Phγλ)ε

λαwPh ẽ(z) (16)

=
MN

2z2
(γ5 /Phγλ)ε

λαwPhÊF (z1, z2) (17)

[
Dα(λw) + ig

∫ λ

−∞
dµFα−(µw)

]
= ∂α[λw,−∞w] +O(g2) (18)

1



Identification of twist-3 contributions×〈0|ψi(0)|hX〉〈hX|ψ̄j(ξ)gA
α(η)|0〉, (16)

∆̃(1)α
Aij (k1, k2) =

1

N

∑

X

∫
d4ξ

∫
d4ηe−ik1·ξe−i(k2−k1)·η

×〈0|ψi(0)ψ̄j(ξ)|hX〉〈hX|gAα(η)|0〉. (17)

Here the numbers in the superscripts denote the order with respect to the QCD coupling
constant g.

The twist-3 effects are systematically extracted by the collinear expansion procedure.
In the present case, it is useful to define a projection tensor

Ωα
β = gα β − Pα

h wβ. (18)

With this tensor the momentum of quark is expressed as kα = (k ·w)Pα
h +Ωα

βk
β. Accord-

ingly the collinear expansion of S(k) may be performed as

S(k) = S(z) +
∂S(k)

∂kα

∣∣∣∣
c.l.
Ωα

βk
β + · · · (19)

where k ·w = 1/z. We express the hard part in the collinear limit as S(k = Ph
z ) ≡ S(z) for

simplicity. Having this expansion, the first term in Eq. (14) becomes up to twist-3

w(a) =
∫ dz

z2
Tr
[
∆(0)(z)S(z)

]
− iΩα

β

∫ dz

z2
Tr

[

∆(0)β
∂ (z)

∂S(k)

∂kα

∣∣∣∣
c.l.

]

, (20)

with the light-cone matrix elements

∆(0)
ij (z) =

1

N

∑

X

∫ dλ

2π
e−iλz 〈0|ψi(0)|hX〉〈hX|ψ̄j(λw)|0〉, (21)

∆(0)α
∂ij (z) =

1

N

∑

X

∫ dλ

2π
e−iλz 〈0|ψi(0)|hX〉〈hX|∂αψ̄j(λw)|0〉. (22)

Here we use a short-hand notation

∂αf(λw) =
∂f(ξ)

∂ξα

∣∣∣∣
ξ=λw

, (23)

for simplicity. The only chiral-odd twist-3 distribution in ∆(0)(z) contain a twist-3 frag-
mentation function ê(z), which was defined by X. Ji in the Lorentz decomposition

∆(0)
ij (z) =

MN

z
(1)ij ê1(z) + · · · , (24)

in the twist-3 accuracy [7]. However, similarly to the case of twist-3 distribution, this sub-
stitution does not produce any real contribution to the single-spin-dependent cross section.
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for simplicity. The only chiral-odd twist-3 distribution in ∆(0)(z) contain a twist-3 frag-
mentation function ê(z), which was defined by X. Ji in the Lorentz decomposition
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ij (z) =

MN
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(1)ij ê1(z) + · · · , (24)

in the twist-3 accuracy [7]. However, similarly to the case of twist-3 distribution, this sub-
stitution does not produce any real contribution to the single-spin-dependent cross section.
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This is because the transversity h(x) accompany the Dirac matrix γ5/S⊥/p in the matrix
element which cannot become real with the above ê1(z) after taking the trace in the LO
calculation.

In contrast to the case of the contribution of the twist-3 distributions, now we have
to take into account the second term in Eq.(20) because the substitution ∆α(0)

∂ (z) →
MN
2z (γ5 /Phγλ)ijελαwPh ẽ(z), which is shown Eq. (5), could cause a real contribution. Eq. (20)
becomes eventually up to twist-3

w(a) = −iΩα
β

∫ dz

z2
Tr

[

∆(0)β
∂ (z)

∂S(k)

∂kα

∣∣∣∣
c.l.

]

. (25)

Here and below “c.l.” indicates the collinear limit k → Ph/z, etc.
Next, we consider the twist-3 effects arising from the quark-gluon correlation matrix

elements in w(b,c). Following the procedure in [6], we reorganize the twist-3 terms produced
in the course of the collinear expansion. A main difference in the present case is that the
matrix elements differ between the diagrams w(b) and w(c) because time-reversal invari-
ance does not cause any constraint. Accordingly, we have to consider their contributions
separately.

In the hadron frame, the collinear expansion is needed for the coupling of the longitudi-
nally polarized gluon, (A ·w)P σ

h , onto SL
σ (k1, k2). We define SL(k1, k2) ≡ P σ

h S
L
σ (k1, k2) and

perform the collinear expansion for this component:

SL(k1, k2) = SL(z1, z2) +
∂SL(k1, k2)

∂kα
1

∣∣∣∣
c.l.
Ωα

βk
β
1

+
∂SL(k1, k2)

∂kα
2

∣∣∣∣
c.l.
Ωα

βk
β
2 + · · · (26)

Substituting this expression into w(b), one finds

w(b) =
∫ dz1

z21

dz2
z22

Tr
[
∆(1)σ

A (z1, z2)wσS
L(z1, z2)

]

+Ωα
β

∫ dz1
z21

dz2
z22

Tr
[
∆(1)β

A (z1, z2)S
L
α (z1, z2)

]

−iΩα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
∂1 (z1, z2)

∂SL(k1, k2)

∂kα
1

∣∣∣∣
c.l.

]

−iΩα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
∂2 (z1, z2)

∂SL(k1, k2)

∂kα
2

∣∣∣∣
c.l.

]

, (27)

where the light-cone matrix elements are given by

∆(1)β
Aij (z1, z2) =

1

N

∑

X

∫ dλ

2π

dµ

2π
e−i λ

z1 e−i( 1
z2

− 1
z1

)µ〈0|ψi(0)|hX〉
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Here and below “c.l.” indicates the collinear limit k → Ph/z, etc.
Next, we consider the twist-3 effects arising from the quark-gluon correlation matrix

elements in w(b,c). Following the procedure in [6], we reorganize the twist-3 terms produced
in the course of the collinear expansion. A main difference in the present case is that the
matrix elements differ between the diagrams w(b) and w(c) because time-reversal invari-
ance does not cause any constraint. Accordingly, we have to consider their contributions
separately.

In the hadron frame, the collinear expansion is needed for the coupling of the longitudi-
nally polarized gluon, (A ·w)P σ

h , onto SL
σ (k1, k2). We define SL(k1, k2) ≡ P σ

h S
L
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perform the collinear expansion for this component:
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+
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2 + · · · (26)

Substituting this expression into w(b), one finds

w(b) =
∫ dz1

z21
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where the light-cone matrix elements are given by

∆(1)β
Aij (z1, z2) =

1

N

∑

X

∫ dλ

2π

dµ

2π
e−i λ

z1 e−i( 1
z2

− 1
z1

)µ〈0|ψi(0)|hX〉
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kα =
Pα
h

z
+ Ωα

βk
β (1)

Ak ≡ Ak(φ− χ) (2)

ÊF (z, z) = ÊF (0, z) = 0 (3)

ÊF (z1, z2) = Re[ÊF (z1, z2)] + iIm[ÊF (z1, z2)] (4)

h(Ph),
Ph
z1
, Ph

z2
, Ph

z2
− Ph

z1

∆(0)(k) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄|0〉 (5)

∆(1)α
A (k1, k2) ∼

∑

X

〈0|ψ|hX〉〈hX|ψ̄gAα|0〉 (6)

∆̃(1)α
A (k1, k2) ∼

∑

X

〈0|ψ̄ψ|hX〉〈hX|gAα|0〉 (7)

ÊF (z1, z2) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄F |0〉 (8)

1

z1
=

1

z2
(9)

1

z1,2
= 0 (10)

1

kα =
Pα
h
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+ Ωα
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Ak ≡ Ak(φ− χ) (3)

ÊF (z, z) = ÊF (0, z) = 0 (4)

ÊF (z1, z2) = Re[ÊF (z1, z2)] + iIm[ÊF (z1, z2)] (5)

h(Ph),
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z2
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z1
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〈0|ψ̄ψ|hX〉〈hX|gAα|0〉 (8)

ÊF (z1, z2) ∼
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X

〈0|ψ|hX〉〈hX|ψ̄F |0〉 (9)

1

z1
=

1

z2
(10)

1
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= 0 (11)

1

By partial integration: 

: Projection operator
to extract twist-3 effects

kα =
Pα
h

z
+ Ωα

βk
β (1)

kβ → −i∂β (2)

k → Ph

z
(3)

Ak ≡ Ak(φ− χ) (4)

ÊF (z, z) = ÊF (0, z) = 0 (5)

ÊF (z1, z2) = Re[ÊF (z1, z2)] + iIm[ÊF (z1, z2)] (6)

h(Ph),
Ph
z1
, Ph

z2
, Ph

z2
− Ph

z1

∆(0)(k) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄|0〉 (7)

∆(1)α
A (k1, k2) ∼
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1

z1
=

1

z2
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1

z1,2
= 0 (12)

1

c.l. (collinear limit)

etc.
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⇒ produce derivative of field operators:

kα =
Pα
h

z
+ Ωα

βk
β (1)

kβ → −i∂β (2)

k → Ph

z
(3)

Ak ≡ Ak(φ− χ) (4)

ÊF (z, z) = ÊF (0, z) = 0 (5)

ÊF (z1, z2) = Re[ÊF (z1, z2)] + iIm[ÊF (z1, z2)] (6)

h(Ph),
Ph
z1
, Ph

z2
, Ph

z2
− Ph

z1

∆(0)(k) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄|0〉 (7)

∆(1)α
A (k1, k2) ∼

∑

X

〈0|ψ|hX〉〈hX|ψ̄gAα|0〉 (8)

∆̃(1)α
A (k1, k2) ∼

∑

X

〈0|ψ̄ψ|hX〉〈hX|gAα|0〉 (9)

∆(1)α
∂1 ∼

∑

X

〈p|ψ|hX〉〈hX|(∂αψ̄)gA−|0〉 (10)

∆(1)α
A ∼

∑

X

〈p|ψ|hX〉〈hX|ψ̄gAα|0〉 (11)

∆(1)α
F ∼

∑

X

〈p|ψ|hX〉〈hX|ψ̄gFα−|0〉 (12)

∆(0)α
∂ ∼

∑

X

〈p|ψ|hX〉〈hX|(∂αψ̄)|0〉 (13)

ÊF (z1, z2) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄F |0〉 (14)

∂βψ̄, ∂βA−, etc

ẽ(z), ÊF (z1, z2) (15)

S(k), SLα(k1, k2), S̃
Lα(k1, k2) (16)

=
MN

2z
(γ5 /Phγλ)ε

λαwPh ẽ(z) (17)

=
MN

2z2
(γ5 /Phγλ)ε

λαwPhÊF (z1, z2) (18)

1

etc.

1 Introduction

2 Twist-3 fragmentation functions

w is a light-like vector satisfying Ph · w = 1.
We introduce the F-type quark-gluon correlation functions as [1]

∆α
Fij(z1, z2) =

1

N

∑

X

∫ dλ

2π

dµ

2π
e−i λ

z1 e−iµ( 1
z2

− 1
z1

)〈0|[∞w, 0]ψi(0)|hX〉

×〈hX|ψ̄j(λw)[λw, µw]gF
αβ(µw)wβ[µw,∞w]|0〉

=
MN

2z2
(γ5 /P hγλ)ijε

λαwPhÊF (z1, z2) + · · · , (1)

∆̃α
Fij(z1, z2) =

1

N

∑

X

∫ dλ

2π

dµ

2π
e−i λ

z1 e−iµ( 1
z2

− 1
z1

)〈0|[∞w, 0]ψ̄j(λw)[λw, 0]ψi(0)|hX〉

×〈hX|gF αβ(µw)wβ[µw,∞w]|0〉

=
MN

2z2
(γ5 /P hγλ)ijε

λαwPhẼF (z1, z2) + · · · , (2)

where N = 3 is the number of colors and ελαwPh ≡ ελαρσwρPhσ with the Levi-Civita being
ε0123 ≡ +1. [λn, µn] is the gauge-link operator to ensure the color gauge-invariance of
the non-local operators. {ÊF , ẼF} is a complete set of the twist-3 quark-gluon correlation
functions inside a final-state hadron. As is well-known, the F-type function ÊF (z1, z2) is
related with the D-type function, which is defined with the covariant derivative F α(µw)
instead of the field strength tensor, as [1]

ÊD(z1, z2) = P

(
1

1/z1 − 1/z2

)

ÊF (z1, z2) + δ
(
1

z1
− 1

z2

)
ẽ(z2), (3)

where ẽ(z) is given by

ẽ(z) =
z

4MNN

∑

X

∫ dλ

2π
e−iλz 〈0|[∞w, 0]γλ /wγ5ψ(0)|hX〉

×〈hX|ψ̄(λw)←−D
α

T (λw)[λw,∞w]|0〉ελα wPh

− iz

8MNN

∑

X

∫ dλ

2π
e−iλz

∫
dµε(µ− λ)〈0|[∞w, 0]γλ /wγ5ψ(0)|hX〉

×〈hX|ψ̄(λw)[λw, µw]gF αβ(µw)wβ[µw,∞w]|0〉ελα wPh

2



Twist-3 parts after collinear expansion

⇒ Need relations among hard parts.
9

×〈hX|ψ̄j(λw)gA
β(µw)|0〉, (28)

∆(1)β
∂1ij(z1, z2) =

1

N

∑

X

∫ dλ

2π

dµ

2π
e−i λ

z1 e−i( 1
z2

− 1
z1

)µ〈0|ψi(0)|hX〉

×〈hX|(∂βψ̄j(λw))gA
w(µw)|0〉, (29)

∆(1)β
∂2ij(z1, z2) =

1

N

∑

X

∫ dλ

2π

dµ

2π
e−i λ

z1 e−i( 1
z2

− 1
z1

)µ〈0|ψi(0)|hX〉

×〈hX|(∂βψ̄j(λw))gA
w(µw) + ψ̄j(λw)g(∂

βAw(µw))|0〉. (30)

Note the first term in Eq. (27) may be written by the use of the tree-level Ward identity

P σ
h S

L
σ (z1, z2) =

S(z2)

1/z2 − 1/z1 + iε
. (31)

It is straightforward to see this term eventually becomes O(g) contribution to the gauge-
link operator [λw,−∞w] in ∆(z) and therefore it is not necessary to consider here. The
remaining terms in Eq. (27) can be reorganized as

w(b) = −iΩα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
∂1 (z1, z2)

(
∂SL(k1, k2)

∂kα
1

∣∣∣∣
c.l.

+
∂SL(k1, k2)

∂kα
2

∣∣∣∣
c.l.

)]

−iΩα
β

∫ dz1
z21

dz2
z22

Tr

[

(∆(1)β
∂2 (z1, z2)−∆(1)β

∂1 (z1, z2))
∂SL(k1, k2)

∂kα
2

∣∣∣∣
c.l.

]

+Ωα
β

∫ dz1
z21

dz2
z22

Tr
[
∆(1)β

A (z1, z2)S
L
α (z1, z2)

]
. (32)

By rewriting ∆(1)
∂2 −∆(1)

∂1 = ∆(1)
F + ∆̃(1)

A with

∆̃(1)β
Aij =

1

N

∑

X

∫ dλ

2π

dµ

2π
e−i λ

z1 e−i( 1
z2

− 1
z1

)µ〈0|ψ̄i(0)|hX〉〈hX|ψ̄j(λw)g∂
σAβ(µw)wσ|0〉

= i
(
1

z2
− 1

z1

)
∆(1)β

Aij , (33)

we find for the diagram (b) in Fig. 1

w(b) = −iΩα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
F (z1, z2)

∂SL(k1, k2)

∂kα
2

∣∣∣∣
c.l.

]

+Ωα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
A (z1, z2)

((
1

z2
− 1

z1

)
∂SL(k1, k2)

∂kα
2

∣∣∣∣
c.l.

+ SL
α (z1, z2)

)]

−iΩα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
∂1 (z1, z2)

(
∂SL(k1, k2)

∂kα
1

∣∣∣∣
c.l.

+
∂SL(k1, k2)

∂kα
2

∣∣∣∣
c.l.

)]

. (34)
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This is because the transversity h(x) accompany the Dirac matrix γ5/S⊥/p in the matrix
element which cannot become real with the above ê1(z) after taking the trace in the LO
calculation.

In contrast to the case of the contribution of the twist-3 distributions, now we have
to take into account the second term in Eq.(20) because the substitution ∆α(0)

∂ (z) →
MN
2z (γ5 /Phγλ)ijελαwPh ẽ(z), which is shown Eq. (5), could cause a real contribution. Eq. (20)
becomes eventually up to twist-3

w(a) = −iΩα
β

∫ dz

z2
Tr

[

∆(0)β
∂ (z)

∂S(k)

∂kα

∣∣∣∣
c.l.

]

. (25)

Here and below “c.l.” indicates the collinear limit k → Ph/z, etc.
Next, we consider the twist-3 effects arising from the quark-gluon correlation matrix

elements in w(b,c). Following the procedure in [6], we reorganize the twist-3 terms produced
in the course of the collinear expansion. A main difference in the present case is that the
matrix elements differ between the diagrams w(b) and w(c) because time-reversal invari-
ance does not cause any constraint. Accordingly, we have to consider their contributions
separately.

In the hadron frame, the collinear expansion is needed for the coupling of the longitudi-
nally polarized gluon, (A ·w)P σ

h , onto SL
σ (k1, k2). We define SL(k1, k2) ≡ P σ

h S
L
σ (k1, k2) and

perform the collinear expansion for this component:

SL(k1, k2) = SL(z1, z2) +
∂SL(k1, k2)

∂kα
1

∣∣∣∣
c.l.
Ωα

βk
β
1

+
∂SL(k1, k2)

∂kα
2

∣∣∣∣
c.l.
Ωα

βk
β
2 + · · · (26)

Substituting this expression into w(b), one finds

w(b) =
∫ dz1

z21

dz2
z22

Tr
[
∆(1)σ

A (z1, z2)wσS
L(z1, z2)

]

+Ωα
β

∫ dz1
z21

dz2
z22

Tr
[
∆(1)β

A (z1, z2)S
L
α (z1, z2)

]

−iΩα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
∂1 (z1, z2)

∂SL(k1, k2)

∂kα
1

∣∣∣∣
c.l.

]

−iΩα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
∂2 (z1, z2)

∂SL(k1, k2)

∂kα
2

∣∣∣∣
c.l.

]

, (27)

where the light-cone matrix elements are given by

∆(1)β
Aij (z1, z2) =

1

N

∑

X

∫ dλ

2π

dµ

2π
e−i λ

z1 e−i( 1
z2

− 1
z1

)µ〈0|ψi(0)|hX〉

7

k1

Ph

k2 − k1

q

k

xp

P, S

S

∆

Ph

(a) (c)

q

xp

P, S

∆Lα

k2

(b)

SL
α

∆Rα

SR
α

q

P, S

xp

Ph

k1 k2k1 − k2

k1

Ph

k2 − k1

(e)

q

xp

p, S

∆̃Lα

k2

(d)

S̃L
α

∆̃Rα

S̃R
α

q

p, S

xp

Ph

k1 k2k1 − k2

Figure 1: Generic diagrams giving rise to the twist-3 fragmentation function contribution
to ∆σ.

where the summation over the flavor of quarks is implicit. Our interest in the present study
resides in the contribution of the twist-3 fragmentation functions to SSA in SIDIS, which
is contained in wµν . According to the five diagrams depicted in Fig. 1, wµν is represented
as

w ≡ w(a) + w(b) + w(c) + w(d) + w(e)

≡
∫ d4k

(2π)4
Tr
[
∆(0)(k)S(k)

]

+
∫ d4k1

(2π)4
d4k2
(2π)4

{
Tr
[
∆(1)α

A (k1, k2)S
L
α (k1, k2)

]
+ (µ↔ ν)∗

}

+
∫ d4k1

(2π)4
d4k2
(2π)4

{
Tr
[
∆̃(1)α

A (k1, k2)S̃
L
α (k1, k2)

]
+ (µ↔ ν)∗

}
, (14)

where k and k1,2 are the 4-momenta of the final quarks. We have suppressed the Lorentz in-
dices, µ and ν, and the momentum arguments for simplicity. S(k), SL

α (k1, k2) and S̃L
α (k1, k2)

are the partonic hard parts represented by the middle blobs in Fig. 1 while the matrix ele-
ments in Eq. (14) are defined as

∆(0)
ij (k) =

1

N

∑

X

∫
d4ξe−ik·ξ〈0|ψi(0)|hX〉〈hX|ψ̄j(ξ)|0〉, (15)

∆(1)α
Aij (k1, k2) =

1

N

∑

X

∫
d4ξ

∫
d4ηe−ik1·ξe−i(k2−k1)·η

5

k1

Ph

k2 − k1

q

k

xp

P, S

S

∆

Ph

(a) (c)

q

xp

P, S

∆Lα

k2

(b)

SL
α

∆Rα

SR
α

q

P, S

xp

Ph

k1 k2k1 − k2

k1

Ph

k2 − k1

(e)

q

xp

p, S

∆̃Lα

k2

(d)

S̃L
α

∆̃Rα

S̃R
α

q

p, S

xp

Ph

k1 k2k1 − k2

Figure 1: Generic diagrams giving rise to the twist-3 fragmentation function contribution
to ∆σ.

where the summation over the flavor of quarks is implicit. Our interest in the present study
resides in the contribution of the twist-3 fragmentation functions to SSA in SIDIS, which
is contained in wµν . According to the five diagrams depicted in Fig. 1, wµν is represented
as

w ≡ w(a) + w(b) + w(c) + w(d) + w(e)

≡
∫ d4k

(2π)4
Tr
[
∆(0)(k)S(k)

]

+
∫ d4k1

(2π)4
d4k2
(2π)4

{
Tr
[
∆(1)α

A (k1, k2)S
L
α (k1, k2)

]
+ (µ↔ ν)∗

}

+
∫ d4k1

(2π)4
d4k2
(2π)4

{
Tr
[
∆̃(1)α

A (k1, k2)S̃
L
α (k1, k2)

]
+ (µ↔ ν)∗

}
, (14)

where k and k1,2 are the 4-momenta of the final quarks. We have suppressed the Lorentz in-
dices, µ and ν, and the momentum arguments for simplicity. S(k), SL

α (k1, k2) and S̃L
α (k1, k2)

are the partonic hard parts represented by the middle blobs in Fig. 1 while the matrix ele-
ments in Eq. (14) are defined as

∆(0)
ij (k) =

1

N

∑

X

∫
d4ξe−ik·ξ〈0|ψi(0)|hX〉〈hX|ψ̄j(ξ)|0〉, (15)

∆(1)α
Aij (k1, k2) =

1

N

∑

X

∫
d4ξ

∫
d4ηe−ik1·ξe−i(k2−k1)·η

5

etc...

・Some matrix elements are gauge-dependent.

・Can we recast the MEs into gauge-invariant form?

kα =
Pα
h

z
+ Ωα

βk
β (1)

kβ → −i∂β (2)

k → Ph

z
(3)

Ak ≡ Ak(φ− χ) (4)

ÊF (z, z) = ÊF (0, z) = 0 (5)

ÊF (z1, z2) = Re[ÊF (z1, z2)] + iIm[ÊF (z1, z2)] (6)

h(Ph),
Ph
z1
, Ph

z2
, Ph

z2
− Ph

z1

∆(0)(k) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄|0〉 (7)

∆(1)α
A (k1, k2) ∼

∑

X

〈0|ψ|hX〉〈hX|ψ̄gAα|0〉 (8)

∆̃(1)α
A (k1, k2) ∼

∑

X

〈0|ψ̄ψ|hX〉〈hX|gAα|0〉 (9)

∆(1)α
∂1 ∼

∑

X

〈p|ψ|hX〉〈hX|(∂αψ̄)gA−|0〉 (10)

ÊF (z1, z2) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄F |0〉 (11)

1

z1
=

1

z2
(12)

1

z1,2
= 0 (13)

1

kα =
Pα
h

z
+ Ωα

βk
β (1)

kβ → −i∂β (2)

k → Ph

z
(3)

Ak ≡ Ak(φ− χ) (4)

ÊF (z, z) = ÊF (0, z) = 0 (5)

ÊF (z1, z2) = Re[ÊF (z1, z2)] + iIm[ÊF (z1, z2)] (6)

h(Ph),
Ph
z1
, Ph

z2
, Ph

z2
− Ph

z1

∆(0)(k) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄|0〉 (7)

∆(1)α
A (k1, k2) ∼

∑

X

〈0|ψ|hX〉〈hX|ψ̄gAα|0〉 (8)

∆̃(1)α
A (k1, k2) ∼

∑

X

〈0|ψ̄ψ|hX〉〈hX|gAα|0〉 (9)

∆(1)α
∂1 ∼

∑

X

〈p|ψ|hX〉〈hX|(∂αψ̄)gA−|0〉 (10)

∆(1)α
A ∼

∑

X

〈p|ψ|hX〉〈hX|ψ̄gAα|0〉 (11)

ÊF (z1, z2) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄F |0〉 (12)

1

z1
=

1

z2
(13)

1

z1,2
= 0 (14)

1

kα =
Pα
h

z
+ Ωα

βk
β (1)

kβ → −i∂β (2)

k → Ph

z
(3)

Ak ≡ Ak(φ− χ) (4)

ÊF (z, z) = ÊF (0, z) = 0 (5)

ÊF (z1, z2) = Re[ÊF (z1, z2)] + iIm[ÊF (z1, z2)] (6)

h(Ph),
Ph
z1
, Ph

z2
, Ph

z2
− Ph

z1

∆(0)(k) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄|0〉 (7)

∆(1)α
A (k1, k2) ∼

∑

X

〈0|ψ|hX〉〈hX|ψ̄gAα|0〉 (8)

∆̃(1)α
A (k1, k2) ∼

∑

X

〈0|ψ̄ψ|hX〉〈hX|gAα|0〉 (9)

∆(1)α
∂1 ∼

∑

X

〈p|ψ|hX〉〈hX|(∂αψ̄)gA−|0〉 (10)

∆(1)α
A ∼

∑

X

〈p|ψ|hX〉〈hX|ψ̄gAα|0〉 (11)

∆(0)α
∂ ∼

∑

X

〈p|ψ|hX〉〈hX|(∂αψ̄)|0〉 (12)

ÊF (z1, z2) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄F |0〉 (13)

1

z1
=

1

z2
(14)

1

z1,2
= 0 (15)

1

kα =
Pα
h

z
+ Ωα

βk
β (1)

kβ → −i∂β (2)

k → Ph

z
(3)

Ak ≡ Ak(φ− χ) (4)

ÊF (z, z) = ÊF (0, z) = 0 (5)

ÊF (z1, z2) = Re[ÊF (z1, z2)] + iIm[ÊF (z1, z2)] (6)

h(Ph),
Ph
z1
, Ph

z2
, Ph

z2
− Ph

z1

∆(0)(k) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄|0〉 (7)

∆(1)α
A (k1, k2) ∼

∑

X

〈0|ψ|hX〉〈hX|ψ̄gAα|0〉 (8)

∆̃(1)α
A (k1, k2) ∼

∑

X

〈0|ψ̄ψ|hX〉〈hX|gAα|0〉 (9)

∆(1)α
∂1 ∼

∑

X

〈p|ψ|hX〉〈hX|(∂αψ̄)gA−|0〉 (10)

∆(1)α
A ∼

∑

X

〈p|ψ|hX〉〈hX|ψ̄gAα|0〉 (11)

∆(1)α
F ∼

∑

X

〈p|ψ|hX〉〈hX|ψ̄gFα−|0〉 (12)

∆(0)α
∂ ∼

∑

X

〈p|ψ|hX〉〈hX|(∂αψ̄)|0〉 (13)

ÊF (z1, z2) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄F |0〉 (14)

ẽ(z), ÊF (z1, z2) (15)

S(k), SLα(k1, k2), S̃
Lα(k1, k2) (16)

=
MN

2z
(γ5 /Phγλ)ε

λαwPh ẽ(z) (17)

=
MN

2z2
(γ5 /Phγλ)ε

λαwPhÊF (z1, z2) (18)

1

gauge-invariant
 



Ward-Takahashi (Slavnov-Taylor) identity

Performing a similar analysis for the diagram (c) in Fig. 1, one immediately obtains

w(c) = −iΩα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
FR (z1, z2)

∂SR(k1, k2)

∂kα
2

∣∣∣∣
c.l.

]

+Ωα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
AR (z1, z2)

((
1

z2
− 1

z1

)
∂SR(k1, k2)

∂kα
2

∣∣∣∣
c.l.

+ SR
α (z1, z2)

)]

−iΩα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
∂1R(z1, z2)

(
∂SR(k1, k2)

∂kα
1

∣∣∣∣
c.l.

+
∂SR(k1, k2)

∂kα
2

∣∣∣∣
c.l.

)]

, (35)

where γ0∆†(z2, z1)γ0 ≡ ∆R(z1, z2) and γ0SL†(k2, k1)γ0 ≡ SR(k1, k2). As one sees, the
matrix elements in w(a,b,c) are manifestly gauge-dependent except for the first terms in
w(b,c), which are given by the gauge invariant F-type operator. As is well-established, for
the pole contributions, these gauge-dependent terms vanish owing to the Ward-identities
with the on-shell condition for the internal propagator, therefore the color gauge-invariance
of the twist-3 contribution is ensured [5, 6]. In the present case, however, such special on-
shell condition is lacking, so that one has to reconsider the factorization property and prove
the color gauge-invariance of the contribution of the twist-3 fragmentation functions. In
the next subsection, we present such argument to establish the collinear twist-3 formalism
for the non-pole contribution.

3.3 Ward-Takahashi identities and relation among hard parts

In order to show the factorization property and the color gauge invariance of the non-
pole contribution, what we have to achieve is to prove all these gauge dependent terms are
combined into matrix elements which are defined by the gauge invariant operators. To show
this is the case, we first note the hard parts, which are composed of QCD Green functions,
obey a set of relations called Ward-Takahashi identities. Applying these identities at LO
QCD to the amplitude with an off-shell quark external line, as shown in Fig. 2, one finds

(k2 − k1)
σSLa

σ (k1, k2) = T aS(k2), (36)

where the color index a is shown explicitly. Here we discard the ghost-like term, the last
term depicted in the right-hand side in Fig. 2, because this term eventually vanishes in the
twist-3 accuracy. The above identity may be rewritten as

P σ
h S

La
σ (k1, k2) =

1

1/z2 − 1/z1 + iε

[
T aS(k2)− (k2⊥ − k1⊥)

σSLa
σ (z1, z2)

]
, (37)

where the sign of the iε-prescription is chosen so that this identity reproduces Eq. (31) when
one takes the collinear limit. By taking the collinear limit after taking the derivatives with
respect to k1⊥ and k2⊥, one obtains

∂SLa(k1, k2)

∂kα
1⊥

∣∣∣∣
c.l.

=
1

1/z2 − 1/z1 + iε
SLa
α (z1, z2), (38)
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one finds

(k2 − k1)
σSLa

σ (k1, k2) = T aS(k2), (5.33)

where the color index a is shown explicitly. Here we discard the ghost-like term, the last

term depicted in the right-hand side in Fig. 5.2, because this term eventually vanishes

in the twist-3 accuracy. The above identity may be rewritten as

P σ
h S

La
σ (k1, k2) =

1

1/z2 − 1/z1 − iε

[
T aS(k2)− (k2⊥ − k1⊥)

σSLa
σ (z1, z2)

]
, (5.34)

where the sign of the iε-prescription is chosen so that this identity reproduces Eq. (5.26)

when one takes the collinear limit. By taking the collinear limit after taking the deriva-

tives with respect to k1⊥ and k2⊥, one obtains

∂SLa(k1, k2)

∂kα1⊥

∣∣∣∣
c.l.

=
1

1/z2 − 1/z1 − iε
SLa
α (z1, z2), (5.35)

∂SLa(k1, k2)

∂kα2⊥

∣∣∣∣
c.l.

=
1

1/z2 − 1/z1 − iε

[
T a∂S(k2)

∂kα2⊥

∣∣∣∣
c.l.

− SLa
α (z1, z2)

]
. (5.36)

Substituting these into the expression of w(b) and performing the integration over 1/z1,

we obtain

w(b) = iΩα
β

∫
dz1
z21

dz2
z22

P

(
1

1/z2 − 1/z1

)
Tr
[
∆(1)β

F (z1, z2)S
L
α (z1, z2)

]

−iΩα
β

∫
dz

z2
Tr

[{
∆(1)β

F (z) + i∆(1)β
A (z) +∆(1)β

∂A (z)
} ∂S(k)

∂kα

∣∣∣∣
c.l.

]
, (5.37)
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σ (k1, k2) = T aS(k2), (5.33)

where the color index a is shown explicitly. Here we discard the ghost-like term, the last

term depicted in the right-hand side in Fig. 5.2, because this term eventually vanishes

in the twist-3 accuracy. The above identity may be rewritten as

P σ
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La
σ (k1, k2) =

1
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[
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, (5.34)

where the sign of the iε-prescription is chosen so that this identity reproduces Eq. (5.26)

when one takes the collinear limit. By taking the collinear limit after taking the deriva-

tives with respect to k1⊥ and k2⊥, one obtains

∂SLa(k1, k2)

∂kα1⊥

∣∣∣∣
c.l.

=
1

1/z2 − 1/z1 − iε
SLa
α (z1, z2), (5.35)

∂SLa(k1, k2)

∂kα2⊥

∣∣∣∣
c.l.

=
1

1/z2 − 1/z1 − iε

[
T a∂S(k2)

∂kα2⊥

∣∣∣∣
c.l.

− SLa
α (z1, z2)

]
. (5.36)

Substituting these into the expression of w(b) and performing the integration over 1/z1,

we obtain

w(b) = iΩα
β

∫
dz1
z21

dz2
z22

P

(
1

1/z2 − 1/z1

)
Tr
[
∆(1)β

F (z1, z2)S
L
α (z1, z2)

]

−iΩα
β

∫
dz

z2
Tr

[{
∆(1)β

F (z) + i∆(1)β
A (z) +∆(1)β

∂A (z)
} ∂S(k)

∂kα

∣∣∣∣
c.l.

]
, (5.37)

Relation between amplitudes:

Relation between hard parts:

10

No contribution 
from ghost-like term
in tw3 accuracy.

k1, (k2-k1): off-shell before collinear expansion

⇒ Let’s recast matrix elements.

Performing a similar analysis for the diagram (c) in Fig. 1, one immediately obtains

w(c) = −iΩα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
FR (z1, z2)

∂SR(k1, k2)

∂kα
2

∣∣∣∣
c.l.

]

+Ωα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
AR (z1, z2)

((
1

z2
− 1

z1

)
∂SR(k1, k2)

∂kα
2

∣∣∣∣
c.l.

+ SR
α (z1, z2)

)]

−iΩα
β

∫ dz1
z21

dz2
z22

Tr

[

∆(1)β
∂1R(z1, z2)

(
∂SR(k1, k2)

∂kα
1

∣∣∣∣
c.l.

+
∂SR(k1, k2)

∂kα
2

∣∣∣∣
c.l.

)]

, (35)

where γ0∆†(z2, z1)γ0 ≡ ∆R(z1, z2) and γ0SL†(k2, k1)γ0 ≡ SR(k1, k2). As one sees, the
matrix elements in w(a,b,c) are manifestly gauge-dependent except for the first terms in
w(b,c), which are given by the gauge invariant F-type operator. As is well-established, for
the pole contributions, these gauge-dependent terms vanish owing to the Ward-identities
with the on-shell condition for the internal propagator, therefore the color gauge-invariance
of the twist-3 contribution is ensured [5, 6]. In the present case, however, such special on-
shell condition is lacking, so that one has to reconsider the factorization property and prove
the color gauge-invariance of the contribution of the twist-3 fragmentation functions. In
the next subsection, we present such argument to establish the collinear twist-3 formalism
for the non-pole contribution.

3.3 Ward-Takahashi identities and relation among hard parts

In order to show the factorization property and the color gauge invariance of the non-
pole contribution, what we have to achieve is to prove all these gauge dependent terms are
combined into matrix elements which are defined by the gauge invariant operators. To show
this is the case, we first note the hard parts, which are composed of QCD Green functions,
obey a set of relations called Ward-Takahashi identities. Applying these identities at LO
QCD to the amplitude with an off-shell quark external line, as shown in Fig. 2, one finds

(k2 − k1)
σSLa

σ (k1, k2) = T aS(k2), (36)

where the color index a is shown explicitly. Here we discard the ghost-like term, the last
term depicted in the right-hand side in Fig. 2, because this term eventually vanishes in the
twist-3 accuracy. The above identity may be rewritten as

P σ
h S

La
σ (k1, k2) =

1

1/z2 − 1/z1 + iε

[
T aS(k2)− (k2⊥ − k1⊥)

σSLa
σ (z1, z2)

]
, (37)

where the sign of the iε-prescription is chosen so that this identity reproduces Eq. (31) when
one takes the collinear limit. By taking the collinear limit after taking the derivatives with
respect to k1⊥ and k2⊥, one obtains

∂SLa(k1, k2)

∂kα
1⊥

∣∣∣∣
c.l.

=
1

1/z2 − 1/z1 + iε
SLa
α (z1, z2), (38)

9

Figure 2: Ward-Takahashi identity for a coupling of the scalar-polarized gluon (k1 − k2)σ

onto the amplitude in the left-hand-side of the final-state cut in SLa
σ (k1, k2). The circle

represents the sum of the s-channel and t-channel diagrams for the partonic subprocess
γ∗q → qg.

∂SLa(k1, k2)

∂kα
2⊥

∣∣∣∣
c.l.

=
1

1/z2 − 1/z1 + iε

[

T a∂S(k2)

∂kα
2⊥

∣∣∣∣
c.l.
− SLa

α (z1, z2)

]

. (39)

Substituting these into the expression of w(b) and performing the integration over 1/z1, we
obtain

w(b) = iΩα
β

∫ dz1
z21

dz2
z22

P

(
1

1/z2 − 1/z1

)

Tr
[
∆(1)β

F (z1, z2)S
L
α (z1, z2)

]

−iΩα
β

∫ dz

z2
Tr

[{
∆(1)β

F (z) + i∆(1)β
A (z) +∆(1)β

∂A (z)
} ∂S(k)

∂kα

∣∣∣∣
c.l.

]

, (40)

where the single-variable light-cone matrix elements are given by

∆(1)β
Fij (z) =

1

N

∑

X

∫ dλ

2π
e−iλz × 〈0|ψi(0)|hX〉

×〈hX|ψ̄j(λw)

{

ig
∫ λ

−∞
dµF βw(µw)

}

|0〉, (41)

∆(1)β
Aij (z) =

1

N

∑

X

∫ dλ

2π
e−iλz 〈0|ψi(0)|hX〉〈hX|ψ̄j(λw)gA

β(λw)|0〉, (42)

∆(1)β
∂Aij(z) =

1

N

∑

X

∫ dλ

2π
e−iλz 〈0|ψi(0)|hX〉

10

= +

etc.



Factorization property
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Matrix elements

×〈hX|ψ̄j(λw)
←−
∂

β
{

ig
∫ λ

−∞
dµAw(µw)

}

|0〉. (43)

Combined with the expression for w(a), the gauge dependent operators coming from the

left-hand-side of the final-state cut construct the O(g) part of the
[
ψ̄(λw)[λw,−∞w]

]←−
∂

β
.

With a similar analysis for the diagram (c), it is straightforward to derive

w(c) = −iΩα
β

∫ dz1
z21

dz2
z22

P

(
1

1/z1 − 1/z2

)

Tr
[
∆(1)β

FR (z1, z2)S
Ra
α (z1, z2)

]

−iΩα
β

∫ dz

z2
Tr

[

∆(1)β
A∂ (z)

∂S(k)

∂kα

∣∣∣∣
c.l.

]

, (44)

with the following light-cone matrix element:

∆(1)β
A∂ij(z) =

1

N

∑

X

∫ dλ

2π
e−iλz 〈0|

{
ig
∫ −∞

0
dµAw(µw)

}
ψi(0)|hX〉〈hX|ψ̄j(λw)

←−
∂

β
|0〉. (45)

Because the second term in Eq. (44) is identified as the O(g) part of the gauge-link operator
[−∞w, 0] in ∆β

∂(z) defined in Eq. (5), we find the light-cone matrix elements produced in
the course of the collinear expansions are nicely reorganized in a color gauge invariant way
as

w(a) + w(b) + w(c) = 2Ωα
β

∫ dz

z2
ImTr

[

∆β
∂(z)

∂S(k)

∂kα

∣∣∣∣
c.l.

]

−2Ωα
β

∫ dz1
z21

dz2
z22

P

(
1

1/z2 − 1/z1

)

ImTr
[
∆β

F (z1, z2)S
L
α (z1, z2)

]
.(46)

For completeness, we have to include the twist-3 contributions arising from the diagrams
(d,e) in Fig. 1. In this case, the corresponding hard parts obey a simple Ward identity, i.e.,

(k2 − k1)
σS̃L

σ (k1, k2) = 0, (47)

which is the same as the case for the pole contributions, so that it is straightforward to
show the color gauge-invariance for this twist-3 contribution. The resultant factorization
formula is expressed in terms of only the gauge-invariant F-type matrix element as

w(d) + w(e) = −2Ωα
β

∫ dz1
z21

dz2
z22

P

(
1

1/z2 − 1/z1

)

ImTr
[
∆̃β

F (z1, z2)S̃
L
α (z1, z2)

]
. (48)

Equations (46) and (48) show all the twist-3 contributions arising from the twist-3 fragmen-
tation functions have definite factorization property with manifest color gauge-invariance.
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Resultant formula

=
z

4MNN

∑

X

∫ dλ

2π
e−iλz 〈0|[−∞w, 0]γλ /wγ5ψ(0)|hX〉

×〈hX|ψ̄(λw)[λw,−∞w]|0〉←−∂
α
ελα

wPh . (4)

Here we used the fact the soft-gluon pole function ÊF (z, z) vanishes in QCD [2,3] to derive
the last equality. This ẽ(z) contributes to SSA in the twist-3 accuracy as well as the quark-
gluon correlation functions ÊF (z1, z2) and ẼF (z1, z2). For actual calculation, it is convenient
to use the following matrix in spinor space:

∆α
∂ij(z) =

1

N

∑

X

∫ dλ

2π
e−iλz 〈0|[−∞w, 0]ψi(0)|hX〉〈hX|ψ̄j(λw)[λw,−∞w]|0〉←−∂

α

=
MN

2z
(γ5 /Phγλ)ijε

λαwPh ẽ(z) + · · · . (5)

3 Collinear twist-3 formalism in Feynman gauge

3.1 Kinematics

Following [4], we summarize the kinematics for the SIDIS process,

e(l) + p↑(p, S)→ e(l′) + h(Ph) +X, (6)

where l, l′ and Ph are 4-momenta of the initial lepton, scattered lepton, and the produced
hadron. This process is described by the five independent Lorentz invariants:

Sep = (p+ l)2,

xbj = Q2

2p·q ,
Q2 = −q2 = −(l − l′)2,
zf = p·Ph

p·q ,

qT =
√
−q2t ,

(7)

where qt is the “transverse” component of q defined as

qµt = qµ − Ph · q
p · Ph

pµ − p · q
p · Ph

P µ
h , (8)

satisfying qt · p = qt · Ph = 0. In the hadron frame where the virtual photon and the initial
nucleon are collinear, i.e., both move along the z-axis, the momenta q and p are given by

qµ = (q0, 'q) = (0, 0, 0,−Q),

pµ =

(
Q

2xbj
, 0, 0,

Q

2xbj

)

.

3

1 Introduction

2 Twist-3 fragmentation functions

w is a light-like vector satisfying Ph · w = 1.
We introduce the F-type quark-gluon correlation functions as [1]

∆α
Fij(z1, z2) =

1

N

∑

X

∫ dλ

2π

dµ

2π
e−i λ

z1 e−iµ( 1
z2

− 1
z1

)〈0|[−∞w, 0]ψi(0)|hX〉

×〈hX|ψ̄j(λw)[λw, µw]gF
αβ(µw)wβ[µw,−∞w]|0〉

=
MN

2z2
(γ5 /P hγλ)ijε

λαwPhÊF (z1, z2) + · · · , (1)

∆̃α
Fij(z1, z2) =

1

N

∑

X

∫ dλ

2π

dµ

2π
e−i λ

z1 e−iµ( 1
z2

− 1
z1

)〈0|[−∞w, 0]ψ̄j(λw)[λw, 0]ψi(0)|hX〉

×〈hX|gF αβ(µw)wβ[µw,−∞w]|0〉

=
MN

2z2
(γ5 /P hγλ)ijε

λαwPhẼF (z1, z2) + · · · , (2)

where N = 3 is the number of colors and ελαwPh ≡ ελαρσwρPhσ with the Levi-Civita being
ε0123 ≡ +1. [λn, µn] is the gauge-link operator to ensure the color gauge-invariance of
the non-local operators. {ÊF , ẼF} is a complete set of the twist-3 quark-gluon correlation
functions inside a final-state hadron. As is well-known, the F-type function ÊF (z1, z2) is
related with the D-type function, which is defined with the covariant derivative F α(µw)
instead of the field strength tensor, as [1]

ÊD(z1, z2) = P

(
1

1/z1 − 1/z2

)

ÊF (z1, z2) + δ
(
1

z1
− 1

z2

)
ẽ(z2), (3)

where ẽ(z) is given by

ẽ(z) =
z

4MNN

∑

X

∫ dλ

2π
e−iλz 〈0|[−∞w, 0]γλ /wγ5ψ(0)|hX〉

×〈hX|ψ̄(λw)←−D
α

T (λw)[λw,−∞w]|0〉ελα wPh

− iz

8MNN

∑

X

∫ dλ

2π
e−iλz

∫
dµε(µ− λ)〈0|[−∞w, 0]γλ /wγ5ψ(0)|hX〉

×〈hX|ψ̄(λw)[λw, µw]gF αβ(µw)wβ[µw,−∞w]|0〉ελα wPh

2
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h(Ph),
Ph
z1
, Ph

z2
, Ph

z2
− Ph

z1

∆(0)(k) ∼
∑

X

〈0|ψ|hX〉〈hX|ψ̄|0〉 (7)

∆(1)α
A (k1, k2) ∼

∑

X

〈0|ψ|hX〉〈hX|ψ̄gAα|0〉 (8)

∆̃(1)α
A (k1, k2) ∼

∑

X

〈0|ψ̄ψ|hX〉〈hX|gAα|0〉 (9)

∆(1)α
∂1 ∼

∑

X

〈p|ψ|hX〉〈hX|(∂αψ̄)gA−|0〉 (10)

∆(1)α
A ∼

∑

X

〈p|ψ|hX〉〈hX|ψ̄gAα|0〉 (11)

∆(0)α
∂ ∼

∑

X

〈p|ψ|hX〉〈hX|(∂αψ̄)|0〉 (12)
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Figure 3: Feynman diagrams giving rise to the contribution of the twist-3 fragmentation
functions (a) ẽ, (b) ÊF and (c) ẼF . An extra coherent gluon line coming out of the
fragmentation insertion ⊗ attaches to on the dots in the diagrams (b) and (c).

where Ak(φ− χ) ≡ LµνVµν
k /Q2 is given by

A1(φ) = 1 + cosh2 ψ,
A2(φ) = −2,
A3(φ) = − cosφ sinh 2ψ,
A4(φ) = cos 2φ sinh2 ψ,
A8(φ) = − sinφ sinh 2ψ,
A9(φ) = sin 2φ sinh2 ψ.

By the expansion (52), the cross section for the SIDIS process consists of the five struc-
ture functions associated with A1,2, A3, A4, A8 and A9, respectively, which have different
dependencies on the azimuthal angle φ. By calculating the Feynman diagrams shown in
Fig. 3, the single-spin-dependent cross section associated with the transversity distribution
and the twist-3 fragmentation functions can be obtained as

d6∆σ

dxbjdQ2dzfdq2Tdφdχ
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α2
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epQ
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ẑ
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k

}]
, (53)

where Ak ≡ Ak(φ−χ), Sk ≡ sin(ΦS −χ) for k = 1, ..., 4 and Sk ≡ cos(ΦS −χ) for k = 8, 9.
We have introduced new variables x̂ ≡ xbj

x and ẑ ≡ zf
z . The lower limits of the integrations
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k (k = 1, · · · , 4, 8, 9) are obtained as follows:
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qT
,

∆σ̂2
3 =

2CF

qT
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x̂ẑ
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Imẽ(z)

z

}

∆σ̂1
k + Imẽ(z)∆σ̂2
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−(1− ẑ)2 + x̂(1− 3ẑ + 4ẑ2)
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functions (a) ẽ, (b) ÊF and (c) ẼF . An extra coherent gluon line coming out of the
fragmentation insertion ⊗ attaches to on the dots in the diagrams (b) and (c).

where Ak(φ− χ) ≡ LµνVµν
k /Q2 is given by

A1(φ) = 1 + cosh2 ψ,
A2(φ) = −2,
A3(φ) = − cosφ sinh 2ψ,
A4(φ) = cos 2φ sinh2 ψ,
A8(φ) = − sinφ sinh 2ψ,
A9(φ) = sin 2φ sinh2 ψ.

By the expansion (52), the cross section for the SIDIS process consists of the five struc-
ture functions associated with A1,2, A3, A4, A8 and A9, respectively, which have different
dependencies on the azimuthal angle φ. By calculating the Feynman diagrams shown in
Fig. 3, the single-spin-dependent cross section associated with the transversity distribution
and the twist-3 fragmentation functions can be obtained as

d6∆σ

dxbjdQ2dzfdq2Tdφdχ

=
α2
emαSMN

16π2x2
bjS

2
epQ

2

∑

k=1,···,4,8,9
AkSk

∫ 1

xmin

dx

x

∫ 1

zmin

dz

z
δ

(
q2T
Q2
−
(
1− 1

x̂

)(
1− 1

ẑ

))
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×
∑

a

e2a

[
d

d(1/z)

{
Imẽ(z)

z

}

∆σ̂1
k + Imẽ(z)∆σ̂2

k

−2
∫ ∞

z
dz′

{

P

(
1

1/z − 1/z′

)

ImÊF (z
′, z)∆σ̂3

k

+ P
(
1

z

)
ImẼF (−z′, (1/z − 1/z′)−1)∆σ̂4

k

}]
, (53)

where Ak ≡ Ak(φ−χ), Sk ≡ sin(ΦS −χ) for k = 1, ..., 4 and Sk ≡ cos(ΦS −χ) for k = 8, 9.
We have introduced new variables x̂ ≡ xbj

x and ẑ ≡ zf
z . The lower limits of the integrations

are given by

xmin = xbj

(

1 +
zf

1− zf

q2T
Q2

)

, (54)

zmin = zf

(

1 +
xbj

1− xbj

q2T
Q2

)

. (55)

Partonic hard cross sections ∆σ̂i
k (k = 1, · · · , 4, 8, 9) are obtained as follows:

∆σ̂1
1 =

4CF qT
Q2

x̂

1− x̂
,

∆σ̂1
2 = 0,

∆σ̂1
3 =

4CF

Q

x̂

1− x̂
,

∆σ̂1
4 =

4CF

qT

x̂

1− x̂
,

∆σ̂1
8 = −4CF

Q

x̂

1− x̂
,

∆σ̂1
9 = −4CF

qT

x̂

1− x̂
, (56)

∆σ̂2
1 =

4CF (−1 + 3ẑ)

qT
,

∆σ̂2
2 =

8CF ẑ

qT
,

∆σ̂2
3 =

2CF

qT

−(1− ẑ)2 + x̂(1− 3ẑ + 4ẑ2)

x̂ẑ
,
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where Ak ≡ Ak(φ−χ), Sk ≡ sin(ΦS −χ) for k = 1, ..., 4 and Sk ≡ cos(ΦS −χ) for k = 8, 9.
We have introduced new variables x̂ ≡ xbj

x and ẑ ≡ zf
z . The lower limits of the integrations

are given by

xmin = xbj

(

1 +
zf

1− zf

q2T
Q2

)

, (54)

zmin = zf

(

1 +
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1− xbj
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)

. (55)

Partonic hard cross sections ∆σ̂i
k (k = 1, · · · , 4, 8, 9) are obtained as follows:
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1 =
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4CF (−1 + 3ẑ)
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,
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2 =

8CF ẑ

qT
,

∆σ̂2
3 =

2CF
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−(1− ẑ)2 + x̂(1− 3ẑ + 4ẑ2)
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Five structure functions with different azimuthal dependence:

: The same as 
TMD approach.

The azimuthal angle of the hadron plane as measured from the xz plane is taken to be χ
and thus the momentum of the final hadron is parameterized as

P µ
h =

zfQ

2

(

1 +
q2T
Q2

,
2qT
Q

cosχ,
2qT
Q

sinχ,−1 + q2T
Q2

)

. (9)

The transverse momentum of the final hadron in this frame is given by PhT = zfqT , which
is true in any frame where the 3-momenta "q and "p are collinear. The azimuthal angle of the
lepton plane measured from the xz plane is taken to be φ and thus the lepton momentum
can be parameterized as

lµ =
Q

2
(coshψ, sinhψ cosφ, sinhψ sinφ,−1) ,

l′µ =
Q

2
(coshψ, sinhψ cosφ, sinhψ sinφ, 1) , (10)

with coshψ = 2xbjSep

Q2 −1. The transverse spin vector of the initial nucleon Sµ is parametrized
as

Sµ = (0, cosΦS, sinΦS, 0), (11)

with the azimuthal angle ΦS of "S. Although three azimuthal angles φ, χ and ΦS are defined
above, it is obvious that the cross section for ep↑ → ehX depends on them through only
the relative angles φ − χ and ΦS − χ. Thus, it can be expressed in terms of Sep, xbj, Q2,
zf , q2T , φ− χ and ΦS − χ in the above hadron frame. Note that φ, χ and ΦS are invariant
under boosts in the "q-direction, so that the cross section presented below is the same in
any frame where "q and "p are collinear.

With the kinematical variables defined above, the differential cross section for the SIDIS
process with the unpolarized lepton is expressed as

d6∆σ

dxbjdQ2dzfdq2Tdφdχ
=

α2
em

128π4x2
bjS

2
epQ

2
zfL

µν(l, l′)Wµν(p, q, Ph), (12)

where Lµν(l, l′) = 2(lµl′ν + lνl′µ)−Q2gµν is the leptonic tensor, Wµν(p, q, Ph) is the hadronic
tensor in the same normalization as in [5], and αem = e2/(4π) is the QED coupling pa-
rameter. The single-spin-dependent part in the cross section (12) describes the SSA in the
process (6).

3.2 Analysis of hadronic tensor

In the following, we repeat the procedure presented in [6] to extract the twist-3 effect
originating from the final-state hadron. We first factorize the quark transversity distribution
from the hadronic tensor as

Wµν(p, q, Ph) =
∫ dx

x
h(x)wµν(xp, q, Ph), (13)

4



Summary

・We have established collinear twist-3 formalism in Feynman gauge.

・Derivation of the cross section for SSA in SIDIS.

“Non-pole” Contribution of Twist-3 Fragmentation Functions to SSA

13

Contribution to five azimuthal asymmetries.

Ward-Takahashi identity ⇒ MEs are combined into CGI one .

EIC would give an opportunity to determine these functions.


