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Aside: note 1204.5201, Barnreuther, Czakon, Mitov, full NNLO for qq̄.4
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tot , Eq. (12), on the pole mass of the top quark:
scale variation (white band); scale + pdf variation (red band).

measurements from the Tevatron. We are confident that
our results will provide new insight to the forthcoming
Tevatron analyses at full dataset, and will help scruti-
nize the Standard Model to a new level.

The very high precision of our result will allow critical
comparisons between different pdf sets as well as extrac-
tion of the top quark mass with improved precision. It
is also a step in the derivation of the dominant missing
SM corrections to AFB, whose calculation through order
O(α4

S) will be the subject of a forthcoming publication.

In a broader context, given the small number of ob-
servables known at NNLO, it is interesting to address the
question of the convergence of the perturbative series for
this observable. In Fig. (4) we plot the scale variations of
the LO, NLO, NNLO and NNLO+NNLL approximations
as functions of the top mass. Each approximation is cal-
culated with a pdf of corresponding accuracy. We observe
a significant and consistent decrease in the scale depen-
dence with each successive approximation. The overlap
between the scale bands of the successive approximations
also indicates that our scale variation procedure performs
consistently well at each perturbative order.

We thank S. Dittmaier for kindly providing us with his
code for the evaluation of the one-loop virtual corrections
in qq̄ → tt̄g [11], and Z. Merebashvili for clarifications re-
garding Ref. [9]. The work of M.C. was supported by the
Heisenberg and by the Gottfried Wilhelm Leibniz pro-
grammes of the Deutsche Forschungsgemeinschaft, and
by the DFG Sonderforschungsbereich/Transregio 9 Com-
putergestützte Theoretische Teilchenphysik.
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I. Forward-Backwards Asymmetries

The FB asymmetry for tops (or anybody else)

• The asymmetry:

A(M2
tt̄, cos θ) ≡

d∆σ

dσ
• With numerator and denominator given by

d∆σ

dM2
tt̄d cos θ

≡
1

2





d2σAB→tt̄X

dM2
tt̄d cos θ

−
d2σAB→t̄tX

dM2
tt̄d cos θ





dσ̄

dM2
tt̄d cos θ

≡
1

2





d2σAB→tt̄X

dM2
tt̄d cos θ

+
d2σAB→t̄tX

dM2
tt̄d cos θ





• This is a ratio of single-particle inclusive cross sections.

• For tops, numerator and denominator are amenable to pQCD
analysis at any pT (& for bottom at high pT ).
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• At the Tevatron for tops: a positive asymmetry from both
D0 and CDF, at about 5 fb−1,

5

TABLE I: Sample sizes and fit results. The first line lists the size of the selected data sample, Nsel, broken up into forward and
backward portions in lines two and three, and the fourth line the size of an auxilary sample, Naux used to derive the multijet
background. Lines five to seven list the fitted number of events for tt̄ signal, W+jets background, and multijet background
events in the selected sample. The last line gives the fitted asymmetry with the statistical uncertainty included. The first
column gives the results of the nominal fit. The second and third columns show the results of the same fit procedure done
separately for each lepton channel. The fourth and fifth columns show the results for events with four jets and five or more
jets. The sixth and seventh columns show the results for events with one b-tag and more than one b-tag.

Both Channels e+jets µ+jets 4 jets ≥ 5 jets 1 b-tag ≥ 2 b-tag
Nsel 1137 619 518 956 181 583 554
Nsel (∆y > 0) 604 327 277 513 91 317 287
Nsel (∆y < 0) 533 292 241 443 90 266 267
Naux 465 385 80 395 70 319 146
Ntt̄ 808 ± 37 433 ± 27 370 ± 25 658 ± 34 145 ± 14 298 ± 29 490 ± 25
NW 280 ± 34 135 ± 25 148 ± 23 256 ± 31 29 ± 13 244 ± 29 55 ± 20
NMJ 49 ± 4 51 ± 4 0 ± 1 42 ± 4 7 ± 2 40 ± 3 9 ±2
Afb (%) 8 ± 4 8 ± 6 7 ± 6 9 ± 5 0 ± 10 14 ± 8 4 ± 5

Discriminant for ∆y < 0 Discriminant for ∆y > 0

FIG. 2: The normalizations from the fit to the discriminant of the signal and background templates and the data.

FIG. 3: Comparison of data and signal plus background for ∆y with fractions fit to the discriminant. The difference between
the shapes of the distributions in simulation and data is the visual representation of the difference between the prediction and
measurement of Afb.

The Asymmetry in ~5 fb-1 
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!! Inclusive asymmetries exceed 
standard model predictions by 
~1.5-2σ 

!! Somewhat ambiguous mass 
and rapidity dependence 
!! Only two bins in Mtt/Δy 

Measurement Parton Level  AFB (%) 

CDF Lep+Jets1 15.8 ± 7.4 

CDF Dilepton2 42 ± 16 

CDF Combined3 20.1 ± 6.7 

D0 Lep+Jets4 19.6 ± 6.5 

-10 0 10 20 30

Forward-Backward Top Asymmetry, %

Reconstruction Level

VeG < 450
tt

m

VeG > 450
tt

m

-1bfDØ, 5.4 4.8±7.8

-1bfCDF, 5.3 4.3±-2.2

-1bfDØ, 5.4 .06±11.5

-1bfCDF, 5.3 .26±26.6
bber,eWrixione and B.R.FS.

, 029 (2002)06JHEP 

Background 
Subtracted AFB (%) 

|Δy| < 1.0 |Δy| ! 1.0 

D0 Lep+Jet 6.1 ± 4.1 21.3 ± 9.7 

CDF Lep+Jet 2.9 ± 4.0 29.1 ± 9.6 

1CDF L+J: PRD 83, 112003 (2011); 2CDF Dil: CDF Conf. Note 10436; 
3CDF Combo: CDF Conf. Note 10584; 4D0 L+J: PRD 84, 112055 (2011) 
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• And at 8.7 fb−1, differential distributions from CDF
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tt
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Parton Level Mtt and Δy Dependence 

Moriond 2012 D. Mietlicki 14 

!! Correct for acceptance and detector 
resolution 
!! Regularized unfolding algorithm addresses 

resolution effects 

!! Multiplicative acceptance correction 
factor applied to each bin 

!! Both corrections use the NLO generator 
Powheg as the top model  

!! Parton level results can be compared 
directly to theory 

!! Determine best-fit slope for observed 
data and compare to NLO prediction 

Slope 
Parameter α 

AFB vs. Mtt
 AFB vs. Δy 

Data (15.6 ± 5.0)!10-4 (30.6 ± 8.6)!10-2 

SM 3.3!10-4 10.3!10-2 

vs. NLO QCD, similar shapes, much higher slopes in Mtt̄ and
rapidity.
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• Tevatron results have inspired BSM scenarios.

• But apparently it’s not so easy.

• LHC results preliminary, but developing pretty fast.

• Here: examine the origin of the forward-backward asymmetry
in Standard Model/QCD at NLO and in threshold-resummed
form.
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II. AFB in the standard model & role of soft gluon

• How does AFB arise in the Standard Model? Make an anal-
ogy to the scattering of charged particles, and think of their
classical fields.

• The more the flow of charge is rearranged, the more radiation
we can expect.

• Classically, forces will work to minimize changes in the out-
going charge currents compared to the incoming currents.

• Quantum mechanically, virtual corrections suppress a switch
in the sign of electric or color current in the scattering process.
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• The mechanism for AFB from both QCD and electroweak in-
teractions are thus very similar, but numerically, the effect
is mostly QCD: see Kuhn and Rodrigo (1109.6830 [hep-ph])
and Manohar and Trott (1209.2936 [hep-ph]). MT do point
out important (∼ 10%) effects in the Mtt̄ spectrum, with
implications for new physics interpretations.

• The QCD NLO asymmetry, with m2 = M2/ŝ, and θ̂ the
c.m. scattering angle, is compliments of Kuhn and Rodrigo
(1998): . . .
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The differential charge asymmetry

App(y) =

dN(Q)
dy

− dN(Q̄)
dy

dN(Q)
dy

+
dN(Q̄)

dy

, (18)

is shown in Fig. 14a for top quark production at the LHC (
√

s = 14 TeV). As expected, a sizeable charge asymmetry
is predicted in the region of large rapidity. It remains to be seen, if the low event rates in these extreme regions will
permit the observation of this effect. The quark-gluon process is again negligible.

IV. CONCLUSIONS

The difference between the distributions of quarks versus antiquarks produced in hadronic collisions has been
investigated. This asymmetry is particularly relevant for the production of top quarks in suitably chosen kinematical
regions, but can also been observed for bottom quarks at large ŝ. At the partonic level it amount up to 10% or even
15%. In proton-antiproton collisions at the TEVATRON the integrated forward-backward asymmetry amounts close
to 5%. At the LHC a slight preference for centrally produced antitop is predicted, with top quarks more abundant at
large positive and negative rapidities.

APPENDIX A: BASIC FORMULAE

For completeness we summarize here the charge antisymmetric contributions to the heavy quark production cross
section. The charge asymmetric piece of the hard gluon radiation process

q(p1) + q̄(p2) → Q(p3) + Q̄(p4) + g(p5) , (A1)

defined as

dσqq̄
A ≡ 1

2

(
dσ(qq̄ → QX) − dσ(qq̄ → Q̄X)

)
, (A2)

is given by

dσqq̄,hard
A

dy35 dy45 dΩ
=

α3
s

4πŝ

d2
abc

16N2
C

1

y12 (y34 + 2m2) y35

×
{

y13

y15

(
y2
13 + y2

14 + y2
23 + y2

24 + 2m2(y34 + 2m2 + y12)
)

+ 4m2 y24

}

− (1 ↔ 2) − (3 ↔ 4) + (1 ↔ 2, 3 ↔ 4) , (A3)

with NC = 3 and d2
abc = 40/3. All the quantities are normalized to the partonic center of mass energy ŝ,

yij = 2(p1 · pj)/ŝ , m2 = m2
Q/ŝ . (A4)

The asymmetry is explicitly driven by the antisymmetric exchange of momenta (pi ↔ pj).
On the other hand, soft radiation from eq. (A1) integrated in phase space up to a cut in the soft gluon energy, Eg

cut,
plus the virtual corrections to the Born process qq̄ → QQ̄ contribute to the asymmetry as

dσqq̄,virt+soft
A

d cos θ̂
=

α3
s

2ŝ

d2
abc

16N2
C

β

{
B(c) − B(−c)

+ (1 + c2 + 4m2)

[
4 log

(
1 − c

1 + c

)
log(2w) + D(c) − D(−c)

] }
, (A5)

with

β =
√

1 − 4m2 , c = β cos θ̂ , w = Eg
cut/

√
ŝ , (A6)

14•B(c) and D(c) are a little complicated. We’ll concentrate on
the logs:

• ln

E
g
cut/
√
ŝ


 and ln (1−c)

(1+c) = ln t̂
û.

•Ecutg is an “energy resolution”, below which we include soft
gluons, above which we veto them.
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• The log

ln

E
g
cut/
√
ŝ




comes from the difference of two divergent integrals:

Avirtual g+real g ∼ αs ln




1− c
1 + c







∫ ŝ
0

dEg

Eg
−

∫E
g
cut

0
dEg

Eg




• We’ll see evidence below that this is the dominant effect,
associated with classical radiation, at least at the Tevatron.
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• Again, for E
g
cut � mt, “soft gluons” above the cutoff give

tt̄j events.

• The contribution to the asymmetry from such events contains
the same ‘real emission’ term as above:

Att̄+real g ∼ αs ln




1− c
1 + c





−

∫mt
E
g
cut

dEg

Eg




∼ αs ln




1− c
1 + c


 ln

mt

E
g
cut

• This asymmetry naturally takes the opposite sign from the
inclusive asymmetry – it’s trying to cancel the tail of the
virtual soft gluon contribution.
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• These arguments were also made by Melnikov and Schulze,
1004.3284 in a discussion of NLO for tt̄ j, explaining the
observation by Dittmaier, Uwer and Weinzierl (PRL 98, 262002
(2007)) that the asymmetry is large and negative for the
lowest-order cross section, then much reduced at NLO.

• This issue was regarded for a while as a possible ‘instability’ of
the perturbative series for the asymmetry. But it’s a natural
effect and actually a sign of stabiltiy.

• We’ll see how this pattern emerges as part of the all-orders
structure of the cross section.
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III. Soft gluons at higher orders

• Factorized cross section for fixed pair mass M , quark mass
m, rapidity y, and relative rapidity η̂ in pair c.m.

M4dσh1h2→QQ̄
dM2dydη̂

=
∑

f

∫ 1
τ dz

∫ dxa

xa

dxb

xb
φf/h1

(xa, µ
2)φf̄/h2

(xb, µ
2)

× δ


z −

τ

xaxb


 δ


y −

1

2
ln
xa

xb




× ωff̄→QQ̄



z, η̂,

M2

µ2
,
m2

µ2
, αs(µ

2)




+ . . .

• Variable z measures how much partonic energy is used to
produce the pair

z =
M2

xaxbS
=

τ

xaxb
> τ ≡

M2

S

12



• Short-distance ωff̄→tt̄ is singular for z → 1.

• Typical one-loop example: Drell-Yan (M2 = Q2):

ω
(1)
qq̄→γ∗+X(z,Q2, µ2)

= σ0(Q2) CF




αs(µ)

π


 {2(1 + z2)




ln(1− z)

1− z



+

−
(1 + z2) ln z

(1− z)
+




π2

3
− 4



δ(1− z)}

+ σ0(Q2) CF
αs

π




1 + z2

1− z



+

ln




Q2

µ2




• The ‘+’ distributions tend to increase the cross section and

at nth order we get (CFαs/π)n

n!



ln2n−1(1−z)

1−z



+

.
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• We compute ωab(z) from a regularized, partonic cross sec-
tion. When τ → 1, it forces z → 1.

• In this limit, we find factorization into x → 1 (partonic)
distributions, soft radiation and outgoing jets and/or non-
recoiling heavy quarks.

H H*

cI c

S

J

J

K

I K

• Color tensor cI describes color exchange in HI.
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• An example of color tensor cI: qq̄ tensors (cL){ri}:

• Example of cI: qq̄ tensors (cL){ri}:

c2 ≡

1 3

2 4

1

2

3

4

c1 ≡

– Jet/soft factorization for amplitude. :

M[f]
L

(
pi,

Q2

µ2
, αs(µ

2), ε

)
=

∏

i=A,B,1,2

J
[virt]
i

(
Q2

µ2
, αs(µ

2), ε

)

×S
[f]
LI

(
pi,

Q2

µ2
, αs(µ

2), ε

)
h

[f]
I

(
℘i,

Q2

µ2
, αs(µ

2)

)

• Different processes differ in lists of (LL) jets and in the (NLL)
“soft matrices” S (Kidonakis, GS (1997)). Matrix indices label color
exchange cI at the hard scattering: singlet, octet . . . in am-
plitude and complex conjugate.
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• 1 − z → 0 is natural kinematics for threshold resummation:
in c.m., 1− z is ∝ energy of soft radiation:

1− z =
∑

particles i

2E∗i√
s

• Technical: moments of the partonic scattering factorize as in
the picture:

ω̂ab(N, θ) =
∫ 1
0 dz z

N−1ωab(z, cos θ̂)

= Cab(θ) Ja(N)Jb(N) Tr

×{H(0)
ab (θ) [Sab(N, θ)]† S(0)

ab Sab(N, θ)}

16



• cos θ̂ c.m. scattering angle ↔ ∆η.

• Indices label color exchange.

• The factor H(0) is the partonic Born cross section:
1 + c2 + 4m2 in Kuhn-Rodrigo notation.

• Get back logs of 1− z by inverting the transform
after resumming N -dependence in the Js and S.

17



• AFB is an NLL ((αs lnN)n) effect. LL ((αs ln2N)n) “jet”
functions, J don’t give an asymmetry because they factorize
from the short-distance color exchange.

The asymmetry in threshold approximation is thus in the soft
factors S.

• The soft matrix is given by a matrix anomalous dimension,

Sab (N, c) = P exp




1

2

∫M2/N2

M2

dq2

q2
ΓSab


αs(q

2), c






• where . . .
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Γ
(1)
S (c) =




4
3c 0

0 4
3c




+




0 4
9 a

2a ζ + 5
3a




a = ln
1− c
1 + c

,

ζ =
3

2
[ ln

1− c2

(1 + β)2
+

(1− β)2

2β
ln

1− β
1 + β

+1 + iπ
1 + β)2

2β
] , β =

√√√√1− 4m2
t/ŝ ,

c =
1 + β2

2β


ln

1− β
1 + β

+ iπ


 + 1 + iπ .

• a = ln 1−c
1+c gives the entire the asymmetry attributable to

soft radiation. ln(1± β) is diagonal & doesn’t contribute to
AFB – which makes applications to b quarks possible.
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• Let’s recall The asymmetry as a ratio:

A(M2
tt̄, cos θ) ≡

d∆σ

dσ

• The numerator begins at order αs3 from the soft function with
a single log, and starts to get extra, color-diagonal double logs
at order αs4. The denominator get double logs starting al-
ready at αs3. This is the source of the large corrections found
at NLO for tt̄j, viz. Melnikov and Schulte.

• ΓS is actually known to 2 loops now (Mitov,GS,Sung (1005,4646);

Ferroglia, Neubert, Yang (1006.4680 [hep:ph])) Has been applied to AFB
in Ahrens et al. 1106.6051 [hep-ph] with qualitatively similar
results to . . . .
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• Numerator and denominator (Almeida, GS, Vogelsang (2008)):• what we learn:

• Virtual soft-gluon effects dominate and have opposite sign from

tt̄J cross sections. Inclusive AFB stable against H.O. corrections.

• Here LO (dotted) is αs3 for ∆σ (bottom) and αs
2 for σ̄

(top). Dominance of soft gluon effects at LO for ∆σ is seen
in the close tracing of dotted and dashed lines.
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• Pair mass and scattering angle dependence (Almeida et al. (2008)):

Figure 3: Charge asymmetry corresponding to the curves in Fig. 1.

LO charge-symmetric part of the cross section varies by about ±20% around its central value,
which is improved by resummation to a variation of about ±3%. The scale dependence of the
asymmetric part of the cross section improves from ±28% to ±13%. The resummed asymmetry
shows a variation over this range of scales of about ±12%. Thus our results for the higher-order
corrections to Atot.

c are well consistent with the estimate of a ∼ 30% uncertainty made in Ref. [6].

5 Conclusions and Outlook

We have presented a study of the next-to-leading logarithmic QCD threshold resummation effects
on the charge asymmetry in inclusive tt̄ production at the Tevatron. We have found that the asym-
metry is stable with respect to the higher-order corrections generated by threshold resummation.
We have also found that resummation significantly decreases the dependence of the results on
the factorization and renormalization scales, thus making the Standard Model prediction for the
asymmetry more reliable.

It will be interesting to extend these studies to the case of tt̄ jet production, for which sizable
negative NLO corrections have been found [15]. Also, there will be interesting applications at the
LHC in situations near partonic threshold, i.e., when the tt̄ pair mass becomes of the order of
1 TeV or larger. Because the initial pp state is symmetric, one needs to apply additional cuts (for
example, on the tt̄ pair rapidity) here in order to generate a non-vanishing charge asymmetry [13].
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Figure 4: Same as Fig. 3, but as a function of cos θ, integrated over the tt̄ pair mass.
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• Asymmetry increases (∼ linearly) with Mtt̄ because at larger
ŝ valence pairs dominate, so the denominator of ∆σ/σ de-
creases more rapidly than the numerator as gluons fall away.

• The asymmetry increases with cos θ because of the ln(u/t)
prefactor for soft gluon logs (and also the unresummed B(c)).

• CDF results are like this, “only more so” for rapidity and Mtt̄.
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• Some lessons from resummation:

1. Enhancements for the NLO AFB

In ∆σ/σ, there are CFα
3
s ln2Eg contributions in σ,

but every CFα
3
s ln2Eg in σ has a matching factor

CFα
3
s ln3Eg in the numerator. Their effects cancel.

As a result, using NLO total cross section in the denomi-
nator almost certainly underestimates AFB. Kuhn and Ro-
drigo (1109.6830 [hep-ph]) estimate this effect as a sup-
pression by 0.7.

We should be able to check at NNLO soon: ( Barnreuther, Czakon

& Mitov, 1204.5201 [hep-ph].)
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2. “Hidden” large AFB.

At NLL in threshold resummation, the asymmetry very close
to partonic threshold is driven by the largest eigenvalue in
ΓS, which favors t in the forward direction:

∆σqq̄(τ, c)

σqq̄(τ, c)
= 1 +

1

σqq̄(τ, c)

∫ 1
τ dz σ

′
qq̄(τ/z)

× (1 + 2αs b0 ln(1− z))∆λ(c)

∆λ(c) =
4[λmax(c)− λmax(−c)]

b0
> 0

where the λ’s are eigenvalues of ΓS. The correction
(almost) vanishes as z → 1.
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For large Mtt̄ and large cos θ̂ the λs can be
‘order of a few’.

If PDFs were very fast-decreasing the z integral would be
dominated by z ∼ 1, and ff̄ asymmetry would approach
unity.

Not a ‘Std. Model solution’, but suggests it would be great
to test more distributions, both for QCD and new physics
proposals, and a possible sensitivity to the selection of
events, particularly at high Mtt̄ and cos θ.
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N.B.: we do not have sufficient control over the theory yet
to compute resummed corrections as a function of mea-
sured energy for inter-top radiation. Or, for that matter,
for the top pair transverse momentum distributions.

CMS

 [GeV/c]
tT t

p
0 50 100 150

C
A

-0.05

0

0.05

0.1 Data

POWHEG Simulation

CMS Preliminary
 = 7 TeVs at  -14.7 fb

l+jets

Opens the door to final state interactions (Collins & Qiu (2007),

Mulders & Rogers (2010)), non-global and superleading logs.

An outstanding challenge to QCD theory.
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V. Summing Up

• The QCD forward-backward asymmetry appears to be driven
by the dynamics of soft gluon radiation for Tevatron kinemat-
ics.

• We probably have pretty good control over QCD predictions
for the asymmetry, including the role of tagged jets.

• The extension of the resummation formalism to the LHC is
fairly straightforward.

• The same formalism should allow us to look at asymmetries
for the b quarks, taking into account their fragmentation,
and/or tagged b jets.
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• The linear increase of Tevatron data with rapidity also sug-
gests that the underlying short-distance cross section looks a
lot like QCD.

• QCD predictions for AFB based on single-particle inclusive
cross sections tend to increase with Mtt̄ and ∆η, but the
sizes remain low compared to CDF results.

• Perhaps at higher order, unresummed logs of u/t enhance the
cross section even more than at NLO.

• But really, QCD is unlikely to explain recent data without a
little help.

• The “enhanced QCD” behavior of CDF ∆η and Mtt̄ data sug-
gests these as test of other explanations, and exploring new
distributions. Some of these may require new QCD theory.

28


