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°

Evaluating four-loop massless propagator diagrams

#» How to proceed with more than one master integral in a
given sector

® Conclusion

Evaluating Feynman integrals (STMP 211, Springer 2004)
Feynman Integrals Calculus (Springer 2006)

Analytic Tools for Feynman Integrals (STMP ..., Springer 2013)
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The missing finite parts of Ag o and Ag 4
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Ag 4 and lower master integrals

As 1
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Recursive evaluation.

The complexity level of a given master integral is the
maximal number of nested lower master integrals.

The diagrams of the first row can be expressed in terms of
gamma functions at general d (complexity level 0).

Start from the diagrams of the second row
(complexity level 1), then turn to the complexity level 2 etc.

Consider, for example, Ag 3.

One lower master integral A4 which is of complexity level 0.
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Derive a DRR for a given master integral
Solve it up to a periodic function
Determine the periodic function
Expand the obtained series in ¢

© o o o ©

Evaluate numerically coefficients at powers of < with a
high precision

°

Obtain analytic results using PSLQ
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Graph I' — dimensionally regularized Feynman integral
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where a = ) q;
For a Feynman integral with 1/(m? — k* — i0)“ propagators,
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Dimensional recurrencerelation
[O. Tarasov’'96]
d—d— 2
U—d/Q N M—(d—Z)/ZZ Z/{Z/{_d/2
Inserting oy — (—ia;)1"

Fp(al (IL, Z Hall+FF ..,aL;d)

T 1gT
For F' = A6,3:

F(1,1,1,1,1,1;d — 2) = F(1,1,1,2,2,2;d) + F(1,1,2,1,2,2;d)
+F(1,1,2,2,1,2;d) +F(1,2,1,2,1,2:d) + F(1,2,1,2,2,1;d)
+F(1,2,2,1,1,2;d) + F(1,2,2,1,2,1;d) + F(1,2,2,2,1,1; d)
+F(2,1,1,2,1,2;d) + 1,1,2,2,1:d) + F(2,1,2,1,1,2: d)
+F(2,1,2,1,2,1;d) + 1,2,2,1,1; d)
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The integrals with raised indices are reduced to master
Integrals by IBP relations

FIRE [A. Smirnov] and R.Lee’s code
Ag 3 Is of complexity level 1.

Aol 2)_ BEBTD +_2fé(+_;d+ 2)(10+3d)
32(—3 + d)(—9 + 2d)(—7 + 2d)(—5 + 2d)(—10 + 3d)
i (=5 + d)(—4 + d)2(—16 + 3d)
(=8 + 3d) (=32 + Td) Ay(d)

where

I'(4—3d/2)I'(d/2 —1)4
Auld) = ['(2d — 4)
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To solve this difference equation for f(d) = Ag3(d) turn to a
new function f(d) = S(d)g(d) with such a function

S(d) = 1/3(d) that the corresponding equation for g(d) will
be simpler.
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Another variant is to choose S(d) as

(—256)~4/2 (3/2 —d/2)(9/4 — d/2)(7/4 — d/2)(5/3 — d/2)
8/3 —d/2

with the replacements (a — d/2) — 1/T'(1 — a + d/2) for all
the linear factors involved.

Any factor periodic in d with the period 2 can be included
Into S(d).

Let us choose

% = %(d) = %32‘“—% (g - g) sin (%W(d - 5)) sin (%7? (d - 13—4)

V.A. Smirnov Ravello, September 20, 2012 — p.15



Equation for g¢:
g9(d —2) = g(d) + h(d)

with
h(d) =

d 1
10247 (32 — 7d) sin (%) sin(7d) cos (6(37Td + 77))

() (5)

1
3(d — 5)
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h(d — 2) — h(d)

— g(—00) = 3 h(d — 2k)
k=0

= g(+o0) + i h(d + 2k)
k=1

ro(d) =—> 1" qh(d—2k)and r_(d) = + > ;- h(d + 2k) are
solutions.
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However, r_(d) Is a divergent series (for Ag 3).
r+(d) converges very well because

h(d + 20k + 1)) /h(d + 2k) — —2—17, k= oo
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However, r_(d) Is a divergent series (for Ag 3).
r+(d) converges very well because

hM+%hHﬁMM+%ﬁ+—%,k—mw

The general solution:
g9(d) = r(d) + w(d)

where w(d) = Q(e) is a periodic function of period 2.
In the general case

k— 00 L

r(d)=ry(d=2)+r_(d), re(dE£2k) < a", la/<1.
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Ag3(d) = (r1(d) + w(d))/%(d)
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Ag3(d) = (r(d) +w(d))/%(d)

w(d) = Ag3(d)X(d) — r(d)

The analytic structure of w(d) follows from the analytic
properties of Ag 3(d). They can be obtained by

FIESTA [A. Smirov and M. Tentyukov'08, A. and V. Smirnovs and M. Tentyukov’09]
SDAnal yze[ U, F, h, degr ees, dm n, dnax]

where U and F are the basic functions, h is the number of
loops, degr ees are the indices, and dm n and dnax are
values of the real part of d that determine the basic stripe.

For Ag3, FIESTA says that in the band (3, 5] there can be
simple poles at d = 10/3,4,14/3, 5.
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Taking into account this information and analyzing

behaviour at infinity (Imd — 4+oc) with the help of the alpha

representation provides the following Ansatz for €)(z), with
y — e’iﬂ'd-
' ai a2

Wt s T L
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Taking into account this information and analyzing

behaviour at infinity (Imd — 4+oc) with the help of the alpha

representation provides the following Ansatz for €)(z), with
y — e’iﬂ'd-
' ai a2

Wt s T L

which corresponds to the following Ansatz for w(d):

1 1 10
b() -+ bl cot <§7T(d — 4)) + bQ cot (577 (d — §>>
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The constants b; are fixed by using an MB representation
for A6,3

w(d) = 51271312 (cot (%w (d - ?)) ~ cot (%w(d - 4)))
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The constants b; are fixed by using an MB representation
for A6,3

w(d) = 51271312 (cot (%w (d . ?)) ~ cot (%w(d - 4)))

MB tools at http://projects.nhepforge.org/mbtools/

MB.m [M. czakon'05]
MBresolve.m [A. smirnovo9]
barnesroutines.m [p. Kosower08]
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Result:

1

A@)g(d) = Z(d) (Z 7“_|_(d + Qk) + w(d))

where

7“_|_(d—|—2]€) = —

k=0

204872 (—1)%(7d + 14k — 32)

3(d + 2k — 5)

sin? (%l) COS (7T (% + %)) COS (%l) CSC (

X

3md

2

)T (44k—2)°

V.A. Smirnov

I (%2 + 3k —6)
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PSLQ

IS an algorithm that provides the best approximation of a
given numerical number as a linear combination, with
rational coefficients, of a given set of transcendental
numbers.
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PSLQ

IS an algorithm that provides the best approximation of a
given numerical number as a linear combination, with
rational coefficients, of a given set of transcendental

numbers.

Typically, an accuracy of at least seven digits per
transcendental number is needed.

For example, 54 x 7 = 378 digits.
Available in Mat enati ca 8

FindIintegerNullVector(]
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PSLQgives

A6)3 (4 — 26)

V.A. Smirnov

e3¢ 1 N w2 35(3 TTme
(1 —4e)(1 —3€)(1 —2€¢) | 63 8e 6 2880

2 49ﬂ2C3_+_651C5 3 1141¢3 934517
24 10 12 725760

__61(713W2Q3 511 9017§7> +_€5<623 5 .9

40 320" @ T 1

544 11195 202249378
CE’)CB B s L0 (66) |
11612160

_TCG —9 + 6
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[ 949¢(3)  29757m2C(3)  3463((5) 1172 857t] 1
_ _ 4 4+ 4 =7 |
" 9 08 ' 45 O 718 108 e
[P. Baikov, K. Chetyrkin, A. and V. Smirnovs, & M. Steinhauser’09]
[ G. Heinrich, T. Huber, D. Kosower and V. Smirnov’09]
434 20972¢(3)  3115¢%  7868((5
L [4316(3) _ 200m%¢(3) _ B1I5GF | TEGSC(5) 40
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master integralsfor 3-loop g — 2

G

[S. Laporta and E. Remiddi’'96-97]
[K. Melnikov and T. van Ritbergen’00]
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A pure numerical approach to evaluate 4-loop g — 2:
[T. Kinoshita et al.’06-10]
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A pure numerical approach to evaluate 4-loop g — 2:
[T. Kinoshita et al.’06-10]
IBP reduction to master integrals and numerical evaluation
of the master integrals:
[S. Laporta and E. Remiddi’08]
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A pure numerical approach to evaluate 4-loop g — 2:

IBP reduction to master integrals and numerical evaluation
of the master integrals:

A warm-up before 4-loop calculation: numerical evaluation
of 3-loop master integrals to higher orders in ¢:
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A pure numerical approach to evaluate 4-loop g — 2:

IBP reduction to master integrals and numerical evaluation
of the master integrals:

A warm-up before 4-loop calculation: numerical evaluation
of 3-loop master integrals to higher orders in ¢:

Analytic evaluation of 3-loop master integrals up to
transcendentality weight 7:

V.A. Smirnov Ravello, September 20, 2012 — p.28
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The coefficients in the s-expansion of planar massless
propagator diagrams up to five loops should be expressed

In terms of multiple zeta values.
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For the following three diagrams, every coefficient in the
Taylor expansion in ¢ is a rational linear combination of
multiple zeta values and multiple polylogarithms with 6"
roots of unity as arguments.
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Evaluating multicomponent master integrals

Let F be the column-vector composed of master integrals in
a given sector, Fi, ..., F, with k > 2.
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Evaluating multicomponent master integrals

Let F be the column-vector composed of master integrals in
a given sector, Fi, ..., F, with k > 2.

Let v = d/2.

Dimensional recurrence relations for each component and
IBP reduction —

matrix difference equation

Fr+1)=Cw)Fv)+R(v),

where the vector R involves master integrals only in lower
sectors.
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Evaluating multicomponent master integrals

Let F be the column-vector composed of master integrals in
a given sector, Fi, ..., F, with k > 2.

Let v = d/2.

Dimensional recurrence relations for each component and
IBP reduction —

matrix difference equation

Fr+1)=Cw)Fv)+R(v),

where the vector R involves master integrals only in lower
sectors.

To solve the corresponding homogeneous equation, we
have to find k& solutions.

Our tool: cut-integrals.

V.A. Smirnov Ravello, September 20, 2012 — p.38
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1/(E; +1i0)% — 1/(E; +i0)% — 1/(E; —i0)% ~ §%~Y (E))

maximal cut: AF(d)
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1/(E; +1i0)% — 1/(E; +i0)% — 1/(E; —i0)% ~ §%~Y (E))

maximal cut: AF(d)

Neither IBP nor dimensional recurrence relations are
sensitive to the change of the sign of i0 in any subset of the
propagators and to the above change.

Such replacement for a; < 0 gives a zero result. Therefore

AF(d) satisfies the homogeneous equation:

AF (v +1) =C(v) AF (v)
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1/(E; +1i0)% — 1/(E; +i0)% — 1/(E; —i0)% ~ §%~Y (E))

maximal cut: AF(d)

Neither IBP nor dimensional recurrence relations are
sensitive to the change of the sign of i0 in any subset of the
propagators and to the above change.

Such replacement for a; < 0 gives a zero result. Therefore

AF(d) satisfies the homogeneous equation:
AF (v +1) =C(v) AF (v)

Solving this equation is equivalent to solving the
second-order difference equation for

Fv+2)+Ci(v)F(vr+1)+Ca(v)F(v)=0,

where C'; and Cs can be expressed in terms of C (v).

V.A. Smirnov Ravello, September 20, 2012 — p.39



An example

A~ ~ A~ ~

Fy F5

where dashed lines denote static propagators 1/(v - k + i0)
and v - ¢ = 0. One chooses v = (1,0) and ¢ = (0, §).

V.A. Smirnov Ravello, September 20, 2012 — p.40



An example
x?x xfx
F1 F2
where dashed lines denote static propagators 1/(v - k + i0)
and v - ¢ = 0. One chooses v = (1,0) and ¢ = (0, §).

C(c1)e d’k d’1 dr
= (i74/2)° / / / k2r2((L+q)2)(k — D21 =) (v - k) (v -7

where ¢ = 1 and 2 and +i0 is implied

V.A. Smirnov Ravello, September 20, 2012 — p.40



The lower master integrals
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The lower master integrals

V4
/
Ps Pss

Dimensional recurrence relation

Pso

Fov+1)=Cw)F(v)+R(v) ,

where F (v) = (? E?)
9 (V
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The lower master integrals

V4
/
Ps Pss

Dimensional recurrence relation

Pso

Fov+1)=Cw)F(v)+R(v) ,

where F (v) = (? E?)
9 (V

Turn to the cut integral AF where cutting the lower line is
not necessary,

i.e. 1/(k*+i0) = d(k*)and 1/(v-k +1i0) — d(v - k) = 6(ko)
for all the propagators apart from 1/(1 4 ¢)*

V.A. Smirnov Ravello, September 20, 2012 — p.41



Two identical one-loop subdiagrams consisting of one static
and two usual propagators

d
J() = / %5(/«0)5(/«2)5(12 — 20 - k)
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Two identical one-loop subdiagrams consisting of one static
and two usual propagators

d
J() = / %5(/«0)5(/«2)5(12 — 20 - k)

A trick: instead of Minkowskian metrics let us use the metric
signature (1,1, —1,—1,...), so that

B2 = k2 4k — k3 — . — k2 =k 4+ k] — K

V.A. Smirnov Ravello, September 20, 2012 — p.42



Two identical one-loop subdiagrams consisting of one static
and two usual propagators

d
J() = / %5(/«0)5(/«2)5(12 — 20 - k)

A trick: instead of Minkowskian metrics let us use the metric
signature (1,1, —1,—1,...), so that

=k + k- k3 — . — k2 =kl 4k} — k2

Result

_ pafd —2) (=)

J(1) 712 (12)(d-3)2

where 12 = —2 + 2, and Q(d) = 27%2/T'(d/2) is the volume
of the unit hypersphere in Euclidean d-dimensional space.
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The final integral

d  J(1)?
AR - | g

Turn to Euclidean space and separate the two terms in the

denominator of 1/(I3 + (1+ q)?#) introducing a onefold MB
representation.
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The final integral

d  J(1)?
AR - | g

Turn to Euclidean space and separate the two terms in the
denominator of 1/(I3 + (1+ q)?#) introducing a onefold MB

representation.
Result:
AF, (1) 24T (6 — 3v) 1 / 4. (=20 (2 + 1)
1 — .
[ (v—1)°T (8 — 4v,4v — 13) 2i ['(z+5—2v)

11
xI' <3V—?—Z>F(Z—4V—|—8)F(Z—|—V—1)
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There are two series of poles from the right of the
Integration contour and three series of poles from the left:

11
21 = n, 22:3V—7+n,

1
ZS:_§_n’ 24 =4 —8—n, zz=1—v-—n,

withn =10,1,....
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There are two series of poles from the right of the
Integration contour and three series of poles from the left:

11
21 = n, 22:3V—7+n,

1
ZS:_§_n’ 24 =4 —8—n, zz=1—v-—n,

withn =10,1,....

Each of these five series of poles gives a solution of the
homogeneous equation.
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There are two series of poles from the right of the
Integration contour and three series of poles from the left:

11
21 =mn, 22=3V——-+n,

1
z3:—§—n, 24 =4 —8—n, zz=1—v-—n,

withn =10,1,....

Each of these five series of poles gives a solution of the
homogeneous equation.

Let us choose the contribution of the series of residues at z;
and z,4

V.A. Smirnov Ravello, September 20, 2012 — p.44



V26 — 3u)T (3v — &)
I'(5—2v)l(v—1)T (40— 1)

1 —1
P 8 —4v, 2, v N
5—2u,33 — 3y
32I'(6 — 3u)r(5u — 9T (3 —v)
24 (8y — 15)I'(v — 1)?T"(2v — 3)

I 8 — 4V§—V4—2V .
2 10 — 50, 7 — 4y
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V26 — 3u)T (3v — &)
I'(5—2v)l(v—1)T (40— 1)

1 —1
P 8 —4v, 2, v N
5—2u,33 — 3y
32I'(6 — 3u)r(5u — 9T (3 —v)
24 (8y — 15)I'(v — 1)?T"(2v — 3)

I 8 — 4V§—V4—2V .
2 10 — 50, 7 — 4y

The series converge at Rer < 5/2. One can represent
them as 4F3 convergent uniformly in v.
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Therefore, the matrix of fundamental solutions has the form
£l [2

Fy(v)=| " ) P () ,where F}, (v) and F3, (v) are
Fy (v) Fy (v) : :

obtained form the first equation of the homogeneous

system of equations:

1 1% — UV 1 UV
Al = DT
F12,h (v+1)—Ch1 (v) F12,h (v)

Ch2 (v)

F22,h (v) =

V.A. Smirnov Ravello, September 20, 2012 — p.46



Construct the summing factor using the fundamental
solution [R. Lee & I.S. Terekhov'11]
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Construct the summing factor using the fundamental
solution

F22h (v) _F12,h (V)>

S(v) =W (v)S (v) ( FlL (v) FL (v)

where
2%V(v — 2)I'(2v — 3)*T (4V - %)
S(v) = 7\ 2 i
[(2v—4)"T(2—v)%sin(mv)

IS a solution of the equation S (v) = S (v + 1) det C (v) and
W (v) Is an arbitrary periodic matrix.
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We obtain
(SF)(vr—1)=(SF) (v)+S(vr—1) R (v)
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We obtain
(SF)(v—1)=(SF)(v)+S(vr—1)R(v)
and, therefore,

(SF) (v) = W (v) —|—+ZOOS(V— R (v) ,
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V.A. Smirnov

We obtain
(SF)(v—1)=(SF)(v)+S(vr—1)R(v)
and, therefore,

(SF) (v) = W (v) —|—+ZOOS(V— R (v) ,

where W (v) Is an arbitrary periodic column-vector and
S = =) fl+n),
n=0

Sfw) o= ) fv-n)
n=1

Ravello, September 20, 2012 — p.48



We choose

W (1) = (14 0)6(21 + 2¢)

( 25(1 —¢) (1 — 2c — 4c?) 25 1k (1 — 2¢)? )
X )

—% (1 — 2c — 462) c(1=2c) (1 — 2c — 402)

V2(2c2—1)

where ¢ = cos (27v).
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We choose

(1+¢)(1+ 2¢)
62
( P(1—c)(1-2c—4¢%) 2555 (1 - 20)? )

—% (1 — 2¢ — 4c?) c1=2c) ; (1 — 2¢ — 4c?)

W (v) =

V2(2c2—1

where ¢ = cos (27v).

With this choice of the summing factor, (SF') is holomorphic
In the stripe Re v € [2,3) and grows at v — +ico slower than
exp (27 |v|).

V.A. Smirnov Ravello, September 20, 2012 — p.49



Taking into account the singularities of ¥, S (v — 1) R (v),
we obtain

W (v) = sinzg(fw) (77 — 2arctan (4\/5) COSQ(WV)) ( _\/654 )
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Taking into account the singularities of ¥, S (v — 1) R (v),
we obtain

W (v) = sinzg(fw) (77 — 2 arctan (4\/5) COSQ(WV)) ( _\/654 )

This gives a result in terms of a series

F)=S"1'wv)Ww)+S (v +ZOOS (r—1)R(v) .
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Taking into account the singularities of ¥, S (v — 1) R (v),
we obtain

W (v) = sinzg(fw) (77 — 2 arctan (4\/5) COSQ(WV)) ( _\/6; )

This gives a result in terms of a series

F)=S"1'wv)Ww)+S (v +ZOOS (r—1)R(v) .

Evaluating with a high accuracy (e.g. 1000 digits) and using
PSLOQ —
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7.‘.4

Fy(2—¢€) = —?—936:(5)—14772(:(3)—2774 In(2)+(—96s¢ + 120¢(3)*

+327°Li (%) + %ﬂ Int(2) — 13—07# In2(2) — 9igg6) ‘
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— %7’(’4 In®(2) — %7’(6 ln(2)> e 4+ 0(e) ,
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Conclusion

#® The method is powerful.
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Conclusion

#® The method is powerful.

# Results at general d are expressed in terms of multiple
well convergent series. They can applied at any d to
obtain Laurent expansions in € = (dg — d)/2.
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Conclusion

#® The method is powerful.

# Results at general d are expressed in terms of multiple
well convergent series. They can applied at any d to
obtain Laurent expansions in € = (dg — d)/2.

# Higher powers of the expansion in ¢ can easily be
evaluated.
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Conclusion

°

The method is powerful.

# Results at general d are expressed in terms of multiple
well convergent series. They can applied at any d to
obtain Laurent expansions in € = (dg — d)/2.

# Higher powers of the expansion in ¢ can easily be
evaluated.

#® Combination with other methods:
IBP reduction via Laporta algorithm,
PSLQ,
sector decomposition (FI ESTA),
MB,
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Conclusion

°

The method is powerful.

# Results at general d are expressed in terms of multiple
well convergent series. They can applied at any d to
obtain Laurent expansions in € = (dg — d)/2.

# Higher powers of the expansion in ¢ can easily be
evaluated.

#® Combination with other methods:
IBP reduction via Laporta algorithm,
PSLQ,
sector decomposition (FI ESTA),
MB,

® The method is under construction.

V.A. Smirnov Ravello, September 20, 2012 — p.53
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The full color dependence of the 4-loop 4-gluon amplitude
INn N=4 SUSY YM in terms of 50 4-loop 4-point integrals.

The critical dimension at which the amplitude first diverge.
For 4 loops, this i1s d=11/2.

The subleading-color parts of the divergence require the
three-loop propagator non-planar master integral.
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The full color dependence of the 4-loop 4-gluon amplitude
INn N=4 SUSY YM in terms of 50 4-loop 4-point integrals.

The critical dimension at which the amplitude first diverge.
For 4 loops, this i1s d=11/2.

The subleading-color parts of the divergence require the
three-loop propagator non-planar master integral.

—6.198399226750
confirmed by FI ESTA (—6.1977)
We have

—6.1983992267494959168200925479819368763478987989679152 . . .

V.A. Smirnov Ravello, September 20, 2012 — p.55



Most complicated master integrals for the three-loop static
guark potential [A. and V. Smirnovs & M. Steinhauser’'09]
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