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Why Lattice QCD?

3

Error bands are (still) dominated by theory errors, in particular due to 
hadronic matrix elements.

Laiho, Lunghi & Van de Water (Phys.Rev.D81:034503,2010)

http://arXiv.org/abs/0910.2928
http://arXiv.org/abs/0910.2928
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Why Lattice QCD?...cont’d

Lattice QCD

generic weak decay process:

(experiment) = (known) x (CKM elements) x (had. matrix element)

 �

parameterize the ME in
terms of form factors, 
decay constants, bag 
parameters, ...
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Why Lattice QCD?...cont’d
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errors, errors, errors, …

 finite lattice spacing, a:

a (fm)

L

take continuum limit:
computational effort grows like ~ (L/a)5-6

 nf dependence:  realistic sea quark effects:  use nf = 2+1 or nf = 2+1+1

 finite volume:  keep m! L > 4

 ml dependence: chiral extrapolation
in numerical simulations, ml > mud but very recently 
ensembles with ml =mud (i.e. at physical value!)
"  use chiral perturbation theory to extrapolate
    if necessary

ml

f

ms/2ms/4

 renormalization:                                                     
⇒ use lattice perturbation theory:
     need to include PT errors
⇒ use nonrenormalized operators where possible
⇒ or use nonperturbative methods

 statistical errors:   from monte carlo integration
also need to include errors from fit procedures



mphys
⇡
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LQCD: Current status
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QCDSF-UKQCD '10
BMWc '10
BMWc'08
PACS-CS '09
RBC/UKQCD '10
JLQCD/TWQCD '09
HSC '08
BGR '10
CLS '10 (2)

plot by C. Hoelbling (based on Rev. Mod. Phys. 84 (2012) 449) 

Different groups use different actions & methods
see glossary in Appendix



A. El-Khadra, FPCP 2012, 21-25 May 2012 8

Focus on “easy” LQCD calculations 

stable (or almost stable) hadrons, masses and amplitudes 
with no more than one initial (final) state hadron,
for example:
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Focus on “easy” LQCD calculations 

stable (or almost stable) hadrons, masses and amplitudes 
with no more than one initial (final) state hadron,
for example:

•  ! , K, D, Ds, B, Bs mesons
      masses, decay constants, weak matrix elements for mixing,
      semileptonic and rare decay form factors

• charmonium and bottomonium (#c, J/$ , hc, …, #b, %(1S), %(2S), ..)
  states below open D/B threshold
      masses, leptonic widths, electromagnetic matrix elements

This list includes most of the important quantities for CKM 
physics. Excluded are &, K* mesons and other resonances.
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B '  !   l(  K '  !  l(  
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Ds '   l(

B '  D, D* l( 

mixing

Vud Vus

Vcd

Vtd

Vub

Vcs Vcb

Vts Vtb

Lattice QCD program relevant to CKM elements

!  '   µ(  , K '   µ(  
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Strategy

• Lattice QCD action has the same free parameters as continuum QCD:         
 quark masses and ) s

 

• use experimentally measured hadron masses as input, for example:
 ! , K, Ds, Bs  mesons for u, d, s, c, b quark masses

• need an experimental input to determine the lattice spacing (a) in GeV:
 2S-1S splitting in % system, f! , *  mass, …
 this also determines ) s

• lattice QCD calculations of all other quantities should agree with 
experiment …
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LQCD Achievements

lattice QCD/experiment

Postdiction 
at the 2-3% level

before 2004

MILC+HPQCD+FNAL   (Phys. Rev. Lett. 92:022001,2004)

see Appendix for a (partial) list of other 
LQCD achievements or milestones
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2007

2012

progress in last ~5 years

expect new LQCD
results this summer
at Lattice 2012

I will focus on reliable 
LQCD results that can be 
used for testing the SM!
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Lattice Averages
• We now have reliable & independent lattice results from different lattice 

groups using different methods for an increasing number of quantities 
<z need averages 

• two efforts:
1. FLAG -1 (Flavianet Lattice Averaging Group)
    Colangelo, et al (Eur. Phys. J. C71 (2011) 1695, http://itpwiki.unibe.ch/flag/) 12 people (EU)
    light quark quantities only

2. LLV (Laiho, Lunghi, Van de Water) 
    (Phys.Rev.D81:034503,2010, http://latticeaverages.org/)
    light and heavy quark quantities
    + UT fits with lattice averages as input

13
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Lattice Averages
• We now have reliable & independent lattice results from different lattice 

groups using different methods for an increasing number of quantities 
<z need averages 

• two efforts:
1. FLAG -1 (Flavianet Lattice Averaging Group)
    Colangelo, et al (Eur. Phys. J. C71 (2011) 1695, http://itpwiki.unibe.ch/flag/) 12 people (EU)
    light quark quantities only

2. LLV (Laiho, Lunghi, Van de Water) 
    (Phys.Rev.D81:034503,2010, http://latticeaverages.org/)
    light and heavy quark quantities
    + UT fits with lattice averages as input

  FLAG -2 (Flavor Lattice Averaging Group)
28 people (EU, US, Japan) representing all big lattice collaborations 
light and heavy quark quantities
1st review at end of 2012

14

+
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Kaons and pions

  leptonic and semileptonic decay

              }
 mixing and nonleptonic decay

fK!⇡
+ (0)

fK/f⇡

BK & ✏K
K ! !! & "!

K /"K

Vus, Vus/Vud



�(B ! ! " ) = (known) " | Vub|2 " f 2
B

B ! ⌧⌫
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leptonic K, D, and B meson decays

b

u
_

W
B-

!

(
_
!

example:

Same for K, D mesons

use exp. combined with LQCD input for:
‣ determination of CKM element
‣ constraints on new physics (D, B)



fK/f⇡
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Kaon and pion decay constant ratio
Laiho, Lunghi & Van de Water (Phys.Rev.D81:034503,2010)

FLAG-1 (Eur. Phys. J. C71 (2011) 1695)

(0.44% error)

Expect results from simulations 
with physical light quark masses 
this summer (FNAL/MILC, BMW, 
PACS-CS,...)

http://arXiv.org/abs/0910.2928
http://arXiv.org/abs/0910.2928


B ! !"#
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b u

d
_

B !

(

e-

semileptonic K, D, and B decays

example:

d�(B ! !"# )
dq2 = (known) ⇥ |Vub |2 ⇥

!
!f+(q2)

!
!2

!  normalization  <z  VCKM  



K ! ⇡`⌫
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Form factor for 

FLAG-1 (Eur. Phys. J. C71 (2011) 1695)

Laiho, Lunghi & Van de Water 
(Phys.Rev.D81:034503,2010)

(0.46% error)fK!⇡
+ (0)

Expect preliminary results from simulations with physical light quark masses 
this summer (Gamiz for FNAL/MILC, PACS-CS, ...)

http://arXiv.org/abs/0910.2928
http://arXiv.org/abs/0910.2928
http://arXiv.org/abs/0910.2928
http://arXiv.org/abs/0910.2928
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! Vus

Vud

!
!
! f K

f ⇡
= 0.2758(5)

|Vud| = 0.97425(22)

A. El-Khadra, FPCP 2012, 21-25 May 2012 20

Vud and Vus

|Vus|f+(0) = 0.2163(5)

<z  unitarity test of 1st row of CKM matrix at 0.1% level 

FLAG-1 (Eur. Phys. J. C71 (2011) 1695)

(M. Antonelli, Eur. Phys. J. C (2010)69, 399)
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! M d = (known) ! | V !
td Vtb |2 ! " B 0|O�B =2|B 0#

! f2
Bd

BBd

b d

d
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b
_

W W

u,c,t

u,c,t

B0

_

B0

B 0
d ! B 0

d mixing
example:

neutral K, B, and Bs meson mixing

also:

with

• For kaon mixing, just need to calculate the bag parameter. 
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BK and ϵK

! K = (known) ! BK " ! ! | Vcb|2 ! ø# ! f (ø$, ø#, Vcb, #i )

local
operator

non-local
operator

NNLO pert.
QCD

Beyond “easy”,
but sub-dominant here

~6% correction
with ~2% error
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BK and ϵK

Laiho, Lunghi & Van de Water 
(Phys.Rev.D81:034503,2010)

BK (1.3% error) 

http://arXiv.org/abs/0910.2928
http://arXiv.org/abs/0910.2928
http://arXiv.org/abs/0910.2928
http://arXiv.org/abs/0910.2928


! K = (known) ! BK " ! ! | Vcb|2 ! ø# ! f (ø$, ø#, Vcb, #i )
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BK and ϵK

ϵK

Enrico Lunghi (based on arXiv:1204.0791 )

Dominant error on  ϵK  is now due to:  
1. Vcb    2.                   (NNLO pert. QCD)⌘cc or ⌘1



�I = 3/ 2

�I = 1/2
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• First quantitative results have been obtained by the RBC 
group at the ~20% level from a direct calculation at small pion 
mass (arXiv:1111.1699, 1111.4889). 

• A new method was developed by Laiho & Van de Water 
based on combining ChPT (indirect) and direct methods 
(arXiv:1011.4524), expect ~20% error

• First calculation using the direct method on small volume and 
large pion mass with a 25% statistical error to establish 
feasibility by RBC group (arXiv:1111.1699). 

K ! ⇡⇡ & ✏!
K /✏K : beyond “easy”
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B and D mesons

26

 leptonic B & D decays 

 neutral B meson mixing

 semileptonic B & D decays

f B , f Bs , f Bs /f B , f D, f Ds , f Ds /f D

fB
p
BB , fBs

p
BBs , ⇠

B ! ⇡`⌫ & Vub D ! K(⇡)`⌫ & Vcs(d)

B ! K ! + ! !

B ! D(⇤)`⌫ & Vcb

Bs ! Ds!"/B ! D!" & Bs ! µ+ µ" , B ! D#!"
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B and Bs meson decay constants
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2.4% error

1.8% error

1.4% error

• HPQCD 11: uses HISQ b quarks, 
with extrapolation to physical b 
quarks mass using 1/m expansion. 

• HPQCD 12: uses NRQCD b 
quarks.

• FNAL/MILC’11: results based on 
small data set.
Expect new results on full FNAL/
MILC data set this summer. 

• RBC/UKQCD: expect new results 
this summer

http://arXiv.org/abs/0910.2928
http://arXiv.org/abs/0910.2928
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D and Ds meson decay constants

1.9% error

1.2% error

fD s

f D

Laiho, Lunghi & Van de Water (Phys.Rev.D81:034503,2010)

Expect results from 
simulations with physical 
light quark masses this 
summer (MILC/FNAL,
PACS-CS, ...)

http://arXiv.org/abs/0910.2928
http://arXiv.org/abs/0910.2928


B and Bs meson mixing parameters
Laiho, Lunghi & Van de Water (Phys.Rev.D81:034503,2010)

f B
!

BB
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!

4.7% error

f B s

!
BB s

7.6% error

2012
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• FNAL/MILC’11: preliminary 
results from partial data set for all 
5 operators (including BSM)
 <z expect new results on entire 
data set this summer

• FNAL/MILC 2012: (almost) final 
analysis of small data set

• new results from RBC/UKQCD,
ETMC, ...

about to be updated

http://arXiv.org/abs/0910.2928
http://arXiv.org/abs/0910.2928


B ! !"#
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b u

d
_

B !

(

e-
semileptonic K, D, and B decays

example:

d�(B ! !"# )
dq2 = (known) ⇥ |Vub |2 ⇥

!
!f+(q2)

!
!2

!  normalization  <z  VCKM   

!  shape for B, D’s: 
     use z-expansion for model-independent 

 parameterization of q2 dependence
! test LQCD with shape, not normalization 
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Form factor for B ! ⇡`⌫ & Vub

z Þt is shown in Fig.11, and the corresponding Þt parame-
ters are

jVubj ! 103 " 3:38# 0:36; (73)

a0 " 0:0218# 0:0021; (74)

a1 " $ 0:0301# 0:0063; (75)

a2 " $ 0:059# 0:032; (76)

a3 " 0:079# 0:068: (77)

The values of the coefÞcients are all much smaller than 1,
as expected from heavy-quark power-counting. The sum of
the squares of the coefÞcients is

P
a2
k " 0:011# 0:012,

and is consistent with the prediction of Becher and Hill
within uncertainties in the series coefÞcients and in the
choice of the hadronic scale in Eq. (66) [93].

By combining all of the available numerical lattice
Monte Carlo data and 12-binBABAR experimental data
for theB ! !‘" form factor in a simultaneous Þt we are
able to determinejVubj to %11% accuracy. This error is
independent (within& 0:5%) of the choice of the parame-
ter t0 used in the change of variables fromq2 to z&q2; t0'
and in the outer function#( &q2; t0' . In order to demon-
strate the advantage of the combined Þt method, we com-
pare the error injVubj given in Eq. (73) with that obtained
from separatez Þts of the lattice and experimental data. Az
Þt to the 12-binBABAR experimental data alone deter-
mines the normalizationaexp

0 to %8%, while az Þt to our

numerical lattice data determinesalat
0 to %14%. Thus,

separate Þts lead to a determination ofjVubj ) aexp
0 =alat

0
with an approximately 16% total uncertainty.3 The com-
bined Þt yields a signiÞcantly smaller error and is thus
preferred.

When the numerical lattice data and experimental data
are Þt simultaneously, utilizing all of the available data
points is of secondary importance for reducing the total
uncertainty in jVubj. For example, we can evaluate the
importance of the lowq2 experimental points to the ex-
traction ofjVubj by removing them from the combinedz Þt.
Including only the three experimental data points with
q2 > 18 GeV2, we Þnd a consistent value ofjVubj with
only a%1% larger uncertainty. Similarly, we can evaluate
the importance of having many lattice data points, rather
than only a single point, by using only the most precise
lattice point with a total error of%9%. This allows the
form-factor shape to be completely determined by the

FIG. 11 (color online). Model-independent determination ofjVubj from a simultaneous Þt of lattice and experimentalB ! !‘"
semileptonic form-factor data to thez parameterizaton. The left plot showsP( #( f( vs z, while the right plot showsf( vs q2.
Inclusion of terms in the power-series throughz3 yields the maximum uncertainty injVubj; the corresponding 4-parameterz Þt is given
by the red curve in both plots. The circles denote the Fermilab-MILC lattice data, while the stars indicate the 12-binBABAR
experimental data, rescaled by the value ofjVubj determined in the simultaneousz-fit.

3Because the values of the coefÞcients of the power series inz
depend upon the choice of the parametert0 in Eqs. (61)Ð(63), we
could, in principle, choose a different value oft0 in order to
minimize the error in eitheraexp

0 or alat
0 . For example, use oft0 "

22:8 GeV2 reduces the uncertainty in the lattice normalization
because the error in the lattice form factor is smallest at thisq2

value. Use oft0 " 22:8 GeV2 greatly increases the uncertainty
in the experimental normalization, however, because the experi-
mental data is poorly determined at large values ofq2.
Ultimately, this choice oft0 leads to an even worse determination
of jVubj than from our standard choice oft0 " 0:65t$ . Although
we did not attempt to determine the value oft0 that minimizes
the total error injVubj, the errors resulting from separate Þts were
greater than that obtained with the simultaneous Þt for all values
of t0 that we tried.

JON A. BAILEY et al. PHYSICAL REVIEW D 79, 054507 (2009)

054507-22

z-expansion: 
!  compare shape between LQCD and exp.
!  combined fit of lattice and exp. data from different recoil regions 

<z better determination of Vub

FNAL/MILC (PRD 79, 054507 (2009)) + BaBar  (PRL 98, 091801 (2007))



|Vub| = (3 .12± 0.26)⇥ 10! 3
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Form factors for B ! ⇡`⌫ & Vub

Laiho, Lunghi & Van de Water (Phys.Rev.D81:034503,2010)

cf. HFAG 2010 (inclusive): 

Ð 15Ð

excluded from the Þt input in the kinetic scheme, the results for
|Vcb| and µ2

! change by only small amounts, whilemkin
b increases

to 4.68± 0.05 GeV.
The mass in the MS scheme corresponding to Eq. (22)

is mMS
b = 4 .25± 0.05 GeV. This can be compared with a

recent value obtained using relativistic sum rules [72],mMS
b =

4.163±0.016 GeV. The uncertainties onmb are further discussed
in the section on the determination of|Vub|.

The precision of these results can be further improved.
Some of the measurements, in particular of theB ! Xs!
photon energy spectrum, can be improved by using the full
B-factory data sets. Improvements can be made in the theory
by calculating higher order perturbative corrections [73] and,
more importantly, by calculating perturbative corrections to the
matrix elements deÞning the HQE parameters. The inclusion of
still higher order moments may improve the sensitivity of the
Þts to higher order terms in the HQE.

Determination of |Vub |
Summary: The determination of |Vub| is the focus of sig-

niÞcant experimental and theoretical work. The determinations
based on inclusive semileptonic decays using di! erent calcu-
lational ans¬atze are consistent. The largest parametric uncer-
tainty comes from the error onmb. SigniÞcant progress has been
made in determinations of|Vub| from B ! "#$" decays by using
combined Þts to theory and experimental data as a function of
q2. Further improvements in the form factor normalization are
needed to improve the precision.

The values obtained from inclusive and exclusive determi-
nations are

|Vub| = (4 .27± 0.38) " 10! 3 (inclusive), (27)

|Vub| = (3 .38± 0.36) " 10! 3 (exclusive). (28)

The two determinations are independent, and the dominant
uncertainties are on multiplicative factors. The inclusive and
exclusive values are weighted by their relative errors and the
uncertainties are treated as normally distributed. The resulting

July 30, 2010 14:34

• FNAL/MILC expect new results from much larger data set by end 2012
• also expect results for                     soonBs ! K!"

http://arXiv.org/abs/0910.2928
http://arXiv.org/abs/0910.2928


new method by HPQCD:
• use HISQ action for charm and light quarks
• calculate                from scalar current matrix element that doesn’t require 
 renormalization
• use kinematic constraint 

Form factors for
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D ! K(⇡)`⌫ & Vcs(d)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
f+

D->�/
(q

2
=0)

Fermilab/MILC (2005)

Sum Rules (2009)

CLEO-c (2009)

Experiment + CKM Unitarity

4 % error

Belle (2006)

HPQCD (2011)

Other theory

ETMC (2011, preliminary)

Lattice QCD

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
f+(q

2
=0)

HPQCD (2010)

Fermilab/MILC (2005)

Sum Rules (2009)

CLEO-c (2009)

BaBar (2007+update)

Experiment + CKM Unitarity

Other theory

2.5 % error
Lattice QCD

D ! K`⌫D ! !"#

Heechang Na (based on HPQCD PRD 84 (2011) 114505 & PRD 82 (2010) 114506)

f + (0) = f 0(0)

f 0(q2 = 0)



|Vcd|2 + |Vcs|2 + |Vcb|2 = 0.976(50)
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D ! K(⇡)`⌫ & Vcs(d)Form factors for

0.1 0.15 0.2 0.25
|Vcd|

(Fermilab/MILC 2005)

PDG 2010: Neutrino exp.

HPQCD 2011

PDG 2010: Semileptonic decay

|Vcd| = 0.225 (6)exp.(10)lat.

PDG 2010: Unitarity

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2
|Vcs|

HPQCD (2010)
|Vcs| = 0.961 (11)(24)

PDG 2010: direct estimation
Semi-leptonic decay: |Vcs| = 0.98 (1)(10)

Leptonic decay: |Vcs| = 1.030 (38)

PDG 2010: CKM Unitarity

Average: |Vcs| = 1.023 (36)

|Vcs| = 0.97345 (16)

Heechang Na (based on HPQCD PRD 84 (2011) 114505 & PRD 82 (2010) 114506)

Vcd Vcs

<z  unitarity test of 2nd row of CKM matrix: 
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D ! K(⇡)`⌫ & Vcs(d)Form factors for
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FNAL/MILC PRELIMINARY, partial data set (stat. errors only)
CLEO-c, PRD (2009), arXiv:0906.2983

SU(3) ! PT
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Consistency of lattice and experimental D → πlν form factor shapes
Jon Bailey (FNAL/MILC 2012)

D ! K`⌫ D ! !"#

PRELIMINARY

PRELIMINARY

Expect new results this summer (Lattice 2012) from several different 
lattice groups. 

shape from z-expansion, statistical errors only, partial data set
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Form factors for B ! K ! + ! !

Ran Zhou (FNAL/MILC 2012)
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• also expect new results from HPQCD, ...



at zero recoil (HFAG 2010): 

<z need form-factors at non-zero recoil for                 to 
match precision for Vcb determination from 

d!( B ! D!" )
d# = (known) ! | Vcb|2 ! (! 2 " 1)3/ 2|G(! )|2

d!( B ! D ! !" )
d# = (known) ! | Vcb|2 ! (! 2 " 1)1/ 2|F (! )|2
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Form factors forB ! D(⇤) `⌫ & Vcb

B ! D!" :

B ! D ! !" : |Vcb|F(1) = (36 .04± 0.52)⇥ 10! 3

|Vcb|G(1) = (42.3 ± 1.5) ⇥ 10�3

B ! D!" :

B ! D ! !" :



Form factors for B ! D(⇤) `⌫ & Vcb

|Vcb| = (39 .5 ± 1.0) ! 10! 3
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Ð 2Ð

B ! Xc! " ! decays allows partial rates forB ! Xu! " ! transi-
tions to be measured in regions previously considered inacces-
sible, increasing the acceptance forB ! Xu! " ! transitions and
reducing theoretical uncertainties.

Experimental measurements of the exclusiveB ! #! " !

decay are quite precise. Further improvement in the theoretical
calculation of the form factor normalization is needed to fully
exploit these measurements.

Throughout this review the numerical results quoted are
based on the methods of the Heavy Flavor Averaging Group [2].

DETERMINATION OF |Vcb|
Summary: The determination of |Vcb| from B ! D! ! " !

decays is currently at a relative precision of about 3%. The main
limitation is the knowledge of the form factor near the maximum
momentum transfer to the leptons. For theB ! D! " ! channel
experimental measurements have recently been substantially
improved, allowing this channel to provide a meaningful cross-
check onB ! D! ! " ! .

Determinations of |Vcb| from inclusive decays are currently
below 2% relative uncertainty. The limitations arise mainly
from our ignorance of higher order perturbative and non-
perturbative corrections.

The values obtained from inclusive and exclusive deter-
minations are currently only marginally consistent with each
other:

|Vcb| = (41 .5 ± 0.7) " 10" 3 (inclusive) (1)

|Vcb| = (38 .7 ± 1.1) " 10" 3 (exclusive). (2)

An average of the above gives|Vcb| = (40 .6 ± 0.6) " 10" 3, with
P ($2) = 0 .03. Scaling the error by

!
$2/ndf = 2 .2 we quote

|Vcb| = (40 .6 ± 1.3) " 10" 3 . (3)

|Vcb| from exclusive decays
Exclusive determinations of|Vcb| are based on a study of

semileptonic B decays into the ground state charmed mesons
D and D! . The main uncertainties in this approach stem from
our ignorance of the form factors describing theB ! D and

July 30, 2010 14:34

cf. HFAG 2010 (inclusive):

Laiho, Lunghi & Van de Water (Phys.Rev.D81:034503,2010)

http://arXiv.org/abs/0910.2928
http://arXiv.org/abs/0910.2928


d!
dq2 = |Vcb|2 ! (known(q2)) !

!
f 2

+ (q2) + (known) ! f 2
0 (q2) ! m2

!

"
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Form factor ratio R(D) = Br( B ! D!" )/ Br( B ! D#" )

BaBar (V. Lüth, FPCP 2012): 

to compare to SM theory we need the form factors at 
non-zero recoil. 

R(D) = Br( B !D!" )
Br( B !D#" ) = 0 .440(71)



BaBar 2012
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R(D) = Br( B ! D!" )/ Br( B ! D#" )Form factor ratio

Daping Du (FNAL/MILC 2012)

PRELIMINARY

from M. Tanaka and R. Watanabe (arXiv:1005.4306) 
+ FNAL/MILC form factors

FNAL/MILC form factors: 

from partial data set used 
in arXiv:1202.6346

SM

2HDM



• LHCb measures the rare Bs decay using a normalization channel

   <z They need to know 

• new strategy: determine           from hadronic decay ratio 

using factorization (Fleischer et al, arXiv:1004.3984):

                                                                                 with

     and 
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4 à23Motivations: B ! µ+ µ" Rare Decay

¥ At LHCb, this is measured using some normalization channels

Br(Bs ! µ+ µ" ) = Br( Bd ! X )
f d

f s

! X

! µµ

Nµµ

NX
,

Fragmentation fraction ratio f s/f d needs to be known with a precision that
matches the experiments.

¥ New strategy: measure f s/f d through the hadronic decay method
Br( øB 0

s! D+
s " " )

Br( øB 0
d! D+ K " ) using factorization: Fleischer et al. arxiv:1004.3982

Bs ! Ds!" /B ! D !" & Bs ! µ+ µ"Form factor ratio

into a Bq meson or a! b baryon. The fragmentation fractionsf q may depend on the en-
vironment, so they are best measuredin situ in each experiment. Thus, improving the
determination of the fragmentation ratio f s/f d will tighten the limits and increase the sig-
niÞcance of measurements.

The quantity f s/f d has generally been determined from semileptonic decays [15], an
approach that LHCbhas newly reÞned [16]. Recently, Fleischer, Serra, and Tuning proposed
two approaches based on measuring the ratio relative to nonleptonic decays BR(øB 0

s !
D +

s π
! )/ BR( øB 0 ! D + K ! ) [17] or BR( øB 0

s ! D +
s π

! )/ BR( øB 0 ! D + π! ) [18]. An important
ingredient in both approaches is the approximate factorization of the nonleptonic decay
amplitudes, which relies on the corrections to naive factorization ofthe light meson in the
Þnal state being small and calculable [19]. The D + K ! method is favored in this regard,
because it receives contributions only from color-allowed tree-diagram-like topologies which
yield smaller nonfactorizable e" ects [18].

The ratio BR( øB 0
s ! D +

s π
! )/ BR( øB 0 ! D + K ! ) is related to f s/f d by analogy with

Eq. (1.2). Via factorization, the amplitudes for these nonleptonic processes can be expressed
as a product of the light-meson decay constant and a semileptonic form factor for B(s) !
D(s)"ν. This leads to a way to measuref s/f d [17, 20]:

f s

f d
= 0.0743"

τB 0

τB 0
s

"
!
εDK

εD s !

ND s !

NDK

"
"

1
NaNF

(1.3)

where τ denotes lifetimes, and the number 0.0743 is a product of ratios of well-known
quantities such as the light-meson decay constants, Cabibbo-Kobayashi-Maskawa (CKM)
matrix elements and kinematic factors. The factorization is parametrized by [17]

Na =

#
a(s)

1 (D +
s π

! )

a(d)
1 (D + K ! )

$2

, (1.4)

NF =

#
f (s)

0 (M 2
! )

f (d)
0 (M 2

K )

$2

. (1.5)

wherea(q) is a factor accounting for the deviation from the naive factorization and f 0(q2) is
a form factor for the corresponding semileptonic decay.

The hadronic method relies on theoretical inputs forNa and NF . In the limit of exact
U-spin symmetry (namely the exchange ofs and d quarks throughout the process), both
reduce to 1. Fleischer, Serra, and Tuning expect theU-spin breaking |N a # 1| Òto be at
most a few percentÓ [18, 19]. Based on an estimate from QCD sum rules [21], they quote
either NF = 1.3 ± 0.1 [17] or NF = 1.24± 0.08 [18], the latter of which LHCb uses [20]. In
either case, the biggest limitation is from the form-factor ratioNF .

A relation betweenf s/f d and BR( øB 0
s ! D +

s π
! )/ BR( øB 0 ! D + π! ) is derived along similar

lines [18]. In that case, the form-factor ratio becomes [f (s)
0 (M 2

! )/f (d)
0 (M 2

! )]2, i.e., with both
numerator and denominator evaluated atq2 = M 2

! .
In this paper, we calculate these two form-factor ratios using lattice QCD with 2+1 ßavors

of sea quarks. We use the same set of MILC ensembles of gauge conÞgurations [22] and the
same sequence of bootstrap copies for both of theB 0

s and B 0 processes, which reduces the
statistical error by correctly accounting for correlations. We include the contributions of
the Þrst radially excited states in the Þts of correlation functions to avoid the respective
systematic errors. Such a treatment turns out to be necessaryfor calculations at nonzero

3

into a Bq meson or a! b baryon. The fragmentation fractionsf q may depend on the en-
vironment, so they are best measuredin situ in each experiment. Thus, improving the
determination of the fragmentation ratio f s/f d will tighten the limits and increase the sig-
niÞcance of measurements.

The quantity f s/f d has generally been determined from semileptonic decays [15], an
approach that LHCbhas newly reÞned [16]. Recently, Fleischer, Serra, and Tuning proposed
two approaches based on measuring the ratio relative to nonleptonic decays BR(øB 0

s !
D +

s ! ! )/ BR( øB 0 ! D + K ! ) [17] or BR( øB 0
s ! D +

s ! ! )/ BR( øB 0 ! D + ! ! ) [18]. An important
ingredient in both approaches is the approximate factorization of the nonleptonic decay
amplitudes, which relies on the corrections to naive factorization ofthe light meson in the
Þnal state being small and calculable [19]. The D + K ! method is favored in this regard,
because it receives contributions only from color-allowed tree-diagram-like topologies which
yield smaller nonfactorizable e" ects [18].

The ratio BR( øB 0
s ! D +

s ! ! )/ BR( øB 0 ! D + K ! ) is related to f s/f d by analogy with
Eq. (1.2). Via factorization, the amplitudes for these nonleptonic processes can be expressed
as a product of the light-meson decay constant and a semileptonic form factor for B(s) !
D(s) "#. This leads to a way to measuref s/f d [17, 20]:

f s

f d
= 0.0743"

$B 0

$B 0
s

"
[

%DK

%D s !

ND s !

NDK

]

"
1

NaNF
(1.3)

where $ denotes lifetimes, and the number 0.0743 is a product of ratios of well-known
quantities such as the light-meson decay constants, Cabibbo-Kobayashi-Maskawa (CKM)
matrix elements and kinematic factors. The factorization is parametrized by [17]

Na =

[

a(s)
1 (D +

s ! ! )

a(d)
1 (D + K ! )

]2

, (1.4)

NF =

[

f (s)
0 (M 2

! )

f (d)
0 (M 2

K )

]2

. (1.5)

wherea(q) is a factor accounting for the deviation from the naive factorization and f 0(q2) is
a form factor for the corresponding semileptonic decay.

The hadronic method relies on theoretical inputs forNa and NF . In the limit of exact
U-spin symmetry (namely the exchange ofs and d quarks throughout the process), both
reduce to 1. Fleischer, Serra, and Tuning expect theU-spin breaking |N a # 1| Òto be at
most a few percentÓ [18, 19]. Based on an estimate from QCD sum rules [21], they quote
either NF = 1.3 ± 0.1 [17] or NF = 1.24± 0.08 [18], the latter of which LHCb uses [20]. In
either case, the biggest limitation is from the form-factor ratioNF .

A relation betweenf s/f d and BR( øB 0
s ! D +

s ! ! )/ BR( øB 0 ! D + ! ! ) is derived along similar
lines [18]. In that case, the form-factor ratio becomes [f (s)

0 (M 2
! )/f (d)

0 (M 2
! )]2, i.e., with both

numerator and denominator evaluated atq2 = M 2
! .

In this paper, we calculate these two form-factor ratios using lattice QCD with 2+1 ßavors
of sea quarks. We use the same set of MILC ensembles of gauge conÞgurations [22] and the
same sequence of bootstrap copies for both of theB 0

s and B 0 processes, which reduces the
statistical error by correctly accounting for correlations. We include the contributions of
the Þrst radially excited states in the Þts of correlation functions to avoid the respective
systematic errors. Such a treatment turns out to be necessaryfor calculations at nonzero
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into a Bq meson or a! b baryon. The fragmentation fractionsfq may depend on the en-
vironment, so they are best measuredin situ in each experiment. Thus, improving the
determination of the fragmentation ratiofs/fd will tighten the limits and increase the sig-
niÞcance of measurements.

The quantity fs/fd has generally been determined from semileptonic decays [15], an
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s ! ! )/BR( øB0 ! D+ ! ! ) [18]. An important
ingredient in both approaches is the approximate factorization of the nonleptonic decay
amplitudes, which relies on the corrections to naive factorization ofthe light meson in the
Þnal state being small and calculable [19]. The D+ K ! method is favored in this regard,
because it receives contributions only from color-allowed tree-diagram-like topologies which
yield smaller nonfactorizable e" ects [18].

The ratio BR( øB0
s ! D+

s ! ! )/BR( øB0 ! D+ K ! ) is related to fs/fd by analogy with
Eq. (1.2). Via factorization, the amplitudes for these nonleptonic processes can be expressed
as a product of the light-meson decay constant and a semileptonic form factor for B(s) !
D(s) "#. This leads to a way to measurefs/fd [17, 20]:
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where $ denotes lifetimes, and the number 0.0743 is a product of ratios of well-known
quantities such as the light-meson decay constants, Cabibbo-Kobayashi-Maskawa (CKM)
matrix elements and kinematic factors. The factorization is parametrized by [17]
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wherea(q) is a factor accounting for the deviation from the naive factorization and f0(q2) is
a form factor for the corresponding semileptonic decay.

The hadronic method relies on theoretical inputs forNa and NF . In the limit of exact
U-spin symmetry (namely the exchange ofs and d quarks throughout the process), both
reduce to 1. Fleischer, Serra, and Tuning expect theU-spin breaking |N a # 1| Òto be at
most a few percentÓ [18, 19]. Based on an estimate from QCD sum rules [21], they quote
either NF = 1 .3 ± 0.1 [17] or NF = 1 .24± 0.08 [18], the latter of which LHCb uses [20]. In
either case, the biggest limitation is from the form-factor ratioNF .

A relation betweenfs/fd and BR( øB0
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lines [18]. In that case, the form-factor ratio becomes [f (s)
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! )]2, i.e., with both

numerator and denominator evaluated atq2 = M2
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In this paper, we calculate these two form-factor ratios using lattice QCD with 2+1 ßavors
of sea quarks. We use the same set of MILC ensembles of gauge conÞgurations [22] and the
same sequence of bootstrap copies for both of theB0

s and B0 processes, which reduces the
statistical error by correctly accounting for correlations. We include the contributions of
the Þrst radially excited states in the Þts of correlation functions to avoid the respective
systematic errors. Such a treatment turns out to be necessaryfor calculations at nonzero

3
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s ! ! )/ BR( øB 0 ! D + K ! ) is related to f s/f d by analogy with
Eq. (1.2). Via factorization, the amplitudes for these nonleptonic processes can be expressed
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where $ denotes lifetimes, and the number 0.0743 is a product of ratios of well-known
quantities such as the light-meson decay constants, Cabibbo-Kobayashi-Maskawa (CKM)
matrix elements and kinematic factors. The factorization is parametrized by [17]
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wherea(q) is a factor accounting for the deviation from the naive factorization and f 0(q2) is
a form factor for the corresponding semileptonic decay.

The hadronic method relies on theoretical inputs forNa and NF . In the limit of exact
U-spin symmetry (namely the exchange ofs and d quarks throughout the process), both
reduce to 1. Fleischer, Serra, and Tuning expect theU-spin breaking |N a # 1| Òto be at
most a few percentÓ [18, 19]. Based on an estimate from QCD sum rules [21], they quote
either NF = 1.3 ± 0.1 [17] or NF = 1.24± 0.08 [18], the latter of which LHCb uses [20]. In
either case, the biggest limitation is from the form-factor ratioNF .
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same sequence of bootstrap copies for both of theB 0

s and B 0 processes, which reduces the
statistical error by correctly accounting for correlations. We include the contributions of
the Þrst radially excited states in the Þts of correlation functions to avoid the respective
systematic errors. Such a treatment turns out to be necessaryfor calculations at nonzero
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Daping Du (FNAL/MILC, J. Bailey et al, arXiv:1202.6346) calculate
 

using a subset of the full FNAL/MILC data set. 

comparison with 
BaBar 2010 data
(arXiv:0904.4063):
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Bs ! Ds!" /B ! D !" & Bs ! µ+ µ"Form factor ratio
22 à23Results: Form Factor Ratio and f s/f d

¥ For the hadronic method Bs ! Ds! /B ! DK method, we obtained the form factor
ratio

f (s)
0 (M 2

! )

f (d)
0 (M 2

K )
= 1.046(44)(15),

So the NF " [f (s)
0 (M 2

! )/f (d)
0 (M 2

K )]2 = 1.094(88)(30), compared to the QCD sum
rule value N SR

F = 1.24(8). We observed a much smaller U-spin breaking effect.

¥ Based on the sum rule value N SR
F , the fragmentation ratio was [LHCb,2011]

f s/f d = 0.250(24)stat(17)syst(17)theo

With the form factor ratio of our result, this needs to be adjusted to

f s/f d = 0.283(27)stat(19)syst(24)theo

compared to the semileptonic method 0.268(8)stat(+24
# 22)syst [Aaij et al 2011] and the

PDG average 0.288(24).

¥ Branching ratio that is independent of experiments

BR( øB 0
s ! D +

s ! # )/ BR( øB 0 ! D + K # ) = 1.44(13)$ 101.

20 à23Form Factor Shape

¥ Comparing the form factor shape with the experiments [BaBar 2010].

! |Vcb|G(w) with Vcb = 41.4 " 10! 3.
! Full systematic error analysis which is aiming the determination of Vcb is still in
progress.
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f s/f d
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Bs ! Ds!" /B ! D !" & Bs ! µ+ µ"Form factor ratio

 0.21 0.24 0.27 0.3 0.33

LHCb Hadronic (Lattice NF)

LHCb Hadronic (sum rule NF)

LHCb Semileptonic

PDG Average

Daping Du (FNAL/MILC, J. Bailey et al, arXiv:1202.6346) calculate
 

using a subset of the full MILC/FNAL data set. 

22 à23Results: Form Factor Ratio and f s/f d

¥ For the hadronic method Bs ! Ds! /B ! DK method, we obtained the form factor
ratio

f (s)
0 (M 2

! )

f (d)
0 (M 2

K )
= 1.046(44)(15),

So the NF " [f (s)
0 (M 2

! )/f (d)
0 (M 2

K )]2 = 1.094(88)(30), compared to the QCD sum
rule value N SR

F = 1.24(8). We observed a much smaller U-spin breaking effect.

¥ Based on the sum rule value N SR
F , the fragmentation ratio was [LHCb,2011]

f s/f d = 0.250(24)stat(17)syst(17)theo

With the form factor ratio of our result, this needs to be adjusted to

f s/f d = 0.283(27)stat(19)syst(24)theo

compared to the semileptonic method 0.268(8)stat(+24
# 22)syst [Aaij et al 2011] and the

PDG average 0.288(24).

¥ Branching ratio that is independent of experiments

BR( øB 0
s ! D +

s ! # )/ BR( øB 0 ! D + K # ) = 1.44(13)$ 101.

expect results from 
the full FNAL/MILC 
data set this summer 
(Siwei Qiu, Utah)
 <z  Vcb
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Conclusions & Outlook

• reliable LQCD results for “easy” quantities are here!

• light quarks: several (many) results with different actions and methods, all 
in reasonable agreement

• heavy quarks: dominated by HPQCD & FNAL/MILC, with new results 
coming from other groups soon ... 

• expect a large increase in computational resources (Bluegene Q, Blue 
Waters, GPU clusters, ....)

• three groups have already generated ensembles with light sea quark 
masses at their physical values   
     <z expect to see an increasing number of physics results with these
         and an increasing number of such ensembles

• averages: LLV + FLAG-1  = FLAG-2 to help consumer navigate
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Conclusions & Outlook

• LQCD is systematically improvable

• Better precision is still needed in order to maximize the impact of flavor 
physics experiments  

<z constrain/discover/understand NP from the precision frontier

• As LQCD errors decrease with better simulations we’ll need to include 
effects that are currently subdominant, for example:

! isospin breaking 
! EM effects
! charm sea quarks  

• Also in progress: Develop methods to reliably calculate quantities that are 
beyond “easy”, for example:

" weak hadronic decays (kaon, D meson, B meson,...)
" non-local operators for D mixing
" weak decays to resonances (K*, rho, ...)

} in progress ...
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Conclusions & Outlook

• creativity can yield hard to predict progress, for example:

‣ z-expansion for shape of form factors
‣ development of HISQ action for heavy quarks
‣ HPQCD’s method for calculating f+(0) using nonrenormalized 

currents
‣ ....
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Appendix

47

• more on LQCD introduction & achievements

• Glossary of actions:
light quarks
heavy quarks

• Glossary of commonly used terms: 
     quenched approximation, full QCD, 

 rooted staggered Chiral PT, ....
    
• Glossary of Lattice collaborations 
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Introduction to Lattice QCD

L

a

x
discretize the QCD action (Wilson, …) 
e.g. discrete derivative

in general:                                                            n + 1

  errors scale with the typical momenta of the particles,
  e.g. (, QCD a)n  for gluons and light quarks   <z keep 1/a ≪ , QCD 

  typical lattice spacing  a ≲	 0.1 fm or 1/a ≳ 2 GeV

  in practice:  need to consider a range of a’s
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Introduction to Lattice QCD

L

a

x
discretize the QCD action (Wilson, …) 
e.g. discrete derivative

in general:                                                            n + 1

  errors scale with the typical momenta of the particles,
  e.g. (, QCD a)n  for gluons and light quarks   <z keep 1/a ≪ , QCD 

  typical lattice spacing  a ≲	 0.1 fm or 1/a ≳ 2 GeV

  in practice:  need to consider a range of a’s

Improvement: add more terms to the action to make n large
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Glossary - Light Quark Methods
• Asqtad  (improved staggered):
      errors:  ~ O() sa2), O(a4), but large due to taste-changing interactions
      has chiral symmetry;  uses square root of the determinant in sea
      computationally efficient

• HISQ  (Highly Improved Staggered Action):     also similar: HYP smeared
       errors:  ~ O() sa2), O(a4), ×1/3 smaller than Asqtad
       comp. cost: efficicient, ×2 Asqtad

• improved Wilson (Clover, …):                            also Stout link smeared
       errors:   ~ O() sa), if tree-level (tadpole) imp.; O(a2) if nonpert. imp.
       Wilson term breaks chiral symmetry
       comp. cost: ×4 Asqtad for mlight ~ mstrange , but less efficient at small quark masses

• twisted mass Wilson (tmQCD): 
      errors: ~ O(a2)
        twisted mass term for quark masses at chiral limit
       comp. cost: ×4 Asqtad

• Domain Wall Fermions (DWF):
       errors:   ~ O(a2),  O(mresa)
       almost exact chiral symmetry; breaking ~ mres ~ 3 !10-3

       comp. cost: ×L5 Asqtad, L5 ~ 16 - 20

• Overlap Fermions:
       errors:   ~ O(a2)
       exact chiral symmetry
       comp. cost: ×5-10 DWF
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Glossary - Heavy Quark Methods

• relativistic HQ actions (Fermilab, Columbia, AKT,...)
start with O(a) improved WIlson action
use HQET to analyze discretization errors
<z no errors that increase as power of amQ

• NRQCD
start with effective theory, then discretize
power expansion in p/m or v
need to keep lattice spacing > 0
<z use highly improved action with negligible discretization errors

needs scaling window to extrapolate errors due to light quark and gluon 
actions

• HQET/static
1/m expansion, static limit is the leading term
1/m corrections ~10% included in HQET

• HISQ charm
HISQ action has very small discretization errors
<z can be used for charm and heavier quarks, keep amQ  < 1
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1. generate gluon field configurations according to det(D+m) e-S

2. calculate quark propagators, (D+mq)-1, for each valence quark flavor and source 
point

3. tie together quark propagators into hadronic correlation functions (usually 2 or 3-
pt functions)

4. statistical analysis to extract hadron masses, energies, hadronic matrix elements, 
…. from correlation functions

5. systematic error analysis
51

Introduction to Lattice QCD

use monte carlo methods (importance sampling) to evaluate the integral.

Note: integrating over the fermion fields leaves det(D +m) in the integrand.
          the correlation functions, O, are then written in terms of (D+m)-1 and gluon fields

/
/

steps of a lattice QCD calculation:
/

/
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Glossary – sea quarks

• quenched approximation: no sea quarks, nf = 0
                          = const.  "  computational cost reduced by factor ~ 100–1000
    but systematic errors ~ 10-30% ( for ! Õs KÕs, … particles without decay thresholds)

• unquenched: nf -  0
    simulation includes sea quarks,                      included in integration
• nf = 2
   two degenerate flavors of light quarks (for up and down) in sea, generally with  ml > mud

      strange quark is still quenched

• nf = 2+1
   two degenerate flavors (for u and d) plus one heavier sea quark (for s) with mass .  ms

phys

• nf = 2+1+1
   two degenerate flavors (for u and d) plus one heavier sea quark (for s) with mass .  ms

phys

   plus one heavy sea quark (for c) with mass .  mc
phys

• partially quenched: nf -  0 with msea -  mvalence
   sea quarks are computationally much more expensive than valence quarks
    "  one often generates several light valence quarks on each sea quark ensemble
    use partially quenched ChPT; extremely useful for determining chiral parameters
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Glossary con’td

• rooted staggered quarks

  doubling problem "  4 “tastes” (degenerate lattice quark flavors) for every continuum flavor 

     in the sea:                      "  two remaining tastes = two degenerate continuum flavors (u,d)

                                         "  one remaining taste = one flavor (s)

• Is rooted staggered lattice QCD = QCD ?

                          is nonlocal at a -  0  (Bernard, Golterman, Shamir)

      but there is a lot of evidence that nonlocality ~ a2 
      based on renormalization group analysis (Shamir) and ChPT analysis (Bernard)
      also a growing body of numerical checks (Dürr& Hoelbling, Follana, Hart & Davies, MILC, ..)

• rooted staggered chiral perturbation theory

      accounts for the taste violations in the rooted staggered sea
      "  includes leading discretization effects, which can then be removed in continuum limit
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The Players

BMW: generate nf = 2+1 tree improved stout smeared  Wilson sea
Dürr, Fodor, Frison, Hoelbling, Hoffmann, Katz, Krieg, Kurth, Lellouch, Lippert, Ramos, Szabo, Vulvert,...

ETMC: generate nf = 2, 2+1+1 twisted mass Wilson sea 
Blossier, Dimopoulos, Frezzotti, Haas, Herdoiza, Jansen, Lubicz, Mescia, Palao, Shindler, Simula, Tarantino, Urbach, Wenger,...

HSC: generate nf = 2+1 anisotropic Clover sea
Bulava, Cohen, Dudek, Edwards, Engelson, Foley, Joo, Juge, Lin, Mathur, Morningstar, Orginos, Peardon, Richards, Ryan, 

Thomas, Thomas, Wallace,...

JLQCD+TWQCD: generate nf = 2, 2+1 Overlap sea
Aoki, Aoyama, Chiu, Fukaya, Hashimoto, Hsieh, Ikeda, Ishizuka, Kanaya, Kaneko, Kuramashi, Matsufuru, Noaki, Ogawa, Ohki,  

Okawa, Onogi, Shintani, Takeda, Taniguchi, Ukawa, Yamada, Yamazaki, Yoshie,...

PACS-CS: generate nf = 2+1 NP improved Wilson sea
Aoki, Ishii, Ishikawa, Ishizuka, Izubuchi, Kadoh, Kanaya, Kuramashi, Murano, Namekawa, Okawa, Taniguchi, Ukawa, Ukita, 

Yoshie,..

MILC: generate nf = 2+1 Asqtad sea and nf = 2+1+1 HISQ sea
Bazavov, Bernard, DeTar, Du, Foley, Freeman, Gottlieb, Heller, Hetrick, Laiho, Levkova, Oktay, Osborn, Sugar, Toussaint, Van de 

Water,...

Collaborations which generate nf = 2+1, 2+1+1 ensembles 
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The Players

RBC+UKQCD: generate nf = 2+1 DWF sea
RBC: Aoki, Blum, Christ, Cohen, Dawson, Ishikawa, Izubuchi, Jin, Jung, Kim, Li, Li, Lightman, Lin, Liu, Mawhinney, Ohta, Sasaki, 

Scholz, Soni, Van de Water, Witzel, Yamazaki,..
UKQCD: Allton, Antonio, Boyle, Clark, Donellan, Flynn, Hart, Jüttner, Kelly, Kennedy, Kenway, Maynard, Pedroso de Lima, 

Pendleton, Sachrajda, Tweedie, Wennekers, Zanotti,...

QCDSF: generate nf = 2+1 stout smeared NP Clover (SLiNC)
Al-Haydari, Ali Khan, Braun, Collins, Cundy, Göckeler, Horsley, Kaltenbrunner, Kennedy, Lacagnina, Nakamura, Panero, Perlt, 

Pleiter, Rakow, Schäfer, Schierholz, Schiller, Streuer, Stüben, Zanotti

FASTSUM: generate nf = 2+1 anisotropic clover
Aarts, Allton, Kim, Lombardo, Oktay, Ryan, Sinclair, Skullerud, ...

.......

Collaborations which generate nf = 2+1, 2+1+1 ensembles 
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The Players, cont’d

ALV: use MILC nf = 2+1 sea + DWF valence
Aubin, Laiho, Van de Water

SWMME: use MILC nf = 2+1 sea + HYP smeared improved staggered
Bae, Kim, Kim, Kim, Jung,  Lee, Yoon, Sharpe,...

/ QCD: use PACS-CS nf = 2+1 sea
Alexandru, Chen, Dong, Doi, Draper, Horvath, Joo, Kathuria, Lee, Lewis,Li,  Liu, Lujan, Mankame, Mathur, Moerschbacher, Pelissier, 

Streuer, Thacker, Wang, Zhang,... 

Fermilab Lattice: use MILC nf = 2+1 sea + Asqtad valence + Fermilab heavy quarks
Bailey, Bouchard, Du, AXK, Freeland, Gamiz, Gottlieb, Kronfeld, Laiho, Mackenzie, Neil, Simone, Van de Water, ..

HPQCD: use MILC nf = 2+1 sea + HISQ valence (light and charm) + NRQCD b quark
Allison, Dalgic, Davies, Follana, Gamiz, Gregory, Horgan, Hornbostel, Kendall, Lepage, McNeile, Shigemitsu, Trottier, Woloshin

LHPC: use MILC nf = 2+1 sea + DWF valence
Edwards, Engelhardt, Fleming, Hagler, Lin, Lin, Meyer, Musch, Negele, Orginos, Pochinsky, Procura, Renner, Richards, Schroers, 

Syritsyn, Walker-Loud

NPLQCD: use MILC nf = 2+1 sea + DWF valence and HSC nf = 2+1 sea
Beane, Detmold, Lin, Thomas, Orginos, Parreno, Savage, Torok, Walker-Loud 

RBC+UKQCD: use nf = 2+1 DWF sea + DWF valence + rel. heavy quark action or static

Australian group: use PACS-CS nf = 2+1 sea
Mahbub, Kamleh, Leinweber, Moran, Williams, ...

......

Users:
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LQCD: Current status

Many different groups, different actions, methods
see Glossary in Appendix
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Form factor shape for  D '  K l(

•Normalization agrees with experiment plus CKM unitarity

•Prediction of the shape

LQCD Achievements: Predictions

also: Bc mass prediction (HPQCD+FNAL PRL 2005, hep-lat/0411027)

Form factor shape for  D → π lν  

 (Phys. Rev. Lett. 94:011601, 2005)
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LQCD Achievements: Predictions
D+  meson decay constant fD+

fDs

Predictions 
of

  fD+ and fDs  
at 

  7-9% level
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LQCD Achievements: fDs

Time history
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© 2012 Andreas Kronfeld/Fermi Natl Accelerator Lab.

A. Kronfeld (Annu. Rev. Part. & Nucl. Sci, arXiv:1203.1204)

Experiment +
CKM unitarity

LQCD
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LQCD Achievements: Hadron spectrum
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