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Menu: search CPV and New Physics (NP) in ...

• (Penguin-diagram mediated) charmless B decays

• B→ηh (possibly large CPV)    [Belle, PRL 108, 031801 (2012)]

• B→KKK (K=K±,KS) (penguin dominated: direct CPV ~0, CPV in interference       
~sin 2β)    [BaBar, PRD 85, 054023 (2012) and arXiv:1201.5897]

• B→Kπ0π0 (possibly large CPV)    [BaBar, PRD 84, 092007 (2011)]

• Very rare B decays (below experimental sensitivity in SM)

• B→hτl (charged lepton flavor violation, GIM suppression) [BaBar, arXiv:1204.2852]

• B→invisible (helicity suppression, FCNC) [BaBar, FPCP preliminary; 
Belle, EPS11 preliminary]
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The cooks...
• B-factories: multi-purpose, asymmetric 4π detectors at e+e- colliders
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• BaBar results presented here based 
on full data set: ~470M BB̅ pairs

• Belle results presented here based 
on ≥ 657M BB̅ pairs (total: 772M)



Common ingredients...

• > 109 BB̅ pairs produced in e+e- collisions, at Y(4S) - almost at rest in CM 

• asymmetric beam energy ⇒ can separate two B decays

• low-multiplicity events (~11 tracks/evt) ⇒ can fully reconstruct B decays

• signal under study (Bsig) ⇒ characterized by inv. mass~mB, E*~√s/2

• other B (Btag) ⇒ useful when Bsig decays to invisible particles

• low background: σBB̅ ~ 1/5 σhad. Light qq̄ events studied off-
resonance; separated by means of event-shape quantities

• B flavor tagging: (partial) reconstruction of other B in flavor specific mode 
“tags” flavor of Bsig at same time t because of quantum entanglement

• particle ID (dE/dx, Cherenkov, TOF, E/p (electrons), muon chambers...)
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Some examples...
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mES

2*2*
BbeamES pEm −=

ΔE

**
beamB EEE −=Δ

MC

K/π separation (Cherenkov angle)

Excellent
separation
between
1.5 and 4
GeV/c Boost βγ ≈ 0.55 allows Δt measurement

Leptons and kaons tag flavor of other B

cepB /V M300~*

q

qe−

e+
γ (1--)

Jq=1/2  S-wave
e+ B

BΥ(4S) (1--)e−

JB=0  P-wave

Topology:

Angular 
distribution:

Multivariate analysis (NN, Fisher)

Continuum (qq̅) bkg suppressionExclusive reconstruction of B decay;
kinematic constraint from beam energies

K/π separation: Cherenkov angle + dE/dx Flavor tagging

Mbc 
or

LLWI 2005 Measurements of γ in BABAR G. Marchiori 3

Analysis techniques
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Charmless two- and three- body B decays
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B → ηh (h=π+,K+,K0)

• SM expectations: 

• BF(ηK+)>BF(ηK0) (color-suppression of tree (T) in ηK0)

• T/P not negligible in ηh+ (penguin (P) amplitudes interfere destructively 
in ηK+; Tu and Pc both ~λ3 in ηπ+) ⇒ potentially large direct ACP in ηh+

• Measurement (Belle, PRL 108, 031801 (2012), 772M BB̅ pairs):

• Reconstruct both η→πππ0 and η→γγ   (K0 reconstructed as KS→π+π-)

• ε ~1.5%(ηK0) - 5%(ηh+)  [πππ0],  4%(ηK0) - 14%(ηh+)  [γγ]   (includes secondary BFs)

• Signal yield: maximum likelihood (ML) fit to Mbc, ΔE, R′(evt shape). 
Simultaneous fit to ηK+ and ηπ+ (cross-feed)
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Charge-parity (CP) violation plays an important role in
any explanation of the observed dominance of matter over
antimatter in our Universe. Current experimental knowl-
edge about CP violation is limited. Charmless hadronic B
decays constitute sensitive probes for CP violation in the
standard model (SM) as well as beyond, and can help to
further elucidate this unsolved question. In the SM, the
decays B! ! !&0'K! and B0 ! !&0'K0 are expected to
primarily proceed through b ! s penguin processes and
a b ! u tree transition as shown in Fig. 1. The large B !
!0K [1–3] and small B ! !K [3,4] branching fractions
can be explained by!% !0 mixing along with constructive
and destructive interference between the amplitudes of the
two penguin processes [5,6].

The branching fraction of B0 ! !K0 is expected to be
lower than that of B! ! !K!, because the tree diagram in
the B0 ! !K0 decay is color suppressed. The destructive
combination of penguin amplitudes may interfere with the
tree amplitude in B ! !K, resulting in a large direct CP
asymmetry (ACP) [5,7], defined as

ACP ( ")B% ! !h%* % ")B$ ! !h$*
")B% ! !h%* $ ")B$ ! !h$* ; (1)

where "&B ! !h' is the partial width obtained for the B !
!h decay, and h denotes K or ". Similarly, direct CP
violation could be sizeable for B! ! !"! owing to the
interference between b ! d penguin and b ! u tree dia-
grams. Several theoretical calculations with different

mechanisms [8–14] suggest a large ACP for both B !
!K and B ! !", although the sign could be either posi-
tive or negative. Previous Belle [4] and BABAR [3] mea-
surements indicate a large negative ACP in B

! ! !K!, but
more data are needed to be statistically sensitive to a non-
zero ACP in B! ! !"!.
In this Letter, we report the first observation of B0 !

!K0, and evidence for direct CP asymmetries in B! !
!K! and B! ! !"! using the final Belle data set. The
data sample corresponds to &772! 11' # 106B !B pairs
collected with the Belle detector at the KEKB e$e%

asymmetric-energy (3.5 GeV on 8.0 GeV) collider [15]
operating at the #&4S' resonance. The production rates

FIG. 1 (color online). (a) b ! u tree diagram for B$ !
!&0'K$. (b) color-suppressed b ! u tree diagram for B0 !
!&0'K0. (c),(d) b ! s gluonic penguin diagrams for B ! !&0'K.
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B → ηh: results

• Rather large (and negative) CP asymmetries (significance >3σ) in B+→ηh+

• First observation of ηK0, BF<ηK+: BF = (1.27+0.33-0.29±0.08)×10-6 (5.4σ)

• Results consistent between two η modes 8

Belle, PRL 108, 031801 (2012)

momentum resolution than photons from ! decays. The ~p!
B

resolution is improved using Eq. (2) because ~p!
h and E!

beam
are determined more precisely than ~p!

!. Events withMbc >
5:2 GeV=c2 and j!Ej< 0:3 GeV are retained for further
analysis.

The dominant background arises from e"e# ! q "q$q %
u; d; s; c& continuum events. We use event topology varia-
bles to distinguish spherically distributed B "B events from
the jetlike continuum background. First we combine a set
of modified Fox-Wolfram moments [19] into a Fisher
discriminant. We then compute a likelihood from the prod-
uct of probability density functions (PDFs) that describe
the Fisher discriminant, cos"!B, and !z distributions. Here,
"!B is the angle between the B flight direction and the beam
direction in the #$4S& rest frame, and !z is the decay
flight-length difference, along the z axis, between vertices
of the signal B and the accompanying "B. A likelihood ratio,
R % Ls=$Ls "Lq "q&, is formed from signal (Ls) and
background (Lq "q) likelihoods, which are obtained from
GEANT-based [20] Monte Carlo (MC) simulated samples.
Signal MC events are generated with EVTGEN [21], which
invokes the PHOTOS [22] package to take final state radia-
tion into account. We require R> 0:2 to suppress contin-
uum background in all modes and then translate R to R0,
defined as
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: (3)

In this expression Rmin (Rmax) is equal to 0.2 (1.0). This
translation is convenient, as the R0 distributions for signal
and backgrounds can be described by a simple sum of
Gaussian functions.

Signal yields are extracted by performing an unbinned
extended three-dimensional maximum likelihood fit. The
likelihood for each B" mode is defined as
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where i denotes the ith event. Category j runs over the
signal and background components, where background
components include the continuum, the cross feed due to
K # # misidentification, and the background from other
charmless B decays, but do not include b ! c decays,
which are found to give a negligible contribution. Here N
is the sum of the number of signal and background events.
The parameter Nj represents the number of events for
category j, Pj$Mi

bc;!E
i;R0i& is the PDF in Mbc, !E, and

R0, and q is the B-meson charge. For the B0 mode, the
ACPj parameters are set to zero since CP asymmetries
cannot be determined without additional information.
The validity of the three-dimensional fit is tested with
large ensemble tests using MC samples and by fits to a

high-statistics control sample of B" ! "D0#"$ "D0 !
K"###0& decays.
All the signal and cross-feed background PDFs in Mbc

and R0 are modeled with a single Gaussian. In B ! !$$h
(B ! !3#h) modes, the PDFs in !E are described by a
crystal ball [23] (a sum of two Gaussians) function. The
peak positions and resolutions in Mbc, !E and R0 are
adjusted according to the data-MC differences observed
in control samples [24].
The continuum background in !E is described by a

second-order polynomial, while the Mbc distribution is

parametrized with an ARGUS function, f$x& %
x
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FIG. 3 (color online). !E and Mbc projections for B
" ! !h"

(left) and B# ! !h# (right) candidate events with the !$$ and
!3# modes combined. Points with error bars represent the data,
the total fit functions are shown by black solid curves, signals are
shown by red solid curves, dashed curves are the continuum
contributions, dotted curves are the cross-feed backgrounds from
misidentification, and filled histograms are the contributions
from charmless B backgrounds. The !E and Mbc projections
of the fits are for events that have 5:27 GeV=c2 <Mbc <
5:30 GeV=c2 and R0 > 1:95, #0:10 GeV<!E< 0:08 GeV,
and R0 > 1:95, respectively.
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B→ηK+:

BF=(2.12±0.23±0.11)×10-6 (13.2σ)

ACP=-0.38±0.11±0.01 (3.8σ)

B→ηπ+:

BF=(4.07±0.26±0.21)×10-6 (22.4σ)

ACP=-0.19±0.06±0.01 (3.0σ)
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B→KKK: theoretical interest
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• B→KKK (K=K± or KS) decays dominated by s-loops

• sensitive to NP in loops, through deviations from precise SM predictions:

• ACP~0 in charged B decays like ϕK+ (ϕ→K+K-) [0-4.7%]

• sin2β ~ sin2β(cc̄s) in neutral B decays [difference ~ 0.01-0.04]

• Dalitz-plot (DP) analysis:

• to disentangle ϕK from K+K-K

• to measure both sin2β and cos2β in B→K+K-KS through odd/even partial 
wave interference ⇒ remove β⟷90°-β ambiguity

• analysis of KSKSK+,KSKSKS helps understanding dynamics of other B→KKK

PRD74, 094020 (2006)
NPB675, 333 (2003)

PLB620, 143 (2005)
PRD72, 014006 (2005)
PRD74, 094020 (2006)



• Signal Dalitz-plot distribution (time-integrated, CP-averaged)

• Isobar approximation:

• Efficiency: use signal MC to evaluate ε(smin,smax)

• Selection: require three KS→π+π- candidates with common origin

B→KSKSKS Dalitz plot

10

A. Decay amplitudes

The B0 ! K0
SK

0
SK

0
S decay contains three identical par-

ticles in the final state and therefore the amplitude needs to
be symmetrized. We consider the decay of a spin-zero B0

into three daughters, K0
S!1", K0

S!2", and K0
S!3", with four-

momenta p1, p2, and p3. The decay amplitude is given
by [2]

A#B0 ! K0
S!1"K0

S!2"K0
S!3"$

% !12"3=2fA1#B0 ! !K0!1"K0!2"K0!3"$
&A2#B0 ! !K0!2"K0!3"K0!1"$
&A3#B0 ! !K0!3"K0!1"K0!2"$g; (1)

which takes into account the three permitted paths from the
initial state to the final state. For instance for the B0 decay
this consists of an intermediate state K0K0 !K0. Since the
labeling of the three identical particles is arbitrary, we
classify the final-state particles according to the square of
the invariant mass, sij, defined as

sij % sji % m2
K0

S!i"K0
S!j"

% !pi & pj"2; (2)

where i and j are the K0
S indices. We use as independent

(Mandelstam) variables the minimum and the maximum of
the squared masses smin and smax:

smin % min!s12; s23; s13";
smax % max!s12; s23; s13":

(3)

The third (median) invariant squared mass smed can be
obtained from energy and momentum conservation:

smed % m2
B0 & 3m2

K0
S
' smin ' smax: (4)

The differential B meson decay width with respect to the
variables defined in Eq. (3) (i.e., the DP variables) reads

d"!B ! K0
SK

0
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0
S" %

1

!2!"3
jAj2
32m3

B0

dsmindsmax; (5)

where A is the Lorentz-invariant amplitude of the three-
body decay. This amplitude analysis does not take into
account any flavor tagging or time dependence; thus it is
CP averaged and time integrated. The term jAj2 is there-
fore simply the average of squares of the contributions
A#B0 ! K0

SK
0
SK

0
S$ and A# !B0 ! K0

SK
0
SK

0
S$.

The choice of the variables smin and smax gives a
uniquely defined coordinate in the symmetrized DP.
Therefore only one-sixth of the DP is populated; i.e., the
event density is 6 times larger compared to an amplitude
analysis involving three distinct particles.

We describe the distribution of signal events in the DP
using an isobar approximation, which models the total
amplitude as resulting from a coherent sum of amplitudes
from the N individual decay channels of the B meson,
either into an intermediate resonance and a bachelor par-
ticle or in a nonresonant manner:

A !smin; smax" %
XN

j%1

cjFj!smin; smax": (6)

Here Fj (described in detail below) are DP-dependent
amplitudes containing the decay dynamics and cj are
complex coefficients describing the relative magnitudes
and phases of the different decay channels. This descrip-
tion, which contains a single complex number cj for each
decay channel regardless of the B- flavor (B0 or !B0),
reflects the assumptions of no direct CP violation and of
a common weak phase for all the decay channels. With this
description we cannot extract any weak phase information;
this would require using per-B flavor complex amplitudes.
The factor Fj contains strong dynamics only, and thus does
not change under CP conjugation.
Intermediate resonances decay to K0 !K0. In terms of the

isobar approximation, the amplitude in Eq. (1) for a reso-
nant state j becomes

A #B0!K0
S!1"K0

S!2"K0
S!3"$

/cj#Fj!s12;s13"&Fj!s12;s23"&Fj!s13;s23"$: (7)

This reflects the fact that it is impossible to associate a
given K0

S to a flavor eigenstate K0 or !K0. In practice, this
sum of three Fj terms, corresponding to an even-spin
resonance, is implicitly taken into account by the descrip-
tion in terms of smin and smax.
The Fj terms are represented by the product of the

invariant mass and angular distributions; i.e.,

Fj!smin; smax; L" % Rj!m"XL!j ~p?jr0"XL!j ~qjr"Tj!L; ~p; ~q";
(8)

where
(i) m is the invariant mass of the decay products of the

resonance,
(ii) Rj!m" is the resonance mass term or ‘‘line shape,’’

e.g., relativistic Breit-Wigner (RBW),
(iii) L is the orbital angular momentum between the

resonance and the bachelor particle,
(iv) ~p? is the momentum of the bachelor particle eval-

uated in the rest frame of the B,
(v) ~p and ~q are the momenta of the bachelor particle and

one of the resonance daughters, respectively, both
evaluated in the rest frame of the resonance,

(vi) XL!j ~p?jr0" and XL!j ~qjr" are Blatt-Weisskopf barrier
factors [15] with barrier radii of r and r0, and

(vii) Tj!L; ~p; ~q" is the angular distribution:
L % 0: Tj % 1; (9)

L % 2: Tj % 8
3#3! ~p ( ~q"2 ' !j ~pjj ~qj"2$: (10)

The Blatt-Weisskopf barrier factor is unity for all the zero-
spin resonances. In our analysis it is relevant only for the
f2!2010". Since for this resonance r and r0 are not mea-
sured, we take them both to be 1:5 GeV'1 and vary by
)0:5 GeV'1 to estimate the systematic uncertainty.
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uniquely defined coordinate in the symmetrized DP.
Therefore only one-sixth of the DP is populated; i.e., the
event density is 6 times larger compared to an amplitude
analysis involving three distinct particles.
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using an isobar approximation, which models the total
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The choice of the variables smin and smax gives a
uniquely defined coordinate in the symmetrized DP.
Therefore only one-sixth of the DP is populated; i.e., the
event density is 6 times larger compared to an amplitude
analysis involving three distinct particles.

We describe the distribution of signal events in the DP
using an isobar approximation, which models the total
amplitude as resulting from a coherent sum of amplitudes
from the N individual decay channels of the B meson,
either into an intermediate resonance and a bachelor par-
ticle or in a nonresonant manner:
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Here Fj (described in detail below) are DP-dependent
amplitudes containing the decay dynamics and cj are
complex coefficients describing the relative magnitudes
and phases of the different decay channels. This descrip-
tion, which contains a single complex number cj for each
decay channel regardless of the B- flavor (B0 or !B0),
reflects the assumptions of no direct CP violation and of
a common weak phase for all the decay channels. With this
description we cannot extract any weak phase information;
this would require using per-B flavor complex amplitudes.
The factor Fj contains strong dynamics only, and thus does
not change under CP conjugation.
Intermediate resonances decay to K0 !K0. In terms of the
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This reflects the fact that it is impossible to associate a
given K0

S to a flavor eigenstate K0 or !K0. In practice, this
sum of three Fj terms, corresponding to an even-spin
resonance, is implicitly taken into account by the descrip-
tion in terms of smin and smax.
The Fj terms are represented by the product of the
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e.g., relativistic Breit-Wigner (RBW),
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factors [15] with barrier radii of r and r0, and
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The Blatt-Weisskopf barrier factor is unity for all the zero-
spin resonances. In our analysis it is relevant only for the
f2!2010". Since for this resonance r and r0 are not mea-
sured, we take them both to be 1:5 GeV'1 and vary by
)0:5 GeV'1 to estimate the systematic uncertainty.
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Therefore only one-sixth of the DP is populated; i.e., the
event density is 6 times larger compared to an amplitude
analysis involving three distinct particles.
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amplitudes containing the decay dynamics and cj are
complex coefficients describing the relative magnitudes
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tion, which contains a single complex number cj for each
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reflects the assumptions of no direct CP violation and of
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The Blatt-Weisskopf barrier factor is unity for all the zero-
spin resonances. In our analysis it is relevant only for the
f2!2010". Since for this resonance r and r0 are not mea-
sured, we take them both to be 1:5 GeV'1 and vary by
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The Blatt-Weisskopf barrier factor is unity for all the zero-
spin resonances. In our analysis it is relevant only for the
f2!2010". Since for this resonance r and r0 are not mea-
sured, we take them both to be 1:5 GeV'1 and vary by
)0:5 GeV'1 to estimate the systematic uncertainty.
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The helicity angle of a resonance is defined as the angle
between ~p and ~q. Explicitly, the helicity angle ! for a given
resonance is defined between the momenta of the bachelor
particle and one of the daughters of the resonance in the
resonance rest frame. Because of the identical final-state
particles this definition is ambiguous, but the ambiguity
disappears because of the description of the DP in terms of
smin and smax. There are three possible invariant-mass
combinations: smin, smed, and smax. We denote the corre-
sponding helicity angles as !min, !med, and !max. The three
angles are defined between 0 and "=2.

As the present study is the first amplitude analysis of this
decay, we use the method outlined in Sec. III D 3 to deter-
mine the contributing intermediate states. The components
of the nominal signal model are summarized in Table I.

For most resonances in this analysis the Rj are taken to
be RBW [17] line shapes:

Rj!m" # 1

!m2
0 $m2" $ im0!!m" ; (11)

wherem0 is the nominal mass of the resonance and !!m" is
the mass-dependent width. In the general case of a spin-J
resonance, the latter can be expressed as

!!m" # !0

!
q

q0

"
2J%1

!
m0

m

"
X2
J!j ~qjr"

X2
J!j ~q0jr"

: (12)

The symbol !0 denotes the nominal width of the reso-
nance. The values of m0 and !0 are listed in Table I. The
symbol q0 denotes the value of q when m # m0.

For the f0!980" line shape the Flatté form [18] is used. In
this case the mass-dependent width is given by the sum of
the widths in the "" and KK systems:

!!m" # !""!m" % !KK!m"; (13)

where

!""!m" # g"!13
#############################
1$ 4m2

"0=m2
q

% 2
3

#############################
1$ 4m2

"&=m2
q "

;

(14)

!KK!m" # gK!12
##############################
1$ 4m2

K&=m2
q

% 1
2

#############################
1$ 4m2

K0=m2
q

":
(15)

The fractional coefficients arise from isospin conservation
and g" and gK are coupling constants for which the values
are given in Table I. The nonresonant (NR) component is
modeled using an exponential function:

RNR!m" # e#m
2
: (16)

As in the resonant case, here m is the invariant mass of the
relevant K0

SK
0
S pair. The parameter # is taken from the

BABAR B% ! K%K$K% analysis [7,8] and is given in
Table I. This value was found to be compatible with the
one resulting from varying # in the maximum-likelihood
fit in the present analysis. There is no satisfactory theoreti-
cal description of the NR component; it has to be deter-
mined empirically. The exponential function of Eq. (16)
was used by other amplitude analyses of B-meson decays
to three kaons [6–10]. Adopting the same parametrization
for the NR term allows the comparison of results for other
components.

B. The square Dalitz plot

We use two-dimensional histograms to describe the
phase-space dependent reconstruction efficiency and to
model the background over the DP. When the phase-space
boundaries of the DP do not coincide with the histogram
bin boundaries this may introduce biases. We therefore
define hmin and hmax as cos!min and cos!max, respectively,
and apply the transformation

TABLE I. Parameters of the DP model used in the fit. The Blatt-Weisskopf barrier parameters
(r and r0) of the f2!2010", which have not been measured, are varied by &0:5 GeV$1 for the
model uncertainty.

Resonance Parameters Line shape Reference

f0!980" m0 # !965& 10" MeV=c2 Flatté [16]
g" # !165& 18" MeV=c2 Eq. (13)
gK # !695& 93" MeV=c2

f0!1710" m0 # !1724& 7" MeV=c2 RBW [17]
!0 # !137& 8" MeV=c2 Eq. (11)

f2!2010" m0 # !2011%60
$80" MeV=c2 RBW [17]

!0 # !202& 60" MeV=c2 Eq. (11)
r # r0 # 1:5 GeV$1

NR decays # # !$0:14& 0:02" GeV$2 c4 Exponential NR [8]
Eq. (16)

$c0 m0 # !3414:75& 0:31" MeV=c2 RBW [17]
!0 # !10:2& 0:7" MeV=c2 Eq. (11)
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components.

B. The square Dalitz plot

We use two-dimensional histograms to describe the
phase-space dependent reconstruction efficiency and to
model the background over the DP. When the phase-space
boundaries of the DP do not coincide with the histogram
bin boundaries this may introduce biases. We therefore
define hmin and hmax as cos!min and cos!max, respectively,
and apply the transformation

TABLE I. Parameters of the DP model used in the fit. The Blatt-Weisskopf barrier parameters
(r and r0) of the f2!2010", which have not been measured, are varied by &0:5 GeV$1 for the
model uncertainty.

Resonance Parameters Line shape Reference

f0!980" m0 # !965& 10" MeV=c2 Flatté [16]
g" # !165& 18" MeV=c2 Eq. (13)
gK # !695& 93" MeV=c2

f0!1710" m0 # !1724& 7" MeV=c2 RBW [17]
!0 # !137& 8" MeV=c2 Eq. (11)

f2!2010" m0 # !2011%60
$80" MeV=c2 RBW [17]

!0 # !202& 60" MeV=c2 Eq. (11)
r # r0 # 1:5 GeV$1

NR decays # # !$0:14& 0:02" GeV$2 c4 Exponential NR [8]
Eq. (16)

$c0 m0 # !3414:75& 0:31" MeV=c2 RBW [17]
!0 # !10:2& 0:7" MeV=c2 Eq. (11)
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The helicity angle of a resonance is defined as the angle
between ~p and ~q. Explicitly, the helicity angle ! for a given
resonance is defined between the momenta of the bachelor
particle and one of the daughters of the resonance in the
resonance rest frame. Because of the identical final-state
particles this definition is ambiguous, but the ambiguity
disappears because of the description of the DP in terms of
smin and smax. There are three possible invariant-mass
combinations: smin, smed, and smax. We denote the corre-
sponding helicity angles as !min, !med, and !max. The three
angles are defined between 0 and "=2.

As the present study is the first amplitude analysis of this
decay, we use the method outlined in Sec. III D 3 to deter-
mine the contributing intermediate states. The components
of the nominal signal model are summarized in Table I.

For most resonances in this analysis the Rj are taken to
be RBW [17] line shapes:

Rj!m" # 1

!m2
0 $m2" $ im0!!m" ; (11)

wherem0 is the nominal mass of the resonance and !!m" is
the mass-dependent width. In the general case of a spin-J
resonance, the latter can be expressed as
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!
m0
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"
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J!j ~qjr"

X2
J!j ~q0jr"
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The symbol !0 denotes the nominal width of the reso-
nance. The values of m0 and !0 are listed in Table I. The
symbol q0 denotes the value of q when m # m0.

For the f0!980" line shape the Flatté form [18] is used. In
this case the mass-dependent width is given by the sum of
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The fractional coefficients arise from isospin conservation
and g" and gK are coupling constants for which the values
are given in Table I. The nonresonant (NR) component is
modeled using an exponential function:

RNR!m" # e#m
2
: (16)

As in the resonant case, here m is the invariant mass of the
relevant K0

SK
0
S pair. The parameter # is taken from the

BABAR B% ! K%K$K% analysis [7,8] and is given in
Table I. This value was found to be compatible with the
one resulting from varying # in the maximum-likelihood
fit in the present analysis. There is no satisfactory theoreti-
cal description of the NR component; it has to be deter-
mined empirically. The exponential function of Eq. (16)
was used by other amplitude analyses of B-meson decays
to three kaons [6–10]. Adopting the same parametrization
for the NR term allows the comparison of results for other
components.

B. The square Dalitz plot

We use two-dimensional histograms to describe the
phase-space dependent reconstruction efficiency and to
model the background over the DP. When the phase-space
boundaries of the DP do not coincide with the histogram
bin boundaries this may introduce biases. We therefore
define hmin and hmax as cos!min and cos!max, respectively,
and apply the transformation
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• Baseline: NR, f0(980), χc0

• Likelihood scans show significant improvement when adding a scalar 
compatible with f0(1710) and a tensor compatible with f2(2010)

• No need for fX(1500) or additional resonances

• Final model (fit to cj): NR, f0(980), χc0, f0(1710), f2(2010) - parameters from PDG
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B→KSKSKS Dalitz plot fit

• ML fit to mES, ΔE, NN and {smin, smax};                
2 components, sig and (continuum) bkg

• Nsig = 200±15 (P = 40%)

• ε̄ =6.6% ⇒ BF=(6.19±0.48±0.15±0.12)×10-6

• 2 minima: solution “1” with small f0(980) and 
large NR, solution “2” the opposite

• solution “1” favored by other KKK data

13

the exponential NR term and the broad tail of the f0!980"
resonance above the KK threshold.

Using the relative fit fractions, we calculate the branch-
ing fraction B for the intermediate mode k as

FF !k" #B!B0 ! K0
SK

0
SK

0
S"; (31)

where B!B0 ! K0
SK

0
SK

0
S" is the total inclusive branching

fraction:

B !B0 ! K0
SK

0
SK

0
S" $

Nsig

!"NB !B
: (32)

We estimate the average efficiency !" $ 6:6% using a fully
reconstructed DP-model MC sample generated with the
parameters found in data. The results of the branching

fraction measurements are shown in Table IV. As a cross-
check we attempt to compare our measured branching
fractions to results from other measurements; however,
many of the branching fractions for the decay into kaons
of the resonances included in our model are not (or are only
poorly) measured (marked as ‘‘seen’’ in Ref. [17]). An
exception is the charmonium state !c0, for which the
measured value is B!!c0 ! K0

SK
0
S" $ !3:16% 0:18" #

10&3 [17]. We can then use the BABAR measurement of
B!B0 ! !c0K

0" $ !142'55
&44 % 8% 16% 12" # 10&6 [22]

to calculate B(B0 ! !c0!! K0
SK

0
S"K0

S) $ 1
2B!B0 !

!c0K
0" #B!!c0 ! K0

SK
0
S" $ !0:224% 0:078" # 10&6,

which is consistent with our measured branching fraction,
given in Table IV.
An interesting conclusion from this first amplitude

analysis of the B0 ! K0
SK

0
SK

0
S decay mode is that we do

not need to include a broad scalar fX!1500" resonance, as
has been done in other measurements [6–10], to describe
the data. The peak in the invariant mass between 1.5 and
1:6 GeV=c2 can be described by the interference between
the f0!1710" resonance and the nonresonant component.
However, minor contributions from the f02!1525" and
f0!1500" resonances to this structure cannot be excluded.

F. Systematic uncertainties

Systematic effects are divided into model and experi-
mental uncertainties. Details on how they have been esti-
mated are given below and the associated numerical values
are summarized in Table V.

1. Model uncertainties

We vary the mass, width, and any other parameter of all
isobar fit components within their errors, as quoted in
Table I, and assign the observed differences in our observ-
ables as the first part of the model uncertainty (‘‘model’’ in
Table V). To estimate the contribution to B0 ! K0

SK
0
SK

0
S

from resonances that are not included in our signal model
but cannot be excluded statistically, namely, the f0!1370",
f2!1270", f02!1525", a0!1450", and f0!1500" resonances,
we perform fits to pseudoexperiments that include these
resonances. The masses and the widths are taken from [17],
except for the f0!1370" for which we take the values from
[23]. We generate pseudoexperiments with the additional

TABLE II. Summary of measurements of the quasi-two-body
parameters. The quoted uncertainties are statistical only. The
change in the log-likelihood (& 2" lnL) corresponds to the case
where the magnitude of the amplitude of the resonance is set to
0. This number is used for the estimation of the statistical
significance of each resonance.

Mode Parameter Solution 1 Solution 2

f0!980"K0
S FF 0:44'0:20

&0:19 1:03'0:22
&0:17

Phase [rad] 0:09% 0:16 1:26% 0:17
&2" lnL 11.7 * * *

Significance ["] 3.0 * * *
f0!1710"K0

S FF 0:07'0:07
&0:03 0:09'0:05

&0:02

Phase [rad] 1:11% 0:23 0:36% 0:20
&2" lnL 14.2 * * *

Significance ["] 3.3 * * *
f2!2010"K0

S FF 0:09'0:03
&0:03 0:10% 0:02

Phase [rad] 2:50% 0:20 1:58% 0:22
&2" lnL 14.0 * * *

Significance ["] 3.3 * * *
NR FF 2:16'0:36

&0:37 1:37'0:26
&0:21

Phase [rad] 0.0 0.0
&2" lnL 68.1 * * *

Significance ["] 8.0 * * *
!c0K

0
S FF 0:07'0:04

&0:02 0:07% 0:02
Phase [rad] 0:63% 0:47 &0:24% 0:52
&2" lnL 18.5 * * *

Significance ["] 3.9 * * *
Total FF 2:84'0:71

&0:66 2:66'0:35
&0:27

TABLE III. The interference fractions FF!k; j" among the intermediate decay amplitudes for
Solution 1. Note that the diagonal elements are those defined in Eq. (28) and detailed in Table II.
The lower diagonal elements are omitted since the matrix is symmetric.

f0!980"K0
S f0!1710"K0

S f2!2010"K0
S NR !c0K

0
S

f0!980"K0
S 0.44 0.07 &0:02 &0:80 0.01

f0!1710"K0
S 0.07 &0:01 &0:17 &0:0003

f2!2010"K0
S 0.09 0.02 0.0002

NR 2.16 &0:02
!c0K

0
S 0.07
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log-likelihood function !2 lnL separated by 3.25 units. In
the following, we refer to them as Solution 1 (the global
minimum) and Solution 2 (a local minimum). No other
local minima were found.

In the fit, we measure directly the relative magnitudes
and phases of the different components of the signal model.
The magnitude and phase of the NR amplitude are fixed to
1 and 0, respectively, as a reference. In Fig. 6 we show
likelihood scans of the isobar magnitudes and phases of all
the resonances, where both solutions can be noticed. Each
of these scans is obtained by fixing the corresponding
isobar parameter at several consecutive values, for each
of which the fit to the data is repeated. The measured
relative amplitudes c! are used to extract the fit fraction
(FF) defined as

FF "k# $
P3k

!$3k!2

P3k
"$3k!2 c!c

%
"hF!F

%
"iP

!" c!c
%
"hF!F

%
"i

; (28)

where k, which varies from 1 to 5, represents an intermedi-
ate state. Each fit fraction is a sum of three identical
contributions, one for each pair of K0

S. The indices ! and
" run from 1 to 15, as each of the five resonances contrib-
utes to three pairs of K0

S, which correspond to the three
terms (3k! 2, 3k! 1, and 3k) in each sum in the numera-
tor of Eq. (28). The dynamical amplitudes F are defined in
Sec. III A and the terms

hF!F
%
"i $

ZZ
F!F

%
"dsmindsmax (29)

are obtained by integration over the DP. The total fit
fraction is defined as the algebraic sum of all fit fractions.
This quantity is not necessarily unity due to the potential
presence of net constructive or destructive interference.

In order to estimate the statistical significance of each
resonance, we evaluate the difference ! lnL between the
log-likelihood of the nominal fit and that of a fit where the
magnitude of the amplitude of the resonance is set to 0 (this

difference can be directly read from the likelihood scans as
a function of magnitudes in Fig. 6). In this case the phase of
the resonance becomes meaningless, and we therefore
account for 2 degrees of freedom removed from the fit.
The value 2! lnL is used to evaluate the p-value for 2
degrees of freedom; we determine the equivalent one-
dimensional significance from this p-value.
The results for the phase and the fit fraction are given in

Table II for the two solutions; the change in likelihood
when the amplitude of the resonance is set to 0 and the
resulting statistical significance of each resonance is given
for Solution 1.
As the fit fractions are not parameters of the PDF itself,

their statistical errors are obtained from the 68.3% cover-
age intervals of the fit-fraction distributions obtained from
a large number of pseudoexperiments generated with the
corresponding solution (1 or 2). As observed in other three-
kaon modes [6–10], the total FF significantly exceeds
unity.
In Table II it can be seen that the two solutions differ

mostly in the fraction assigned to the NR and the f0"980#
components. Solution 1 corresponds to a small FF of the
f0"980# and a large value for the NR, and Solution 2 has a
large f0"980# fraction and a smaller NR fraction. Other
three-kaon modes [6–10] favor the behavior of Solution 1.
Generalizing Eq. (28), we obtain the interference frac-

tions among the intermediate decay modes k and j:

FF "k; j# $
P3k

!$3k!2

P3j
"$3j!2 c!c

%
"hF!F

%
"iP

!" c!c
%
"hF!F

%
"i

; (30)

which are given in Table III for Solution 1. Unlike the total
FF defined above, the elements of this matrix sum to unity.
The large destructive interference between the f0"980#K0

S
and the NR components appears clearly in the table. This is
possible due to the large overlap in phase space between
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FIG. 5 (color online). Projections onto
!!!!!!!!!
smin

p
(left) and

!!!!!!!!!
smax

p
(right). On-resonance data are shown as points with error bars while

the dashed (dotted) histogram represents the signal (continuum) component. The solid-line histogram is the total PDF. Below each bin
are shown the residuals, normalized in error units. The horizontal dotted and full lines mark the one and two standard deviation levels,
respectively.
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discriminating variables’’ in Table VIII. The ‘‘fit bias’’
uncertainty is evaluated using fits to fully reconstructed
MC samples. It accounts for effects from wrongly recon-
structed events and correlations between fit variables. The
‘‘vetoes’’ uncertainty is related to the veto on the invariant
mass. It is evaluated using events that pass the veto in
pseudoexperiments studies. Finally, the ‘‘miscellaneous’’
uncertainty includes contributions from doubly Cabibbo-
suppressed decays, silicon vertex tracker alignment, and
the uncertainties in the boost of the !!4S". These
contributions are taken from the BABAR B ! c "cK!#"

analysis [27].

V. SUMMARY

We have performed the first amplitude analysis of B0 !
K0

SK
0
SK

0
S events and measured the total inclusive branching

fraction to be !6:19$ 0:48$ 0:15$ 0:12" % 10&6, where
the first uncertainty is statistical, the second is systematic,
and the third represents the signal DP-model dependence.
We have identified the dominant contributions to the DP to

be from f0!980", f0!1710", f2!2010", and a nonresonant
component, and measured the individual fit fractions and
phases of each component. We do not observe any signifi-
cant contribution from the so-called fX!1500" resonance
seen in, for example, B' ! K'K&K' [6]. The peak in the
invariant mass between 1.5 and 1:6 GeV=c2 can be de-
scribed by the interference between the f0!1710" reso-
nance and the nonresonant component. We see some
hints from the f02!1525" and f0!1500" resonances that
could also contribute to this structure, but due to limited
sample size we cannot make a significant statement. Future
investigations of the KK system could shed more light on
the situation. Furthermore we have performed an update of
the phase-space-integrated time-dependent analysis of the
same decay mode, using B0 ! 3K0

S!!'!&" and B0 !
2K0

S!!'!&"K0
S!!0!0" decays, with the final BABAR data

set. We measure the CP-violation parameters to be S (
&0:94'0:24

&0:21 $ 0:06 and C ( &0:17$ 0:18$ 0:04, where
the first quoted uncertainty is statistical and the second is
systematic. These measured values are consistent with and
supersede those reported in Ref. [3]. They are compatible
within two standard deviations with those measured in
tree-dominated modes such as B0 ! J=cK0

S, as expected
in the SM. For the first time, we report evidence of CP
violation in B0 ! K0

SK
0
SK

0
S decays; CP conservation is

excluded at 3.8 standard deviations including systematic
uncertainties.
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FIG. 10 (color online). One-dimensional statistical scan of &2# lnL as a function of S (left) and the two-dimensional scan,
including systematic uncertainty, as a function of S and C (right). In the left-hand plot, red points marked with % correspond to the
B0 ! 3K0

S!!'!&" submode, blue points marked with ) to the B0 ! 2K0
S!!'!&"K0

S!!0!0" submode, and black points marked with #
to the combined fit. In the right-hand plot, the gray scale is given in units of

!!!!!!!!!!!!!!!!!!!!
&2# lnL

p
. The result of the BABAR analyses of

B0 ! c "cK!#" decays [27] is indicated as a white ellipse and the physical boundary (S2 ' C2 * 1) is marked as a gray line. The scan
appears to be trimmed on the lower left since the PDF becomes negative outside the physical region (i.e., the white region does not
indicate that the scan flattens out at 5").

TABLE VIII. Summary of systematic uncertainties on the S
and C parameters.

Source S C

MCstat 0.002 0.001
Breco 0.004 0.003
B background 0.032 0.012
MC data: #t 0.045 0.027
MC data: discriminating variables 0.021 0.004
Fit bias 0.022 0.018
Vetoes 0.006 0.004
Miscellaneous 0.004 0.015

Sum 0.064 0.038
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B→KSKSKS time-dependent analysis
• CP=+1 eigenstate

• Include KS→π0π0 (max 1) to increase statistics (eff: 3.1% wrt 6.7% for 3(π+π-))

• Dalitz-plot information removed from fit (and veto χc0); replaced by proper 
time separation between Bsig and Btag decays

• Signal time-dependent decay distribution:

• Results: 

• Nsig = 263±21 (P = 2.5%), B bkg~0

•
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and !Dc; the former is the rate of correctly assigning the
flavor of the B meson, averaged over B0 and "B0, and the
latter is the difference betweenDc forB

0 and "B0. The index
c denotes different quality categories of the tag-flavor

assignment. Furthermore the decay rate is convolved with
the per-event !t resolution Rsig!!t;!!t", which is de-
scribed by the sum of three Gaussians and depends on !t
and its error!!t. For an event iwith tag flavor qtag, one has

P i
sig!!t;!!t; qtag; c" #

e$j!tj="
B0

4"B0

!
1% qtag

!Dc

2
% qtaghDic&S sin!!md!t" $ C cos!!md!t"'

"
(Rsig!!t;!!t"; (33)

where qtag is defined to be%1 ($ 1) for Btag # B0 (Btag #
"B0), "B0 is the mean B0 lifetime, and !md is the mixing
frequency [17]. The widths of the B0 and the "B0 are
assumed to be the same.

B. Event selection and backgrounds

We reconstruct B0 ! K0
SK

0
SK

0
S candidates either from

three K0
S ! #%#$ candidates or from two K0

S ! #%#$

and one K0
S ! #0#0, where the #0 candidates are formed

from pairs of photons. The vertex fit requirements are the
same as in the amplitude analysis, and also the requirement
that the charged pions of at least one of the K0

S have hits in
the two inner layers of the vertex tracker. The K0

S candi-
dates in the B0 ! 3K0

S!#%#$" submode must have mass
within 12 MeV=c2 of the nominal K0 mass [17] and decay
length with respect to the B vertex between 0.2 and 40 cm.
In addition, combinatorial background is suppressed in
both submodes by imposing that the angle between the
momentum vector of each K0

S!#%#$" candidate and the
vector connecting the beamspot and the K0

S!#%#$" vertex
is smaller than 0.2 radians. Each K0

S decaying to charged
pions in the B0 ! 2K0

S!#%#$"K0
S!#0#0" submode is re-

quired to have decay length between 0.15 and 60 cm and
#%#$ invariant mass less than 11 MeV from the world
average K0

S mass [17]. The K0
S decaying to neutral pions in

the B0 ! 2K0
S!#%#$"K0

S!#0#0" submode must have
#0#0 invariant mass between 0:48 and 0:52 GeV=c2.

Additionally, the neutral pions are selected if they have
$$ invariant mass between 0:100 and 0:141 GeV=c2 and if
the photons have energies greater than 50 MeV in the
laboratory frame and a lateral energy deposition profile
in the electromagnetic calorimeter consistent with that
expected for an electromagnetic shower (lateral moment
[24] less than 0.55). The fact that we do not model any PDF
using sideband data allows a loose requirement onmES and
!E in the time-dependent analysis, namely, 5:22<mES <
5:29 GeV=c2 and $0:18< !E< 0:12 GeV. In case of
multiple candidates passing the selection, we proceed in
the sameway as in the amplitude analysis. We use the same
NN as in the amplitude analysis to suppress continuum
background.
With the above selection criteria, we obtain signal re-

construction efficiencies of 6.7% and 3.1% for the B0 !
3K0

S!#%#$" and B0 ! 2K0
S!#%#$"K0

S!#0#0" submodes,
respectively. These efficiencies are determined from a DP-
model MC sample generated using the results of the am-
plitude analysis. We estimate from MC that 2.1% of the
selected signal events are misreconstructed for B0 !
3K0

S!#%#$", while the figure is 2.4% in B0 !
2K0

S!#%#$"K0
S!#0#0", and we do not treat these events

differently from correctly reconstructed events. Because of
the looser requirements, there are more background events
from B decays than in the amplitude analysis, in particular,
in the B0 ! 2K0

S!#%#$"K0
S!#0#0" submode. These back-

grounds are included in the fit model and are summarized

TABLE VI. Summary of B background modes included in the fit model of the time-dependent analysis. The expected number of
events takes into account the branching fractions (B) and efficiencies. In case there is no measurement, the branching fraction of an
isospin-related channel is used. All the fixed yields are varied by )100% for systematic uncertainties.

Submode Background mode Varied B [* 10$6] Number of events

B0 ! 3K0
S!#%#$" K0

SK
0
SK

0
L No 2.4 0.71

K0
SK

0
SK

+0 No 27.5 9.55
K0

SK
0
SK

% No 11.5 4.27
B0 ! fneutral generic decaysg Yes Not applicable 21.7
B% ! fcharged generic decaysg Yes Not applicable 15.5

B0 ! 2K0
S!#%#$"K0

S!#0#0" K0
SK

0
SK

0
L No 2.4 0.67

K0
SK

0
SK

+0 No 27.5 5.3
K0

SK
0
LK

+0 No 27.5 0.3
K0

SK
0
SK

% No 11.5 2.9
K0

SK
0
SK

+% No 27.5 7.2
B0 ! fneutral generic decaysg Yes Not applicable 73.6
B% ! fcharged generic decaysg Yes Not applicable 73.8

AMPLITUDE ANALYSIS AND MEASUREMENT OF THE . . . PHYSICAL REVIEW D 85, 054023 (2012)

054023-15

~-sin2β

mixing resolution

C = �0.17± 0.18± 0.04

S = �0.94+0.24
�0.21 ± 0.06

direct CPV, ~0

B→(cc)K(*)0

physical 
boundary

where the uncertainties are statistical only. The correlation
between S and C is !0:16. We use the fit result to create

sP lots of the signal distributions of !t, the time-
dependent asymmetry, and the discriminating variables.
Figure 7 shows the !t sP lots for the combined fit result
and for the individual submodes. Figure 8 shows the signal
distributions and Fig. 9 the continuum background distri-
butions of the discriminating variables. The distributions
shown in these three figures illustrate the good agreement
between the data and the fit model.
We scan the statistical-only likelihood of the S parame-

ter for both submodes and for the combined fit. The result,

on the left-hand side of Fig. 10, shows a sizable difference

between the S values for the two submodes; the level of

TABLE VII. Event yields for the different event species, re-
sulting from the maximum-likelihood fit for the time-dependent
analysis. ‘‘B"B! (B0 "B0) background’’ represents background
from charged (neutral) B decays. Quoted uncertainties are sta-
tistical only.

Species 3K0
S#!"!!$ 2K0

S#!"!!$K0
S#!0!0$

Signal 201"16
!15 62"13

!12

Continuum 3086"56
!54 7086"85

!83

B"B! background !54"29
!24 45"34

!30

B0 "B0 background 9"31
!30 4"38

!29
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FIG. 7 (color online). Signal sP lots (points with error bars) and PDFs (histograms) of!t (left) and the derived asymmetry (right) for
the B0 ! 3K0

S#!"!!$ submode (top), the B0 ! 2K0
S#!"!!$K0

S#!0!0$ submode (middle), and the combined fit (bottom). In the !t
distributions on the left-hand side, points marked with% and solid lines correspond to decays where Btag is a B

0 meson; points marked

with & and dashed lines correspond to decays where Btag is a "B0 meson. Points of the asymmetry sP lots that are outside the range of a
figure are marked by arrows.
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CPV at 3.8σ 
(first evidence of CPV in this channel)

no CPV



B→KKK (except KSKSKS)

• Amplitude depends on s12, s13 for B+; additional dep. on Δt for B→K+K-KS

• Isobar approximation for total amplitude: 

• Bose statistics: amplitude symmetric when two K+ or two KS in final state

• Direct CP asymmetry:

• Effective β in K+K-KS (CPV in interference mixing/decay):

• Dalitz-plot model: relativistic BW for most resonances, Flatté lineshape for 
f0(980), exponential or polynomial model for NR. Parameters from PDG or fit

• Selection efficiency ~ 30% in each of the three channels
15
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that of the other meson (B0
tag) from the ! (4S), the time-

dependent decay rate over the DP is given by

d!

ds12ds23d"t
=

1

(2")3
1

32m3
B0

e!|!t|/!B0

4#B0

!

|A|2 + |A|2

! Q (1! 2w)
"

|A|2 ! |A|2
#

cos"md"t

+Q (1 ! 2w) 2Im
$

e!2i"AA"
%

sin"md"t

&

,

(3)

where #B0 is the neutral B meson lifetime and "md is
the B0-B0 mixing frequency. A (A) is the amplitude of
the B0

sig (B0
sig) decay and Q = +1(!1) when the B0

tag is

identified as a B0 (B0). The parameter w is the fraction
of events in which the B0

tag is tagged with the incorrect
flavor.
We describe the distribution of signal events in the

DP using an isobar approximation, which models the to-
tal amplitude as a coherent sum of amplitudes from N
individual decay channels (“isobars”):

( )

A =
N
'

j=1

( )

A j , (4)

where

Aj " ajFj(s12, s23) ,

Aj " ajF j(s12, s23) . (5)

The Fj are DP-dependent dynamical amplitudes de-
scribed below, and aj are complex coe#cients describing
the relative magnitude and phase of the di$erent decay
channels. All the weak phase dependence is contained in
aj , and Fj contains strong dynamics only.
The amplitudes must be symmetric under exchange of

identical bosons, so for B+ # K+K!K+, Fj(s12, s23) is
replaced by Fj(s12, s23)+Fj(s23, s12). Similarly, in B+ #
K0

S
K0

S
K+, Fj(s12, s23) is replaced by Fj(s12, s23) +

Fj(s12, s13).
We parameterize the complex coe#cients as

aj = cj(1 + bj)e
i(#j+$j) ,

aj = cj(1! bj)e
i(#j!$j) , (6)

where cj , bj , $j , and %j are real numbers. We define the
fit fraction (FFj) for an intermediate state as

FFj "
( ( "

|Aj |2 + |Aj |2
#

ds12ds23
( ( "

|A|2 + |A|2
#

ds12ds23
. (7)

Note that the sum of the fit fractions is not necessarily
unity, due to interference between states. This interfer-
ence can be quantified by the interference fit fractions
FFjk, defined as

FFjk " 2 Re

( ( "

AjA"
k +AjA

"
k

#

ds12ds23
( ( "

|A|2 + |A|2
#

ds12ds23
. (8)

With this definition,

'

j

FFj +
'

j<k

FFjk = 1 . (9)

In the B+ modes, the direct CP asymmetry ACP (j)
for a particular intermediate state is given by

ACP (j) "
( ( "

|Aj |2 ! |Aj |2
#

ds12ds23
( ( "

|Aj |2 + |Aj |2
#

ds12ds23
=

!2bj
1 + b2j

, (10)

while there can also be a CP asymmetry in the interfer-
ence between two intermediate states, which depends on
both the b’s and %’s of the interfering states. We define
the CP -violating phase di$erence as

"$j " arg(aja
"
j ) = 2%j . (11)

For B0 # K+K!K0
S , we can define the direct CP

asymmetry as in Eq. (10), while we can also compute the
e$ective & for an intermediate state as

&e",j "
1

2
arg(e2i"aja

"
j ) = & + %j , (12)

which quantifies the CP violation due to the interference
between mixing and decay.
The resonance dynamics are contained within the Fj

terms, which are the product of the invariant mass and
angular distributions,

FL
j (s12, s23) = Rj(m)XL(|'p %| r#)XL(|'q | r)Tj(L, 'p, 'q ) ,

(13)
where

• L is the spin of the resonance.

• m is the invariant mass of the decay products of
the resonance.

• Rj(m) is the resonance mass term or “lineshape”
(e.g. Breit-Wigner).

• 'p % is the momentum of the “bachelor” particle, i.e.,
the particle not belonging to the resonance, evalu-
ated in the rest frame of the B.

• 'p and 'q are the momenta of the bachelor particle
and one of the resonance daughters, respectively,
both evaluated in the rest frame of the resonance.
ForK+K! resonances, 'q is assigned to the momen-
tum of the K+, except for B! # K!K+K! de-
cays, in which case 'q is assigned to the momentum
of the K!. For K0

SK
0
S resonances, it is irrelevant

to which K0
S
we assign 'q, so we arbitrarily assign 'q

to whichever K0
S forms the smaller angle with the

K+.
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where #B0 is the neutral B meson lifetime and "md is
the B0-B0 mixing frequency. A (A) is the amplitude of
the B0

sig (B0
sig) decay and Q = +1(!1) when the B0

tag is

identified as a B0 (B0). The parameter w is the fraction
of events in which the B0

tag is tagged with the incorrect
flavor.
We describe the distribution of signal events in the

DP using an isobar approximation, which models the to-
tal amplitude as a coherent sum of amplitudes from N
individual decay channels (“isobars”):

( )

A =
N
'

j=1

( )

A j , (4)

where

Aj " ajFj(s12, s23) ,

Aj " ajF j(s12, s23) . (5)

The Fj are DP-dependent dynamical amplitudes de-
scribed below, and aj are complex coe#cients describing
the relative magnitude and phase of the di$erent decay
channels. All the weak phase dependence is contained in
aj , and Fj contains strong dynamics only.
The amplitudes must be symmetric under exchange of

identical bosons, so for B+ # K+K!K+, Fj(s12, s23) is
replaced by Fj(s12, s23)+Fj(s23, s12). Similarly, in B+ #
K0

S
K0

S
K+, Fj(s12, s23) is replaced by Fj(s12, s23) +

Fj(s12, s13).
We parameterize the complex coe#cients as

aj = cj(1 + bj)e
i(#j+$j) ,

aj = cj(1! bj)e
i(#j!$j) , (6)

where cj , bj , $j , and %j are real numbers. We define the
fit fraction (FFj) for an intermediate state as

FFj "
( ( "

|Aj |2 + |Aj |2
#

ds12ds23
( ( "

|A|2 + |A|2
#

ds12ds23
. (7)

Note that the sum of the fit fractions is not necessarily
unity, due to interference between states. This interfer-
ence can be quantified by the interference fit fractions
FFjk, defined as

FFjk " 2 Re

( ( "

AjA"
k +AjA

"
k

#

ds12ds23
( ( "

|A|2 + |A|2
#

ds12ds23
. (8)

With this definition,

'

j

FFj +
'

j<k

FFjk = 1 . (9)

In the B+ modes, the direct CP asymmetry ACP (j)
for a particular intermediate state is given by

ACP (j) "
( ( "

|Aj |2 ! |Aj |2
#

ds12ds23
( ( "

|Aj |2 + |Aj |2
#

ds12ds23
=

!2bj
1 + b2j

, (10)

while there can also be a CP asymmetry in the interfer-
ence between two intermediate states, which depends on
both the b’s and %’s of the interfering states. We define
the CP -violating phase di$erence as

"$j " arg(aja
"
j ) = 2%j . (11)

For B0 # K+K!K0
S , we can define the direct CP

asymmetry as in Eq. (10), while we can also compute the
e$ective & for an intermediate state as

&e",j "
1

2
arg(e2i"aja

"
j ) = & + %j , (12)

which quantifies the CP violation due to the interference
between mixing and decay.
The resonance dynamics are contained within the Fj

terms, which are the product of the invariant mass and
angular distributions,

FL
j (s12, s23) = Rj(m)XL(|'p %| r#)XL(|'q | r)Tj(L, 'p, 'q ) ,

(13)
where

• L is the spin of the resonance.

• m is the invariant mass of the decay products of
the resonance.

• Rj(m) is the resonance mass term or “lineshape”
(e.g. Breit-Wigner).

• 'p % is the momentum of the “bachelor” particle, i.e.,
the particle not belonging to the resonance, evalu-
ated in the rest frame of the B.

• 'p and 'q are the momenta of the bachelor particle
and one of the resonance daughters, respectively,
both evaluated in the rest frame of the resonance.
ForK+K! resonances, 'q is assigned to the momen-
tum of the K+, except for B! # K!K+K! de-
cays, in which case 'q is assigned to the momentum
of the K!. For K0

SK
0
S resonances, it is irrelevant

to which K0
S
we assign 'q, so we arbitrarily assign 'q

to whichever K0
S forms the smaller angle with the

K+.

BaBar, arXiv:1201.5897
submitted to PRD



B→KKK Dalitz plot model

• Prior to fitting for CPV parameters, the nominal DP models are established

• CPV parameters set to nominal (SM) ones

• angular moments as function of s12 or s13 are used to compare data and fit

• K+K-K+: best fit with ϕ(1020), f0(980), f0(1500), f2′(1525), f0(1710), χc0, 
polynomial NR. 
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FIG. 2: B+ ! K+K!K+ angular moments in the region m12 > 1.04GeV/c2, computed for signal-weighted data, compared
to Model A (dashed line) and Model B (solid line). The signal weighting is performed using the sPlot method. Events with
mK+K! near the D0 mass are vetoed.

and only an S-wave term. We fit with a polynomial
model [Eq. (28)] instead, which contains S-wave and P-
wave terms and allows for phase motion. There is an
improvement in 2 lnL of 233 units. However, the poly-
nomial model has nine more degrees of freedom than the
exponential model. We refer to this model [which re-
places the fX(1500) with the f0(1500) and the f !

2(1525),
and which uses the polynomial NR model] hereafter as
Model B for B+ ! K+K"K+. We compare the angular

moments for Model B to data in Figs. 2 and 3. Model
B matches the data significantly better than Model A,
especially for "P1# and "P2#.

B. B+ ! K0
SK

0
SK

+

Next we examine B+ ! K0
SK

0
SK

+, initially includ-
ing the resonances f0(980), fX(1500), f0(1710), and !c0.

preliminary preliminary
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FIG. 1: Dalitz plots for B+ ! K+K!K+ (top), B+ !
K0

SK
0
SK

+ (middle), and B0 ! K+K!K0
S (bottom). Points

correspond to candidates in data that pass the full event se-
lection, with an additional requirement that the NN output
be 7 or less, in order to enhance the signal.

bution, we calculate angular moments, defined as

!P!(cos !3)" #
! 1

!1
d!P!(cos !3)d cos !3, (43)

where !3 is the helicity angle between K3 and K1, mea-
sured in the rest frame of K1K2, P! is the "-th Legendre
polynomial, and the di"erential decay rate d! is given in
Eq. (2). Note that the angular moments are functions
of m12 but we suppress this dependence in our notation.
Angular moments plotted as a function of m12 are an ex-
cellent tool for visualizing the agreement between the fit
model and data, as they provide more information than
ordinary DP projections, in particular spin information.
If we assume that no K1K2 partial-waves of a higher

order than D-wave contribute, and we temporarily ignore
the e"ects of symmetrization, then we can express the
overall decay amplitude as a sum of S-wave, P-wave, and
D-wave terms:

A(m12, cos !3) = ASP0(cos !3) +AP e
i"P P1(cos !3)

+ADei"DP2(cos !3), (44)

where Ak and #k are real-valued functions of m12, and
we have factored out the S-wave phase. We can then
calculate the angular moments:

!P0" =
A2

S +A2
P +A2

D$
2

,

!P1" =
$
2ASAP cos#P +

2
$
10

5
APAD cos (#P % #D) ,

!P2" =

"

2

5
A2

P +

$
10

7
A2

D +
$
2ASAD cos#D ,

!P3" =
3

5

"

30

7
APAD cos (#P % #D) ,

!P4" =

$
18

7
A2

D. (45)

The symmetrization of the B+ & K+K!K+ amplitude
spoils the validity of Eq. (45). Nevertheless, the angular
moments can be calculated both for signal-weighted data
and for the fit model, providing a useful tool for checking
how well the isobar model describes the data. In Fig. 2,
we show angular moments for data compared to the fit
model, in the region of the DP above the #(1020). The
data is signal-weighted using the sPlot [26] technique.
The fit model histograms are made by simulating large
numbers of events based on the fit results. In Fig. 3, we
show the angular moments in the #(1020) region.
The angular moments, in particular !P2", show that

Model A does not describe the data well in the fX(1500)
region. If we replace the fX(1500) with the f0(1500)
and the f "

2(1525), there is an improvement in 2 lnL of 17
units. As we will discuss shortly, this replacement is also
motivated by a peak in !P2" seen in B+ & K0

SK
0
SK

+.
We also vary the NR model. The exponential NR

model is not very flexible; it assumes no phase motion

• ϕ, f0(980), fX(1500), f0(1710), 
χc0, exponential NR

• ϕ, f0(980), f0(1500), f2′(1525), 
f0(1710), χc0, polynomial NR



B→KKK Dalitz plot model (II)

• KSKSK+: best fit with f0(980), f0(1500), f2′(1525), f0(1710), χc0, polynomial NR.

• K+K-KS: best fit with ϕ(1020), f0(980), f0(1500), f2′(1525), f0(1710), χc0, best fit 
with f0(980), f0(1500), f2′(1525), f0(1710), χc0, polynomial NR.

• In all 3 channels: no need for broad fX(1500) [not yet established, used to 
explain some older data]
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S
K0

S
near the D0 mass are

vetoed.

We replace the fX(1500) by the f0(1500), f !
2(1525),

and f0(1710), and this improves 2 lnL by 18 units. We
then replace the NR model with a polynomial NR model
containing S-wave and P-wave terms. This improves
2 lnL by an additional 13 units. We refer to this model
as Model B for B0 ! K+K"K0

S
; its angular moments

are shown in Fig. 5. The improvement of Model B over
Model A is not evident by examining the angular mo-
ments by eye, but Model B provides a considerably better
likelihood.

D. Conclusion

For each of the three decay modes, Model B produces a
better fit to the data than Model A, at the cost of more
free parameters. Model B also eliminates the need for
the hypothetical fX(1500) state. The NR parameteriza-
tion used in Model B greatly improves the fit likelihood
in B+ ! K+K"K+, and its large number of parame-
ters make it very flexible. A benefit of this flexibility is
that the fit results are then less dependent on the par-
ticular choice of NR parameterization. Model B also has
a similar form in all three modes (the only di!erence is
the absence of P-wave states in B+ ! K0

SK
0
SK

+), aiding
comparison of results between the modes. In addition to
the studies already mentioned, we tested for the presence
of the f0(1370), f2(1270), f2(2010), and f2(2300) in each
mode, and in B+ ! K+K"K+ and B0 ! K+K"K0

S ,
we tested for the !(1680). We did not find evidence for
any of these resonances. We also tested for the follow-
ing isospin-1 resonances: a00(1450) in each of the three
modes, and a±0 (980) and a±0 (1450) in B+ ! K0

SK
0
SK

+

and B0 ! K+K"K0
S
only. We did not find evidence

for any of these resonances. We henceforth use Model
B as the nominal fit model for each mode, and only in-
clude these additional resonances to evaluate systematic
uncertainties.
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We replace the fX(1500) by the f0(1500), f !
2(1525),

and f0(1710), and this improves 2 lnL by 18 units. We
then replace the NR model with a polynomial NR model
containing S-wave and P-wave terms. This improves
2 lnL by an additional 13 units. We refer to this model
as Model B for B0 ! K+K"K0

S
; its angular moments

are shown in Fig. 5. The improvement of Model B over
Model A is not evident by examining the angular mo-
ments by eye, but Model B provides a considerably better
likelihood.

D. Conclusion

For each of the three decay modes, Model B produces a
better fit to the data than Model A, at the cost of more
free parameters. Model B also eliminates the need for
the hypothetical fX(1500) state. The NR parameteriza-
tion used in Model B greatly improves the fit likelihood
in B+ ! K+K"K+, and its large number of parame-
ters make it very flexible. A benefit of this flexibility is
that the fit results are then less dependent on the par-
ticular choice of NR parameterization. Model B also has
a similar form in all three modes (the only di!erence is
the absence of P-wave states in B+ ! K0

SK
0
SK

+), aiding
comparison of results between the modes. In addition to
the studies already mentioned, we tested for the presence
of the f0(1370), f2(1270), f2(2010), and f2(2300) in each
mode, and in B+ ! K+K"K+ and B0 ! K+K"K0

S ,
we tested for the !(1680). We did not find evidence for
any of these resonances. We also tested for the follow-
ing isospin-1 resonances: a00(1450) in each of the three
modes, and a±0 (980) and a±0 (1450) in B+ ! K0

SK
0
SK

+

and B0 ! K+K"K0
S
only. We did not find evidence

for any of these resonances. We henceforth use Model
B as the nominal fit model for each mode, and only in-
clude these additional resonances to evaluate systematic
uncertainties.

preliminary

preliminary
• f0(980), fX(1500), f0(1710), χc0, 

polynomial NR
• f0(980), f0(1500), f2′(1525), 

f0(1710), χc0, polynomial NR

The CP eigenvalue of the K

0
s

K

0
s

K

0
s

system is the same as the CP eigenvalue of a single K

0
s

:

CP(K0
sK

0
sK

0
s ) = CP(K0

sK
0
s )× CP(K0

s )× (−1)L�
(1.4)

= CP(K0
s ) = +1 . (1.5)

For more details and other B0 → P0P0X0 decays see [3].

1.1.3 The controversial fX(1500) resonance

Other charmless 3-body B decays with two kaons in the final state, including the BABAR [4]
and BELLE [5] analyses of B+ → K+K−K+ and the BABAR analysis of B0 → K+K−K0

s [6],
have observed the contribution of a resonance fX(1500) that they assumed to be scalar. The
nature of this resonance in unclear and controversial. Tab. 1.1 gives its measured mass and
width, Fiq. 1.4 shows the corresponding spectra of the mKK invariant mass. The fX(1500) is

Mass[ GeV/c

2 ] Width[ GeV/c

2 ] Measurement
1539 ± 20 257 ± 33 [4]
1369 ± 26 220 ± 63 [5]

Table 1.1: fX(1500) mass and width measurements by BABAR and BELLE.[6] used the same
values as [4].

Figure 1.4: Projections of the mKK invariant mass from the B± → K±K+K− BABAR analy-
sis [4] on the left and the Belle analysis [5] on the right. Due to interference the
fitted values of the masses do not necessarily coincide with the peaks in the mass
spectra.

assumed to be dominated by it’s quarkonium content, i.e. |fX(1500)� = cosθ|̄ss�+ sinθ|n̄n�,
where θ is the mixing angle and n̄n = ūu+d̄d√

2
. There are two main theoretical scenarios [7]

concerning the nature of the fX(1500) that give different predictions for direct CPV. In a first

10
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FIG. 11: Distributions of mES (left), !E (center), and NN output (right) for B+ ! K0
SK
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SK

+. The NN output is shown in
vertical log scale.

TABLE IX: Isobar parameters for B+ ! K0
SK

0
SK

+, for the
global minimum. The NR coe"cients are defined in Eq. (28).
Phases are given in degrees. Only statistical uncertainties are
given.

Parameter Value

f0(980)K
± c 3.35± 0.22

! 31± 9

f0(1500)K± c 0.20± 0.05
! "83± 18

f !
2(1525)K

± c 0.00179 ± 0.00032
! "58± 12

f0(1710)K
± c 0.24± 0.07
! "22± 11

"c0K
± c 0.113 ± 0.017

! 45± 60
# "12± 32

NR
b "0.018± 0.023

aS0 c 1.0 (fixed)
! 0 (fixed)

aS1 c 1.00± 0.08
! 129± 6

aS2 c 0.51± 0.08
! "85± 8

.

both for the !(1020) region (1.01 < m12 < 1.03GeV/c2)
and the !(1020)-excluded region.
The CP -conserving isobar parameters for the global

minimum solution are summarized in Table XI, and the
branching fractions are given in Table XII. Table XIII
shows the values of the CP -violating observables, with
the central values taken from the global minimum, and
the errors taken from likelihood scans. (Note that the
second minimum is separated from the global minimum
by !2! lnL = 3.9, so the likelihood scan is not impacted
by the local minima at the one-sigma level.) In addition
to "e! and ACP , we compute the quasi-two-body CP -
violating parameter S, defined as

Sj " !
2 Im(e!2i!aja"j )

|aj |2 + |aj |2
=

1! b2j
1 + b2j

sin(2"e!,j) . (47)

The fit fraction matrix for the best solution is given in
the Appendix, and the correlation matrix of the isobar
parameters is given in Ref. [27]. The correlation matrix
for the CP -violating observables is given in Table XIV.

The other minima all have consistent values for the
!(1020), f #

2(1525), P-wave NR, and #c0 fit fractions,
but there are large variations in the fit fractions for the
other states. Specifically, the fit fraction of the f0(980)
varies between 19% and 41%, the fit fraction of the
f0(1500) varies between 2% and 51%, the fit fraction of
the f0(1710) varies between 2% and 27%, and the S-wave
NR fit fraction varies between 34% and 120%. The signal
yields for the di"erent solutions, however, exhibit neglible
variation. We calculate the inclusive branching fraction
using only the yield in the K0

S
# $+$! channel. We

find B(B0 # K+K!K0) = (26.5± 0.9± 0.8)$ 10!6, or
B(B0 # K+K!K0) = (25.4 ± 0.9 ± 0.8) $ 10!6 if the
#c0 is excluded.

Likelihood scans for each of the "e! and ACP are shown
in Figs. 19-21. "e!(other) is di"erent from zero with 4.3 %
significance. We can also distinguish between "e! and the
trigonometric reflection 90$ ! "e! , due to the sensitivity
of the DP analysis to interference between S-wave and
P-wave amplitudes. We find that "e!(other) is favored
over 90$ ! "e!(other) with 4.8 % significance.

D. Interpretation

The value we measure for ACP (!K+) is larger than
the SM prediction, while "e!(!K0

S
) is in excellent agree-

ment with the SM. We can use the measured ACP (!K+)
and "e!(!K0

S
) to put constraints on the amplitudes con-

tributing to these decays. We assume isospin symmetry,
so that the amplitudes for B+ # !K+ and B0 # !K0

S

are the same. We also assume that this amplitude, A,
can be written as the sum of two amplitudes, A1 and
A2, where A1 is the dominant penguin amplitude. A2 is
an arbitrary additional amplitude with a di"erent weak
phase, which could be a tree, u-penguin, or new physics
amplitude.

23

)2 (GeV/c,low-K+Km
1 1.5 2 2.5 3 3.5

 )2
Ev

en
ts

 / 
( 0

.0
5 

G
eV

/c
0

50

100

150

200

250

300

350

)2 (GeV/c,low-K+Km
1 1.5 2 2.5 3 3.5

 )2
Ev

en
ts

 / 
( 0

.0
5 

G
eV

/c
0

50

100

150

200

250

300

350 +B
-B

)2 (GeV/c,low-K+Km
0.99 1 1.01 1.02 1.03 1.04 1.05 1.06

 )2
Ev

en
ts

 / 
( 0

.0
02

5 
G

eV
/c

0

20

40

60

80

100

120

140

)2 (GeV/c,low-K+Km
0.99 1 1.01 1.02 1.03 1.04 1.05 1.06

 )2
Ev

en
ts

 / 
( 0

.0
02

5 
G

eV
/c

0

20

40

60

80

100

120

140
+B
-B

FIG. 8: Signal-weighted m12 distribution for B+ ! K+K!K+ candidates in data, plotted separately for B+ and B! events,
for the entire DP range (left), and the !(1020)-region only (right). The event weighting is performed using the sPlot method.
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FIG. 9: Scan of 2! lnL, with (solid line) and without (dashed
line) systematic uncertainties, as a function of ACP (!(1020))
in B+ ! K+K!K+.

4178± 71 continuum events and 29 ± 28 remaining BB
events.
In the K0

S ! !0!0 channel, we find yields of 160± 17
signal events (including 7± 1 signal-like BB background
events), 2703±55 continuum events, and 48±18 remain-
ing BB events. All uncertainties are statistical only.
We vary three sets of "e! and ACP values in the fit: one

for the #(1020), another for the f0(980), and a third that
is shared by all the other charmless isobars in order to
reduce the number of fit parameters. Note that this last
set of isobars contains both even-spin and odd-spin (P-
wave NR) terms. Because of the sign flip in Eq. (20), the
sin!md!t-dependent CP asymmetry (see Eq. (3)) has
opposite sign for the even-spin and odd-spin components.
We fix the "e! of the $c0 to the SM value, and we fix its

(980)) (%)
0

(fCPA
-100 -50 0 50 100

 ln
(L

)
Δ2

0

5

10

15

20

25

FIG. 10: Scan of 2! lnL, with (solid line) and with-
out (dashed line) systematic uncertainties, as a function of
ACP (f0(980)) in B+ ! K+K!K+.

ACP (= "C) to 0.
We perform hundreds of fits, each one with randomly

chosen starting values for the isobar parameters. In addi-
tion to the global minimum, four other local minima are
found with values of "2 lnL within 9 units of the global
minimum. These di"erent solutions all have consistent
signal yields, but vary greatly for some isobar parame-
ters.
Figure 15 shows distributions ofmES, !E, and the NN

output for the K0
S ! !+!! mode, and Fig. 16 shows the

same distributions for the K0
S
! !0!0 mode. Figure 17

shows them12, m23, andm13 distributions for signal- and
background-weighted events, for the K0

S
! !+!! chan-

nel only. Figure 18 shows the !t distribution and the
time-dependent asymmetry for signal-weighted events,

B→KKK CPV results
• K+K-K+: 

• Nsig = 5269±84 (P=43%),                                               
BF=(33.4±0.5±0.9)×10-6   [χc0K excluded]

• ACP(overall) = (-1.7+1.9-1.4±1.4)%

• ACP(ϕK) = (12.8±4.4±1.3)% (2.8σ from 0, SM:~0-4.7%)

• KSKSK+:

• Nsig = 632±28 (P=20%),                       
BF=(10.1±0.5±0.3)×10-6 [χc0K excluded]

• ACP = (4±5±2)%
18
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FIG. 6: Distributions of mES (left), !E (center), and NN output (right) for B+ ! K+K!K+. The NN output is shown in
vertical log scale.

TABLE VIII: Branching fractions (neglecting interference), CP asymmetries, and CP -violating phases (see Eq. (11)) for
B+ ! K+K!K+. The B(B+ ! RK+) column gives the branching fractions to intermediate resonant states, corrected for
secondary branching fractions obtained from Ref. [15]. Central values and uncertainties are obtained from Solution I. In addition
to quoting the overall NR branching fraction, we quote the S-wave and P-wave NR branching fractions separately.

Decay mode B(B+ ! K+K!K+)" FFj (10!6) B(B+ ! RK+) (10!6) ACP (%) !!j (deg)

!(1020)K+ 4.48± 0.22+0.33
!0.24 9.2± 0.4+0.7

!0.5 12.8 ± 4.4± 1.3 23± 13+4
!5

f0(980)K
+ 9.4 ± 1.6 ± 2.8 #8± 8± 4 9± 7± 6

f0(1500)K+ 0.74± 0.18 ± 0.52 17± 4± 12
f "
2(1525)K

+ 0.69± 0.16 ± 0.13 1.56 ± 0.36 ± 0.30 14± 10± 4 #2± 6± 3
f0(1710)K

+ 1.12± 0.25 ± 0.50
"c0K

+ 1.12± 0.15 ± 0.06 184 ± 25± 14 #4± 13± 2
NR 22.8 ± 2.7± 7.6 6.0 ± 4.4 ± 1.9 0 (fixed)
NR (S-wave) 52+23

!14 ± 27
NR (P-wave) 24+22

!12 ± 27

fer from 0 at the 2.8 standard deviation level (2.9! if one
uses only the statistical uncertainties).
Solution II exhibits a very largeACP for the f0(980)K+

channel, but in Solution I this ACP is consistent with 0.
A likelihood scan in ACP (f0(980)) is shown in Fig. 10, in
which the two solutions are clearly visible.

B. B+ ! K0
SK

0
SK

+

The maximum-likelihood fit of 3012 candidates results
in yields of 636±28 signal events and 2234±50 continuum
events, where the uncertainties are statistical only. The
BB yields are fixed to the expected number of events
(Table III), for a total of 155 events.
In order to limit the number of fit parameters, we con-

strain the ACP and !" of every charmless isobar to be
equal in the fit. We fix ACP for #c0K+ to 0, but leave
the corresponding !" parameter free to vary in the fit.
Recalling that only relative values of !" are measurable,
our choice is therefore to measure the di"erence between
!" for the #c0 and the reference !" shared by all the
other isobars.
Many fits are performed with randomly chosen starting

values for the isobar parameters. In addition to the global
minimum, 14 other local minima are found with values of

!2 lnL within 9 units (3!) of the global minimum. These
di"erent solutions vary greatly in their isobar parameters,
but have consistent signal yields and values of ACP .

Figure 11 shows the distributions of mES, !E, and
the NN output, compared to the fit model. Figure 12
shows them12, m23, andm13 distributions for signal- and
background-weighted events, using the sPlot technique.
We plot the signal-weighted m12 distribution separately
for B+ and B! events in Fig. 13.

The fit result for the global minimum solution is sum-
marized in Tables IX and X. The fit fraction matrix for
the global mininum is given in the Appendix, and the
correlation matrix of the isobar parameters is given in
Ref. [27]. The other minima all have consistent values
for the f "

2(1525) and #c0 fit fractions, but wide varia-
tions in the fit fractions for the other states are seen.
In particular, the fit fraction of the f0(980) varies be-
tween 69% and 152% and the fit fraction of the f0(1500)
varies between 3% and 73%. This means the branch-
ing fractions of these states are very poorly constrained
with the current data. However, the signal yields for
the di"erent solutions only vary between 636 and 640
events. We find a total inclusive branching fraction of
B(B+ " K0

S
K0

S
K+) = (10.6 ± 0.5 ± 0.3) # 10!6, or

B(B+ " K0
SK

0
SK

+) = (10.1 ± 0.5 ± 0.3) # 10!6 if the
#c0 is excluded.
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FIG. 13: Signal-weighted m12 distribution for B+ !
K0

SK
0
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+ candidates in data, plotted separately for B+ and
B! events. The event weighting is performed using the sPlot
method. Signal includes irreducible BB backgrounds (class 4
in Table III).

Then

A = A1(1 + rei(!+")) ,

A = A1(1 + rei(!!")) , (48)

where r is the ratio |A2/A1|, and ! and " are the relative
strong and weak phases, respectively, between A2 and
A1. The CP asymmetries in this case are

ACP (#K
+) =

2r sin " sin !

1 + 2r cos " cos ! + r2
(49)

and

$e!(#K
0
S) = $+

1

2
arctan

! 2r sin " cos ! + r2 sin(2")

1 + 2r cos " cos ! + r2 cos(2")

"

.

(50)
Note that ACP (#K0

S) = ACP (#K+) under our assump-
tions. However, since the experimental precision on
ACP (#K0

S
) is very poor compared to ACP (#K+), we

only include the more precise ACP (#K+) measurement
in our analysis. By combining the likelihood scans of
ACP (#K+) and $e!(#K0

S), we can put constraints on r,
!, and ". Figure 22 shows the resulting constraints in the
r-", r-!, and !-" planes.
The non-zero value of ACP (#K+) leads to r = 0 being

disfavored, with a value of approximately 0.1 favored for
most values of ". There is little constraint on " and !,
except that values of 0 or ±180" are disfavored (because
ACP (#K+) is non-zero), and the first and third quad-
rants of the !-" plane are favored (because ACP (#K+) is
positive).

VIII. SYSTEMATIC UNCERTAINTIES

The systematic uncertainties for B+ ! K+K!K+,
B+ ! K0

S
K0

S
K+, and B0 ! K+K!K0

S
parameters are

 (%)CPA
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)
Δ2
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FIG. 14: Scan of 2! lnL, with (solid line) and without
(dashed line) systematic uncertainties, as a function of ACP

in B+ ! K0
SK

0
SK

+.

TABLE XI: CP -conserving isobar parameters (defined in
Eq. (6)) for B0 ! K+K!K0

S , for the global minimum. The
NR coe"cients are defined in Eq. (28). Phases are given in
degrees. Only statistical uncertainties are given.

Parameter Value

!(1020)K0
S c 0.039 ± 0.005

! 20± 19

f0(980)K
0
S c 2.2± 0.5

! 40± 16

f0(1500)K
0
S c 0.22± 0.05
! 17± 16

f "
2(1525)K

0
S c 0.00080 ± 0.00028
! 53± 23

f0(1710)K
0
S c 0.72± 0.11
! 110 ± 11

"c0K0
S c 0.144 ± 0.023

! "17± 29
NR
aS0 c 1.0 (fixed)

! 0 (fixed)
aS1 c 1.25± 0.25

! "149± 9
aS2 c 0.58± 0.22

! 56± 15
aP0 c 1.22± 0.22

! 65± 13
aP1 c 0.28± 0.18

! "68± 28
aP2 c 0.42± 0.16

! "131± 25

.

preliminary

preliminary

preliminary

preliminary

|ΔE|<0.1 GeV

|ΔE|<0.1 GeV
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FIG. 18: Top: The !t distributions for B0 ! K+K!K0
S (K0

S ! !+!!) signal events, in the "(1020) region (1.01 < m12 <
1.03GeV/c2) (left) and "(1020)-excluded region (right). B0 (B0) tagged events are shown as closed circles (open squares).
The fit model for B0 (B0) tagged events is shown by a solid (dashed) line. The data points are signal-weighted using the
sPlot method. Bottom: The asymmetry (NB0 " NB0)/(NB0 + NB0) as a function of !t, in the "(1020) region (left) and
"(1020)-excluded region (right). The points represent signal-weighted data, and the line is the fit model.

TABLE XII: Branching fractions (neglecting interference) for B0 ! K+K!K0
S . The B(B

0 ! RK0) column gives the branching
fractions to intermediate resonant states, corrected for secondary branching fractions obtained from Ref. [15]. In addition to
quoting the overall NR branching fraction, we quote the S-wave and P-wave NR branching fractions separately. Central values
and uncertainties are for the global minimum only. See the text for discussion of the variations between the local minima.

Decay mode B(B0 ! K+K!K0)# FFj (10!6) B(B0 ! RK0) (10!6)

"(1020)K0 3.48± 0.28+0.21
!0.14 7.1± 0.6+0.4

!0.3

f0(980)K0 7.0+2.6
!1.8 ± 2.4

f0(1500)K
0 0.57+0.25

!0.19 ± 0.12 13.3+5.8
!4.4 ± 3.2

f "
2(1525)K

0 0.13+0.12
!0.08 ± 0.16 0.29+0.27

!0.18 ± 0.36
f0(1710)K

0 4.4 ± 0.7 ± 0.5
#c0K

0 0.90± 0.18 ± 0.06 148 ± 30± 13
NR 33± 5± 9
NR (S-wave) 30± 5± 8
NR (P-wave) 3.1 ± 0.7 ± 0.4

dependent amplitude analysis of B0 ! K+K!K0
S
, using

a data sample of approximately 470" 106 BB decays.

For B+ ! K+K!K+, we find two solutions separated
by 5.6 units of #2 lnL. The favored solution has a direct
CP asymmetry in B+ ! !(1020)K+ of ACP = (12.8 ±

4.4 ± 1.3)%. A likelihood scan shows that ACP di!ers
from 0 by 2.8", including systematic uncertainties. This
can be compared with the SM expectation of ACP = (0.0-
4.7)%. For B0 ! K+K!K0

S
, we find five solutions,

and determine #e!(!K0
S) = (21 ± 6 ± 2)" from a like-
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FIG. 18: Top: The !t distributions for B0 ! K+K!K0
S (K0

S ! !+!!) signal events, in the "(1020) region (1.01 < m12 <
1.03GeV/c2) (left) and "(1020)-excluded region (right). B0 (B0) tagged events are shown as closed circles (open squares).
The fit model for B0 (B0) tagged events is shown by a solid (dashed) line. The data points are signal-weighted using the
sPlot method. Bottom: The asymmetry (NB0 " NB0)/(NB0 + NB0) as a function of !t, in the "(1020) region (left) and
"(1020)-excluded region (right). The points represent signal-weighted data, and the line is the fit model.

TABLE XII: Branching fractions (neglecting interference) for B0 ! K+K!K0
S . The B(B

0 ! RK0) column gives the branching
fractions to intermediate resonant states, corrected for secondary branching fractions obtained from Ref. [15]. In addition to
quoting the overall NR branching fraction, we quote the S-wave and P-wave NR branching fractions separately. Central values
and uncertainties are for the global minimum only. See the text for discussion of the variations between the local minima.

Decay mode B(B0 ! K+K!K0)# FFj (10!6) B(B0 ! RK0) (10!6)

"(1020)K0 3.48± 0.28+0.21
!0.14 7.1± 0.6+0.4

!0.3

f0(980)K0 7.0+2.6
!1.8 ± 2.4

f0(1500)K
0 0.57+0.25

!0.19 ± 0.12 13.3+5.8
!4.4 ± 3.2

f "
2(1525)K

0 0.13+0.12
!0.08 ± 0.16 0.29+0.27

!0.18 ± 0.36
f0(1710)K

0 4.4 ± 0.7 ± 0.5
#c0K

0 0.90± 0.18 ± 0.06 148 ± 30± 13
NR 33± 5± 9
NR (S-wave) 30± 5± 8
NR (P-wave) 3.1 ± 0.7 ± 0.4

dependent amplitude analysis of B0 ! K+K!K0
S
, using

a data sample of approximately 470" 106 BB decays.

For B+ ! K+K!K+, we find two solutions separated
by 5.6 units of #2 lnL. The favored solution has a direct
CP asymmetry in B+ ! !(1020)K+ of ACP = (12.8 ±

4.4 ± 1.3)%. A likelihood scan shows that ACP di!ers
from 0 by 2.8", including systematic uncertainties. This
can be compared with the SM expectation of ACP = (0.0-
4.7)%. For B0 ! K+K!K0

S
, we find five solutions,

and determine #e!(!K0
S) = (21 ± 6 ± 2)" from a like-
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B→KKK CPV results (II)
• K+K-KS: 

• Nsig = 1579±46 (P = 18%),                                           
BF=(25.4±0.9±0.8)×10-6 [χc0K excluded]

• βeff(ϕKS) = (21±6±2)°, excellent agreement with SM

• βeff(non-ϕ, non-f0) = (20.3±4.3±1.2)°, agrees with SM

• 90°-βeff excluded at 4.8σ (ambiguity in J/ψKS)

• Assuming:
• isospin symmetry (A(ϕK+)=A(ϕKS)) 
• 2nd amplitude with different phases wrt penguin

➡ϕK++ϕKS favor 2nd amplitude’s relative magnitude = 
10% and 1st and 3rd quadrants of strong vs weak phases
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FIG. 15: Distributions of mES (left), !E (center), and NN output (right) for B0 ! K+K!K0
S , K

0
S ! !+!!. The NN output

is shown in vertical log scale.
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FIG. 16: Distributions of mES (left), !E (center), and NN output (right) for B0 ! K+K!K0
S , K

0
S ! !0!0. The signal in the

mES and !E plots has been enhanced by requiring the NN output be 6 or less. The NN output is shown in vertical log scale.

summarized in Tables XV, XVI, and XVII, respectively.
For each decay mode, the systematic uncertainties are
assessed only for the best solution.
We vary the masses and widths of the resonances in

the signal model by their errors as given in Table I. In
addition, we vary the Blatt-Weisskopf radii of any non-
scalar resonances, and change the Blatt-Weisskopf radius
of the B meson from 0 to 1.5 (GeV/c)!1. We take the
observed di!erences in any fit parameters as systematic
uncertainties (listed in the “Lineshape” column in Ta-
bles XV-XVII).
We vary any BB background yields that are fixed in

the nominal fit. If the BB class contains only a single
decay mode, the yield is varied according to the uncer-
tainty on the world average of its branching fraction. If
the BB class contains multiple decay modes, then we
vary its yield by 50%. The CP -asymmetries of the BB
background classes are also varied, either by the uncer-
tainty on the world average or by a conservative estimate.
Systematic uncertainties are also assigned due to the lim-
ited sizes of the BB MC samples, which a!ects the BB
PDF shapes. We also vary signal and continuum back-
ground PDF parameters that are fixed in the nominal
fits. This includes the parameters of the "t resolution
function and the mistag rate. An additional systematic
uncertainty is contributed by the limited size of the data
sideband sample used to create the continuum DP PDFs.

These systematic uncertainties are listed under “Fixed
PDF Params” in Tables XV-XVII.
Biases in the fit procedure are studied by performing

hundreds of pseudo-experiments using MC events passed
through a GEANT4 detector simulation. We do not cor-
rect for any observed biases, but instead assign system-
atic uncertainties, listed under “Fit Bias” in Tables XV-
XVII.
We also study the e!ect of additional resonances that

are not included in our nominal isobar models (see
Sec. VI). We test for the f0(1370), a00(1450), f2(1270),
f2(2010), and f2(2300) in each mode. We also test for
the !(1680) in B+ ! K+K!K+ and B0 ! K+K!K0

S
,

and the a±0 (980) and a±0 (1450) in B+ ! K0
SK

0
SK

+ and
B0 ! K+K!K0

S
. These resonances are modeled by

RBW lineshapes, except for the a±0 (980), which is mod-
eled by a Flatté lineshape. We first fit to data includ-
ing these additional resonances in the model. Then, us-
ing this fit result, we generate a large number of data-
sized simulated datasets. We then fit to these simulated
datasets with and without the additional resonances in
the signal model, and take the observed di!erences as
a systematic uncertainty. This is listed as “Add Reso-
nances” in Tables XV-XVII. In B+ ! K+K!K+, the
addition of the f0(1370) causes Solution II to be the
global mininum rather than Solution I, so we do not as-
sign a systematic uncertainty for it.

ϕKS

(non-ϕ)KS

preliminary

preliminary

preliminary

|ΔE|<0.06 GeV



B±→K±π0π0

• K*π0 still penguin-dominated, though T/P could be larger than for Kπ

• SM ACP could be large

• No Dalitz-plot analysis: information on intermediate (narrow) resonances 
(K*+(892)π0, f0(980)K+, χc0K+) from 2-body invariant mass distributions

• Yield from ML fit to mES and NN(evt shape) - observed with significance > 10σ

• Nsig = 1220±85 (P=3.9%) ⇒ BF=(16.2±1.2±1.5)×10-6

• Direct CP asymmetry: ACP=(-6±6±4)% 20

fitted signal yield (raw bias 44 events), as determined from
Monte Carlo pseudoexperiments generated with a signal
component with the same values of the yield and SCF
fraction as found in the fit to data. Finally, we divide by
the total number of B !B events in the data sample to obtain
our measurement of the branching fraction B!B" !
K"!0!0# $ !16:2% 1:2% 1:5# & 10'6, where the first
uncertainty is statistical and the second is systematic.

The systematic uncertainty includes contributions from
the PDF shapes, the fixed B !B background yields, the
estimation of the SCF fraction, intrinsic fit bias, selection
requirements, and the number of B !B pairs in the data sam-
ple. Here we provide further details on each of these
sources of systematic uncertainty and describe briefly
how each is evaluated. A combined uncertainty for the
CR signal and B !B background NNout PDF shapes (4.9%)
is evaluated using uncertainties in the data/MC ratio
determined from the B" ! !D0"" ! !K"!'!0#!!"!0#
control sample and applying them simultaneously to the
CR signal and B !B background NNout PDFs. The same
control sample is used to evaluate the uncertainties in CR
signal mES PDF shapes (0.8%). The uncertainty in the SCF
fraction (2.5%) is estimated by varying the value used in
the fit within a range of uncertainty determined from

Monte Carlo pseudoexperiment tests of our iterative fitting
procedure. Uncertainties in the SCF signal mES and NNout

PDF shapes (1.7% and 0.7%, respectively) are evaluated by
considering a range of SCF shapes corresponding to differ-
ent signal Dalitz-plot distributions. An uncertainty in the
correction due to fit bias (1.9%) is assigned, which corre-
sponds to half the correction combined in quadrature with
its error. Uncertainties in the B !B background mES PDF
shapes due to data/MC differences (1.6%) are evaluated by
smearing the PDFs with a Gaussian with parameters de-
termined from the B" ! !D0"" control sample. The un-
certainties in the B !B background PDFs due to finite MC
statistics (0.8%) are determined by varying the contents of
the bins of the histograms used to describe the PDFs within
their errors. Uncertainties in the fixed B !B background
yields (1.4%) are evaluated by varying these yields within
their uncertainties. Contributions to the uncertainty in the
selection efficiency arise from the "E (4.0%) and NNout

(3.0%) selection requirements, neutral pion reconstruction
(2.8%), the K0

S veto correction (2.0%), kaon identification
(1.0%), and tracking (0.4%). The uncertainty in the number
of B !B pairs in the data sample is 0.6%. Including only
systematic uncertainties that affect the fitted yield, the total
is 6.5%. The total systematic uncertainty on the branching
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B±→K±π0π0: CPV in quasi 2 body final states

• Clear intermediate resonances from efficiency-corrected sPlots of invariant 
mass distributions

• Yields from signal region after subtracting bkg extrapolated from sidebands

• No evidence of CPV in resonant sub-channels, but large uncertainties 21

and possible interference effects. This precludes its use
for studying quasi-two-body decays via broad resonances.
We have validated our approach using ensembles of MC
simulations with varying mixtures of resonant substructure
and found that in all cases we are able to correctly obtain
the true values of the branching fractions of the quasi-two-
body decays under study, which all have narrow intermedi-
ate states under study.

Fits to the efficiency-corrected invariant mass distribu-
tions are used to cross-check the results of the subtraction
method. In these fits we describe the signal distributions
with double-Gaussian functions, with parameters obtained
from MC simulations, and the background shapes with
polynomials. The two methods yield consistent results,
both in MC simulations and in data.

After background subtraction we obtain efficiency-
corrected signal yields of 1078! 197 for B" !
K#$892%"!0, 1186! 241 for B" ! f0$980%K", and
245! 105 for B" ! "c0K

". We correct each yield for
the inefficiency of the corresponding signal region selec-
tion, obtained from Monte Carlo simulations. Finally the
yields are corrected as follows: (i) for bias, estimated from
Monte Carlo pseudoexperiments; (ii) for !0 efficiency,
using the momentum distributions of both !0 mesons
from a Monte Carlo cocktail reflecting the yields obtained
in data; and (iii) in the case of the K#$892%" yield only, for
the K0

S veto. Finally, we divide by the number of B !B pairs
to obtain the product branching fractions

B$B" ! K#$892%"!0% &B$K#$892%" ! K"!0%
' $2:7! 0:5! 0:4% & 10(6;

B$B" ! f0$980%K"% &B$f0$980% ! !0!0%
' $2:8! 0:6! 0:5% & 10(6;

B$B" ! "c0K
"% &B$"c0 ! !0!0%

' $0:51! 0:22! 0:09% & 10(6; (9)

where the first uncertainties are statistical and the second
systematic. The sum of these contributions does not satu-
rate the inclusive branching fraction, indicating significant
contributions from other sources, as is also clear from
Figs. 3 and 4, and expected from the results of studies of
B" ! K"!"!( decays [15,16].

Systematic uncertainties include all the same sources in
the same relative amounts as evaluated for the inclusive
decay except for fit bias, K0

S veto, and !
0 efficiency, which

are evaluated separately for each quasi-two-body mode.
We also evaluate the following additional contributions.
The uncertainty due to the method of background subtrac-
tion [3.5% for K#$892%"!0, 11.9% for f0$980%K", and
13.5% for "c0K

"] is obtained by comparing the nominal
results with those obtained with alternative sideband re-
gions. We evaluate the potential effect of interference
[10.0%, for f0$980%K" only] using toy Monte Carlo events
generated for a Dalitz-plot model containing f0$980% and
nonresonant components with relative magnitudes ob-
tained from the fit results, and a relative phase sampled
in a range that gives distributions consistent with the data.
Finally we consider possible data/MC differences affecting
the signal region efficiency correction [5.6% for
K#$892%"!0, 3.8% for f0$980%K", and 0.4% for "c0K

"]
determined from the change in the result when the SCF
fraction is varied in Monte Carlo events. The K#$892%"!0

and "c0K
" branching fraction measurements are not af-

fected by systematics due to interference. For the former,
effects of interference with K"!0 S-wave contributions
cancel when integrated over the part of the Dalitz plot
inside the signal mass window, while P-wave contributions
are not expected based on studies of related decays [15,16].
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FIG. 5 (color online). Efficiency-corrected signal (vertical red arrows) and sideband (horizontal blue arrows) regions around
(a) K#$892%", (b) f0$980%, and (c) "c0 invariant mass peaks. The curves show the results of the fit used to cross-check the procedure,
for the total (blue continuous lines) and background-only (dashed red lines) components.

TABLE III. Summary of systematic uncertainties for the
branching fraction measurement of the quasi-two-body reso-
nances. The breakdown of the systematics affecting the inclusive
branching fraction measurement is given in Table II.

Uncertainty (%)
Source K#$892%" !0 f0$980% K" "c0 K"

Subtotal from inclusive 8.1 8.1 8.1

Background subtraction 3.5 11.9 13.5
Interference ) ) ) 10.0 ) ) )
Fit bias 6.6 2.1 6.8
Mass cut efficiency 5.6 3.8 0.4
!0 efficiency 3.1 3.5 2.6
K0

S veto 2.0 ) ) ) ) ) )
Total 12.9 18.4 17.4
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K*+(892) f0(980) χc0

For the latter, the small width implies that interference will
be negligible. A list of the systematic uncertainty contri-
butions is given in Table III.

To obtain the B decay branching fractions, we correct
for B!K"!892#$ ! K$!0# % 1=3 and B!"c0 ! !0!0# %
!8:4& 0:4# ' 10(3 ' 1=3 [28], where the factors of 1=3
are due to isospin. [The branching fraction of f0!980# !
!0!0 is unknown, hence we cannot correct for it.] We
obtain

B!B$ ! K"!892#$!0# % !8:2& 1:5& 1:1# ' 10(6;

B!B$ ! "c0K
$# % !18& 8& 3& 1# ' 10(5;

(10)

where the first uncertainty is statistical, the second system-
atic, and the third (for B$ ! "c0K

$) is from the subdecay
branching fraction.

We obtain the CP asymmetries of the quasi-two-body
modes with the same method used to obtain the quasi-two-
body branching fractions, except we distinguish the yields
of the B$ and B( decays. We obtain the following asym-
metries:

ACP!B$ ! K"!892#$!0# % (0:06& 0:24& 0:04;

ACP!B$ ! f0!980#K$# % 0:18& 0:18& 0:04;

ACP!B$ ! "c0K
$# % (0:96& 0:37& 0:04;

(11)

where the first uncertainty is statistical and the second
systematic. The sources of systematic uncertainty are the
same as for the inclusiveCP asymmetry measurement. The
measurements of CP asymmetries for B$ ! f0!980#K$

and B$ ! "c0K
$ are consistent with the world-average

values based on decays of the intermediate resonances to
!$!( [9,28]. The B$ ! "c0K

$ result has a large and
non-Gaussian uncertainty and its difference from zero is
not statistically significant.

V. CONCLUSION

In summary, using the full BABAR data sample of
429 fb(1 collected at the !!4S# resonance, we observe
charmless hadronic decays of charged B mesons to the

final state K$!0!0. The signal has a significance above
10# after taking systematic effects into account.
We study the Dalitz-plot distribution of the signal events

and do not see any excess that could be attributed to the
fX!1300#. However, due to the possible complicated inter-
ference pattern, we cannot draw any strong conclusion
about this state from our analysis. We measure the product
branching fractions and direct CP asymmetry parameters
of the quasi-two-body modes with narrow resonance peaks
in the K$!0!0 Dalitz plot.
The results are summarized in Table IV. All measured

CP asymmetries are consistent with zero. The branching
fraction result for B$ ! "c0K

$ is consistent with the
world average, while that for B$ ! K"!892#$!0 is con-
sistent with and more precise than our previous measure-
ment [14], which it supersedes.
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J. P. LEES et al. PHYSICAL REVIEW D 84, 092007 (2011)

092007-10

<2.5σ



Very rare B decays
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Charged lepton flavor violation in B±→h±τl  (h=π,K  l=e,µ)

23

• Below experimental sensitivity in SM (GIM suppression in loop: m2ν/m2W)

• Enhanced in SM extensions: in particular, decays involving 2nd and 3rd 
generations less constrained and could be more enhanced (if couplings ∝ m)

• “Recoil” analysis: fully reconstruct Btag in D(*)0X- (X- = n1π± n2K± n3KS n4π0) 
channels (εBB~0.25%), infer τ mass from Btag, h and l 4-momenta

• Keep only 1-prong τ decays (e/µ/π) to reduce bkg

• Use broad mτ sideband (0-3.5 GeV/c2) to estimate bkg in signal window

• Use B→D(*)0lν, D0→Kπ (on Btag recoil) as control sample to reduce syst. errors

BaBar, arXiv:1204.2852 [hep-ex]
submitted to PRD
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structed ! mass to fall in a narrow window around the
known ! mass. The yield and estimated background in
the ! mass signal window are used to estimate and set up-
per limits on the signal branching fractions. We followed
the principle of a blind analysis, to avoid experimenter’s
bias, by not revealing the number of events in the signal
window until after all analysis procedures were decided.

II. DATA SAMPLE AND DETECTOR
DESCRIPTION

We use a data sample of 472 million BB pairs in
429 fb!1 of integrated luminosity, delivered by the PEP-
II asymmetric-energy e+e! collider and recorded by the
BABAR experiment at the SLAC National Accelerator
Laboratory. This corresponds to the entire " (4S) data
sample.
The BABAR experiment is described in detail else-

where [10]. Trajectories of charged particles are re-
constructed by a double-sided, five-layer silicon vertex
tracker (SVT) and a 40-layer drift chamber (DCH). The
SVT provides precision measurements for vertex recon-
struction and stand-alone tracking for very low mo-
mentum tracks, with transverse momentum less than
120MeV/c. The tracking system is inside a 1.5 T su-
perconducting solenoid. Both the SVT and the DCH
provide specific ionization (dE/dx) measurements that
are used in particle identification (PID). Just beyond the
radius of the DCH lies an array of fused silica bars which
are part of the detector of internally reflected Cherenkov
radiation (DIRC). The DIRC provides excellent charged-
hadron PID. A CsI(Tl) crystal electromagnetic calorime-
ter (EMC) is used to reconstruct photons and identify
electrons. The iron of the flux return for the solenoid
is instrumented (IFR) with resistive plate chambers and
limited streamer tubes, which are used in the identifica-
tion of muons.
Monte Carlo (MC) simulated samples for our B ! h!#

signals and for all relevant SM processes are generated
with EvtGen [11]. We model the BABAR detector re-
sponse using Geant4 [12]. The B ! h!# decays are
generated using a uniform three-body phase space model
and the background MC sample combines SM processes:
e+e! ! " (4S) ! BB, e+e! ! qq̄ (q = u, d, s, c),
and e+e! ! !+!!, with each sample scaled to the total
integrated luminosity.
The data and MC samples in this analysis are pro-

cessed and generated with consistent database conditions
determined from the detector response and analyzed us-
ing BABAR analysis software release tools.

III. EVENT RECONSTRUCTION

In each event, we require a fully reconstructed hadronic
B± decay, which we refer to as the “tag” B meson candi-
date or Btag. We then search for the signal B ! h!#

decay in the rest of the event, which we refer to as
the “signal” B meson candidate or Bsig. The notation
B ! h!# refers to one of the following eight final states
that we consider, where the primary hadron h is a K or
$ and the primary lepton # is a µ or e: B+ ! K+!!µ+,
B+ ! K+!+µ!, B+ ! K+!!e+, B+ ! K+!+e!,
B+ ! $+!!µ+, B+ ! $+!+µ!, B+ ! $+!!e+, and
B+ ! $+!+e!. In all cases, we require that the ! de-
cays to a “one-prong” final state (! ! e%%, ! ! µ%%,
and ! ! (n$0)$% with n " 0). The branching fraction
for ! decays to a one-prong final state is 85%.
The " (4S) ! B+B! decay requires the Bsig three-

momentum to be opposite from that of the Btag (#&ptag)
and the Bsig energy to be equal to the beam en-
ergy (Ebeam) in the e+e! center-of-mass (CM) reference
frame [13]. These constraints allow us to reconstruct the
! indirectly using

&p! = #&ptag # &ph # &p",

E! = Ebeam # Eh # E",

m! =
!

E2
! # |&p! |2,

where (E! , &p! ), (Eh, &ph), and (E", &p") are the corre-
sponding four-momenta of the reconstructed signal ob-
jects. The indirectly reconstructed ! mass (m! ) peaks
sharply at the true ! mass in B ! h!# signal events
and has a very broad distribution for combinatorial back-
ground events. To avoid experimental bias, we did not
look at events in the data with m! within ±175MeV/c2

of the nominal ! mass until all analysis procedures were
established.

A. Tag B reconstruction

The Btag is fully reconstructed in one of many final
states [14] of the form B! ! D(")0X!. The notation
D(")0 refers to either a D0 or a D"0 which decays to
either D0' or D0$0. The D0 is reconstructed in the
K!$+, K!$+$!$+, K!$+$0, and K0

S$
+$! channels,

with K0
S ! $+$! and $0 ! ''. The X! represents

a system of charged and neutral hadrons composed of
n1$±, n2K±, n3K0

S , and n4$0; subject to the constraints
n1 + n2 $ 5, n3 $ 2, n4 $ 2, and total charge #1.
Each distinct Btag decay mode has an associated a

priori purity, defined as the number of peaking events
divided by the number of peaking plus combinatorial
events, where peaking and combinatorial yields are ob-
tained from fits to mES %

!

E2
beam # |&ptag|2 distributions

for each distinct Btag decay mode. We only consider Btag

decay modes with a purity greater than 10% and choose
the Btag candidate with the highest purity in the event.
If there is more than one Btag candidate with the same
purity, we choose the one with reconstructed energy clos-
est to the beam energy. The Btag candidate must have
mES > 5.27GeV/c2 and Etag within three standard de-
viations of Ebeam. A charged Btag candidate is properly
reconstructed in approximately 0.25% of all BB events.



B±→h±τl: B→D(*)0lν, D0→Kπ control sample

• Fully reconstruct Btag. On Bsig, require one lepton and m(Kπ)~mD

• Relative amount of D0/D*0 (/D**0 ) from fit to CM energy difference:

where

24
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to the electron channel. If the ! daughter does not satisfy
the e-PID, but does satisfy the µ-VL-PID criteria, the
event is assigned to the muon channel. If the ! daughter
passes neither the e-PID or the µ-VL-PID, the event is
assigned to the pion channel. This ensures that an event
does not get double counted and categorized into another
! decay channel for a given B ! h!" mode.
Background events with a B ! h(cc̄); (cc̄) ! "+"!

decay can pass our signal selection criteria. We remove
events in the electron (muon) and pion ! decay chan-
nels of the B ! h!e (B ! h!µ) modes if the invariant
mass of the primary lepton and ! daughter, m!!, is con-
sistent with a dilepton charmonium decay: 3.03 < m!! <
3.14GeV/c2 for the J/# or 3.60 < m!! < 3.75GeV/c2

for the #(2S). We also require m!! > 0.1GeV/c2 for
B ! h!e candidates in the electron and pion channels to
remove candidates where the primary electron and the !
daughter are consistent with originating from a photon
conversion.

D. BB background and the m(K!) invariant mass
requirement

After the selection described above, the dominant
background is due to BB events, where the Btag is prop-
erly reconstructed. However, the largest background
source di!ers depending on the charge of the primary
lepton relative to the charge of the Bsig candidate.
When the primary lepton charge is the same as the

Bsig charge, such as a B+ ! K+!!"+ candidate, the
dominant background comes from semileptonic B decays,
such as B+ ! D(")0"+$; D0 ! K+X!, where X! con-
tains a %!, e!, or µ! and perhaps other charged and/or
neutral daughters that are not reconstructed. For exam-
ple, the final state tracks K+%!"+ are identical for this
background with D0 ! K+%! and the B+ ! K+!!"+

signal decay with !! ! %!$" . On the other hand, when
the primary lepton charge is opposite to the Bsig charge,
such as for a B+ ! K+!+"! candidate, the dominant
background comes from semileptonic D decays, such as
B+ ! D(")0X+; D0 ! K+"!$̄!.
To reduce these backgrounds, we reject Bsig candi-

dates where two of the Bsig daughters are kinematically
compatible with originating from a charm decay, as
described below. For the four B ! K!" modes, we
define the variable m(K%) as the invariant mass of the
primary K and the Bsig daughter that has opposite
charge to this K. In computing m(K%), the non-K
track is assumed to be a pion. Distributions of m(K%)
for the background and signal MC are shown in Fig. 1
for B ! K!µ. For the four B ! %!" modes, we define
m(K%) by combining two Bsig daughters that have
opposite charge. Of the two Bsig daughters with the
same charge as the Bsig candidate, we choose the one
with the highest K-PID quality level. We assume that
the kaon is one of the Bsig daughters with the same
charge as the Bsig candidate and the pion is the Bsig

daughter with the opposite charge as the Bsig candi-
date. If the two Bsig daughters with the same charge
as the Bsig candidate have the same K-PID quality
level, we use the daughter with higher momentum as
the kaon in the m(K%) calculation. The requirement
m(K%) > 1.95GeV/c2 rejects about > 99% (> 96%) of
the BB background for B+ ! h+!!"+ (B+ ! h+!+"!)
while retaining about 37% (63%) of the signal.

IV. B ! D
(!)0

"# CONTROL SAMPLE

We select a control sample of semileptonic B decays
of the form B+ ! D(")0"+$; D0 ! K+%! by requir-
ing m(K%) to be near the D0 mass, 1.845 < m(K%) <
1.885GeV/c2. The D(")0"$ control sample has a negligi-
ble amount of combinatorial background. In our search
for B ! h!", we normalize the B ! h!" branching frac-
tion by using the measured D(")0"$ yield taken from the
control sample. We determine the relative amounts of
B mesons that decay to D0, D"0, and higher resonances
(D""0) using the reconstructed CM energy di!erence

E# = p# = |"&ptag " &pK " &p$ " &p!| ,

"ED!# = EK + E$ + E! + E# " Ebeam.

For B+ ! D0"+$ decays, "ED!# is centered at zero.
The missing neutral particles from D"0 and D""0 decays
shift "ED!# in the negative direction.
The expected observed yields of D"$ and h!" as func-

tions of their branching fractions are given by

ND!# = N0 BD!# '
D!#
tag 'D!# , (1)

Nh"! = N0 Bh"! '
h"!
tag 'h"!, (2)

where N0 is the number of BB events, BD!# (Bh"!) is the
branching fraction for B ! D"$ (B ! h!"), 'D!#

tag ('h"!tag )

is the Btag reconstruction e#ciency in BB events that
contain a D"$ (h!") decay on the signal side, 'D!# ('h"!)
is the signal-side reconstruction e#ciency for D"$ (h!"),
and the symbol D"$ represents either B+ ! D"0"+$ or
B+ ! D0"+$. Solving for the expected h!" event yield
gives

Nh"! = Bh"! 'h"! S0, (3)

where we have defined a common sensitivity factor

S0 =
ND!#

BD!# 'D!#

!

'h"!tag

'D!#
tag

"

. (4)

Table II gives the tag-side e#ciency ratios determined
from MC samples. We find the ratios to be close to one,
indicating that the signal-side decay does not strongly
influence the tag-side reconstruction e#ciency, and does
not depend on the primary lepton or hadron flavor.
Figure 2 shows the results of unbinned maximum like-

lihood fits of the "ED!# distributions for the B+ !

8

to the electron channel. If the ! daughter does not satisfy
the e-PID, but does satisfy the µ-VL-PID criteria, the
event is assigned to the muon channel. If the ! daughter
passes neither the e-PID or the µ-VL-PID, the event is
assigned to the pion channel. This ensures that an event
does not get double counted and categorized into another
! decay channel for a given B ! h!" mode.
Background events with a B ! h(cc̄); (cc̄) ! "+"!

decay can pass our signal selection criteria. We remove
events in the electron (muon) and pion ! decay chan-
nels of the B ! h!e (B ! h!µ) modes if the invariant
mass of the primary lepton and ! daughter, m!!, is con-
sistent with a dilepton charmonium decay: 3.03 < m!! <
3.14GeV/c2 for the J/# or 3.60 < m!! < 3.75GeV/c2

for the #(2S). We also require m!! > 0.1GeV/c2 for
B ! h!e candidates in the electron and pion channels to
remove candidates where the primary electron and the !
daughter are consistent with originating from a photon
conversion.

D. BB background and the m(K!) invariant mass
requirement

After the selection described above, the dominant
background is due to BB events, where the Btag is prop-
erly reconstructed. However, the largest background
source di!ers depending on the charge of the primary
lepton relative to the charge of the Bsig candidate.
When the primary lepton charge is the same as the

Bsig charge, such as a B+ ! K+!!"+ candidate, the
dominant background comes from semileptonic B decays,
such as B+ ! D(")0"+$; D0 ! K+X!, where X! con-
tains a %!, e!, or µ! and perhaps other charged and/or
neutral daughters that are not reconstructed. For exam-
ple, the final state tracks K+%!"+ are identical for this
background with D0 ! K+%! and the B+ ! K+!!"+

signal decay with !! ! %!$" . On the other hand, when
the primary lepton charge is opposite to the Bsig charge,
such as for a B+ ! K+!+"! candidate, the dominant
background comes from semileptonic D decays, such as
B+ ! D(")0X+; D0 ! K+"!$̄!.
To reduce these backgrounds, we reject Bsig candi-

dates where two of the Bsig daughters are kinematically
compatible with originating from a charm decay, as
described below. For the four B ! K!" modes, we
define the variable m(K%) as the invariant mass of the
primary K and the Bsig daughter that has opposite
charge to this K. In computing m(K%), the non-K
track is assumed to be a pion. Distributions of m(K%)
for the background and signal MC are shown in Fig. 1
for B ! K!µ. For the four B ! %!" modes, we define
m(K%) by combining two Bsig daughters that have
opposite charge. Of the two Bsig daughters with the
same charge as the Bsig candidate, we choose the one
with the highest K-PID quality level. We assume that
the kaon is one of the Bsig daughters with the same
charge as the Bsig candidate and the pion is the Bsig

daughter with the opposite charge as the Bsig candi-
date. If the two Bsig daughters with the same charge
as the Bsig candidate have the same K-PID quality
level, we use the daughter with higher momentum as
the kaon in the m(K%) calculation. The requirement
m(K%) > 1.95GeV/c2 rejects about > 99% (> 96%) of
the BB background for B+ ! h+!!"+ (B+ ! h+!+"!)
while retaining about 37% (63%) of the signal.

IV. B ! D
(!)0

"# CONTROL SAMPLE

We select a control sample of semileptonic B decays
of the form B+ ! D(")0"+$; D0 ! K+%! by requir-
ing m(K%) to be near the D0 mass, 1.845 < m(K%) <
1.885GeV/c2. The D(")0"$ control sample has a negligi-
ble amount of combinatorial background. In our search
for B ! h!", we normalize the B ! h!" branching frac-
tion by using the measured D(")0"$ yield taken from the
control sample. We determine the relative amounts of
B mesons that decay to D0, D"0, and higher resonances
(D""0) using the reconstructed CM energy di!erence

E# = p# = |"&ptag " &pK " &p$ " &p!| ,

"ED!# = EK + E$ + E! + E# " Ebeam.

For B+ ! D0"+$ decays, "ED!# is centered at zero.
The missing neutral particles from D"0 and D""0 decays
shift "ED!# in the negative direction.
The expected observed yields of D"$ and h!" as func-

tions of their branching fractions are given by

ND!# = N0 BD!# '
D!#
tag 'D!# , (1)

Nh"! = N0 Bh"! '
h"!
tag 'h"!, (2)

where N0 is the number of BB events, BD!# (Bh"!) is the
branching fraction for B ! D"$ (B ! h!"), 'D!#

tag ('h"!tag )

is the Btag reconstruction e#ciency in BB events that
contain a D"$ (h!") decay on the signal side, 'D!# ('h"!)
is the signal-side reconstruction e#ciency for D"$ (h!"),
and the symbol D"$ represents either B+ ! D"0"+$ or
B+ ! D0"+$. Solving for the expected h!" event yield
gives

Nh"! = Bh"! 'h"! S0, (3)

where we have defined a common sensitivity factor

S0 =
ND!#

BD!# 'D!#

!

'h"!tag

'D!#
tag

"

. (4)

Table II gives the tag-side e#ciency ratios determined
from MC samples. We find the ratios to be close to one,
indicating that the signal-side decay does not strongly
influence the tag-side reconstruction e#ciency, and does
not depend on the primary lepton or hadron flavor.
Figure 2 shows the results of unbinned maximum like-

lihood fits of the "ED!# distributions for the B+ !
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FIG. 2: (color online) Distributions of the three-component
!ED!" unbinned maximum likelihood fits of the data for the
(a) B ! D(!)0µ! and (b) B ! D(!)0e! control samples.
In each plot, the points represent the data, the solid blue
curve is the sum of all PDFs, the long-dashed green curve
is the D0 component, the dot-dashed purple curve is the D!0

component, and the dotted blue curve is theD!!0 component,
which also includes any residual combinatorial background.

V. CONTINUUM BACKGROUND REJECTION

After the m(K!) > 1.95GeV/c2 requirement, the BB
background is highly suppressed. The remaining back-
ground is dominated by continuum quark-pair produc-
tion (e+e! ! qq̄; q = u, d, s, c). We combine the vari-
ables described in this section in a likelihood ratio

LR =

!

i Ps(xi)
!

i Ps(xi) +
!

i Pb(xi)
(5)

where xi is one of a set of variables that discriminate
against background, and Ps(xi) (Pb(xi)) is the PDF for
variable xi in signal (background) events.
The variables used in the LR calculation are:

• | cos !thr| the absolute value of the cosine of the
angle "thr between the Btag thrust axis and the
thrust axis of the remainder of the event ("Bsig);
the thrust axis is defined as the direction â which
maximizes

"

j â·#pj , where j represents all particles
assigned to a particular B candidate,

•
"

Ecal the scalar sum of all EMC neutral clus-
ter energy that is not associated with the Btag

candidate or bremsstrahlung radiation from any e
candidates, where the threshold cluster energy is
100 MeV (50 MeV) in the forward (barrel) region
of the detector,

• primary µ-PID quality level, where, for the
B ! h$µ modes, we include the highest quality
level (VL, L, T, VT) of the primary µ candidate,
and

• secondary µ-PID quality level, where we in-
clude the highest quality level (VL, L, T, VT) of
the $ -daughter µ candidate, if applicable.

We fit histograms of the | cos "thr| and
"

Ecal signal
and background MC distributions using polynomials of
up to order eight to define the PDFs for those variables.
The PDFs for the muon-PID quality level are normalized
histograms, with one bin for each muon-PID quality level.
For each of the eight signal B decay modes, we con-

struct a distinct LR for each of the three $ channels (e,
µ, and !). This corresponds to 24 di!erent likelihood
ratios. In the final selection, described in section VII, we
impose a minimum LR requirement for each $ channel in
each of the eight B ! h$% modes.
Figure 3 shows the background and signal | cos "thr|

distributions for the ! channel of the B+ ! K+$!µ+

mode. The continuum background peaks sharply near
| cos "thr| = 1 because the events have a back-to-back
jet-like topology. The signal | cos "thr| distribution is
roughly uniform because the detected decay products in
BB events are more isotropically distributed.
Figure 4 shows

"

Ecal distributions for the three $
channels of the B+ ! K+$!µ+ mode. The signal MC
"

Ecal distributions peak at zero, as expected, while the
background rarely has

"

Ecal = 0 but rather has a distri-
bution that peaks between 1 and 2 GeV. The signal MC
"

Ecal distributions for the ! channel extend to higher
values, compared to the e and µ channels, due to hadronic
$ decays that produce a single !± with one or more neu-
tral pions.
Figure 5 shows background and signal MC LR distribu-

tions for the B+ ! K+$!µ+ ; $! ! (n!0)!!&! chan-
nel. The background peaks sharply near zero and the
signal peaks sharply near one. The value of the LR selec-
tion for each $ channel in each of the eight signal modes
is chosen by determining the lowest upper limit on the
branching fractions under the null hypothesis with MC
pseudo-experiments. We vary the minimum LR require-
ment in intervals of 0.05.

VI. SIGNAL AND BACKGROUND
ESTIMATION

In our signal selection, we require the indirectly recon-
structed $ massm! to be within ±60MeV/c2 of the world

D0lν
D*0lν

D**0lν + rest
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FIG. 1: Distributions of m(K!) for the (a, b) B+ ! K+"!µ+; "! ! (n!0)!!#! and (c, d) B+ ! K+"+µ!; "+ ! (n!0)!+#̄!
channels. The top row shows the data (points) compared with the background MC (solid line). The area of the background
MC distribution has been normalized to the area of the data distribution. The bottom row shows the (b) B+ ! K+"!µ+ and
(d) B+ ! K+"+µ! signal MC. The normalization of the bottom row is arbitrary. The dotted vertical line is at 1.95GeV/c2,
which is the minimum allowed value of m(K!) for the signal selection. The peak in the top row just below 1.95GeV/c2 is from
D0 ! K+!! decays.

TABLE II: Tag-side reconstruction e!ciency ratios deter-
mined from MC samples. The uncertainty includes both sta-
tistical and systematic sources.

E!ciency Ratio µ modes e modes

$K!"
tag /$D"#

tag 0.96 ± 0.05 0.98 ± 0.07

$$!"
tag /$

D"#
tag 0.95 ± 0.04 0.97 ± 0.06

D(!)0µ+! and B+ ! D(!)0e+! control samples. The
fits have independent D0, D!0, and D!!0 components.
Any residual combinatorial background is included in the
D!!0 component. The D0 and D!0 component probabil-
ity density functions (PDFs) are each modeled with the
sum of a Gaussian and a Crystal Ball function [17]. The
D!!0 component PDF is the sum of a Gaussian and a bi-
furcated Gaussian, which has di!erent width parameters
above and below the mean. The overall normalization
of each component, the core Gaussian mean and width
of the D0 component, and the relative fraction of the
Crystal Ball function within the D!0 component are all
parameters of the likelihood that are varied in its maxi-
mization.
The results of the "ED!" maximum likelihood fits and

S0 calculations are given in Table III. We use the fol-
lowing branching fractions [18] in the calculation of S0:
B(B" ! D0""!̄) = (2.23± 0.11)%, B(B" ! D!0""!̄) =
(5.68 ± 0.19)%, and B(D0 ! K"#+) = (3.87 ± 0.05)%.
The four determinations of S0 are all consistent with each
other, as expected.

TABLE III: Results of the "ED"# maximum likelihood fits
and S0 calculations. The uncertainties on ND"# and $D"# are
statistical. The e!ciency $D"# is determined from a Monte
Carlo sample. The uncertainty on S0 includes the uncertain-
ties on the B and D branching fractions.

D%# mode ND"# $D"# S0

D0µ# 513± 38 (47.8 ± 0.9)% (12.0 ± 1.2) " 105

D"0µ# 1234± 49 (50.8 ± 0.5)% (10.7 ± 0.8) " 105

D0e# 484± 46 (48.2 ± 0.9)% (11.4 ± 1.5) " 105

D"0e# 1368± 58 (52.2 ± 0.5)% (11.7 ± 1.1) " 105
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to the electron channel. If the ! daughter does not satisfy
the e-PID, but does satisfy the µ-VL-PID criteria, the
event is assigned to the muon channel. If the ! daughter
passes neither the e-PID or the µ-VL-PID, the event is
assigned to the pion channel. This ensures that an event
does not get double counted and categorized into another
! decay channel for a given B ! h!" mode.
Background events with a B ! h(cc̄); (cc̄) ! "+"!

decay can pass our signal selection criteria. We remove
events in the electron (muon) and pion ! decay chan-
nels of the B ! h!e (B ! h!µ) modes if the invariant
mass of the primary lepton and ! daughter, m!!, is con-
sistent with a dilepton charmonium decay: 3.03 < m!! <
3.14GeV/c2 for the J/# or 3.60 < m!! < 3.75GeV/c2

for the #(2S). We also require m!! > 0.1GeV/c2 for
B ! h!e candidates in the electron and pion channels to
remove candidates where the primary electron and the !
daughter are consistent with originating from a photon
conversion.

D. BB background and the m(K!) invariant mass
requirement

After the selection described above, the dominant
background is due to BB events, where the Btag is prop-
erly reconstructed. However, the largest background
source di!ers depending on the charge of the primary
lepton relative to the charge of the Bsig candidate.
When the primary lepton charge is the same as the

Bsig charge, such as a B+ ! K+!!"+ candidate, the
dominant background comes from semileptonic B decays,
such as B+ ! D(")0"+$; D0 ! K+X!, where X! con-
tains a %!, e!, or µ! and perhaps other charged and/or
neutral daughters that are not reconstructed. For exam-
ple, the final state tracks K+%!"+ are identical for this
background with D0 ! K+%! and the B+ ! K+!!"+

signal decay with !! ! %!$" . On the other hand, when
the primary lepton charge is opposite to the Bsig charge,
such as for a B+ ! K+!+"! candidate, the dominant
background comes from semileptonic D decays, such as
B+ ! D(")0X+; D0 ! K+"!$̄!.
To reduce these backgrounds, we reject Bsig candi-

dates where two of the Bsig daughters are kinematically
compatible with originating from a charm decay, as
described below. For the four B ! K!" modes, we
define the variable m(K%) as the invariant mass of the
primary K and the Bsig daughter that has opposite
charge to this K. In computing m(K%), the non-K
track is assumed to be a pion. Distributions of m(K%)
for the background and signal MC are shown in Fig. 1
for B ! K!µ. For the four B ! %!" modes, we define
m(K%) by combining two Bsig daughters that have
opposite charge. Of the two Bsig daughters with the
same charge as the Bsig candidate, we choose the one
with the highest K-PID quality level. We assume that
the kaon is one of the Bsig daughters with the same
charge as the Bsig candidate and the pion is the Bsig

daughter with the opposite charge as the Bsig candi-
date. If the two Bsig daughters with the same charge
as the Bsig candidate have the same K-PID quality
level, we use the daughter with higher momentum as
the kaon in the m(K%) calculation. The requirement
m(K%) > 1.95GeV/c2 rejects about > 99% (> 96%) of
the BB background for B+ ! h+!!"+ (B+ ! h+!+"!)
while retaining about 37% (63%) of the signal.

IV. B ! D
(!)0

"# CONTROL SAMPLE

We select a control sample of semileptonic B decays
of the form B+ ! D(")0"+$; D0 ! K+%! by requir-
ing m(K%) to be near the D0 mass, 1.845 < m(K%) <
1.885GeV/c2. The D(")0"$ control sample has a negligi-
ble amount of combinatorial background. In our search
for B ! h!", we normalize the B ! h!" branching frac-
tion by using the measured D(")0"$ yield taken from the
control sample. We determine the relative amounts of
B mesons that decay to D0, D"0, and higher resonances
(D""0) using the reconstructed CM energy di!erence

E# = p# = |"&ptag " &pK " &p$ " &p!| ,

"ED!# = EK + E$ + E! + E# " Ebeam.

For B+ ! D0"+$ decays, "ED!# is centered at zero.
The missing neutral particles from D"0 and D""0 decays
shift "ED!# in the negative direction.
The expected observed yields of D"$ and h!" as func-

tions of their branching fractions are given by

ND!# = N0 BD!# '
D!#
tag 'D!# , (1)

Nh"! = N0 Bh"! '
h"!
tag 'h"!, (2)

where N0 is the number of BB events, BD!# (Bh"!) is the
branching fraction for B ! D"$ (B ! h!"), 'D!#

tag ('h"!tag )

is the Btag reconstruction e#ciency in BB events that
contain a D"$ (h!") decay on the signal side, 'D!# ('h"!)
is the signal-side reconstruction e#ciency for D"$ (h!"),
and the symbol D"$ represents either B+ ! D"0"+$ or
B+ ! D0"+$. Solving for the expected h!" event yield
gives

Nh"! = Bh"! 'h"! S0, (3)

where we have defined a common sensitivity factor

S0 =
ND!#

BD!# 'D!#

!

'h"!tag

'D!#
tag

"

. (4)

Table II gives the tag-side e#ciency ratios determined
from MC samples. We find the ratios to be close to one,
indicating that the signal-side decay does not strongly
influence the tag-side reconstruction e#ciency, and does
not depend on the primary lepton or hadron flavor.
Figure 2 shows the results of unbinned maximum like-

lihood fits of the "ED!# distributions for the B+ !
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to the electron channel. If the ! daughter does not satisfy
the e-PID, but does satisfy the µ-VL-PID criteria, the
event is assigned to the muon channel. If the ! daughter
passes neither the e-PID or the µ-VL-PID, the event is
assigned to the pion channel. This ensures that an event
does not get double counted and categorized into another
! decay channel for a given B ! h!" mode.
Background events with a B ! h(cc̄); (cc̄) ! "+"!

decay can pass our signal selection criteria. We remove
events in the electron (muon) and pion ! decay chan-
nels of the B ! h!e (B ! h!µ) modes if the invariant
mass of the primary lepton and ! daughter, m!!, is con-
sistent with a dilepton charmonium decay: 3.03 < m!! <
3.14GeV/c2 for the J/# or 3.60 < m!! < 3.75GeV/c2

for the #(2S). We also require m!! > 0.1GeV/c2 for
B ! h!e candidates in the electron and pion channels to
remove candidates where the primary electron and the !
daughter are consistent with originating from a photon
conversion.

D. BB background and the m(K!) invariant mass
requirement

After the selection described above, the dominant
background is due to BB events, where the Btag is prop-
erly reconstructed. However, the largest background
source di!ers depending on the charge of the primary
lepton relative to the charge of the Bsig candidate.
When the primary lepton charge is the same as the

Bsig charge, such as a B+ ! K+!!"+ candidate, the
dominant background comes from semileptonic B decays,
such as B+ ! D(")0"+$; D0 ! K+X!, where X! con-
tains a %!, e!, or µ! and perhaps other charged and/or
neutral daughters that are not reconstructed. For exam-
ple, the final state tracks K+%!"+ are identical for this
background with D0 ! K+%! and the B+ ! K+!!"+

signal decay with !! ! %!$" . On the other hand, when
the primary lepton charge is opposite to the Bsig charge,
such as for a B+ ! K+!+"! candidate, the dominant
background comes from semileptonic D decays, such as
B+ ! D(")0X+; D0 ! K+"!$̄!.
To reduce these backgrounds, we reject Bsig candi-

dates where two of the Bsig daughters are kinematically
compatible with originating from a charm decay, as
described below. For the four B ! K!" modes, we
define the variable m(K%) as the invariant mass of the
primary K and the Bsig daughter that has opposite
charge to this K. In computing m(K%), the non-K
track is assumed to be a pion. Distributions of m(K%)
for the background and signal MC are shown in Fig. 1
for B ! K!µ. For the four B ! %!" modes, we define
m(K%) by combining two Bsig daughters that have
opposite charge. Of the two Bsig daughters with the
same charge as the Bsig candidate, we choose the one
with the highest K-PID quality level. We assume that
the kaon is one of the Bsig daughters with the same
charge as the Bsig candidate and the pion is the Bsig

daughter with the opposite charge as the Bsig candi-
date. If the two Bsig daughters with the same charge
as the Bsig candidate have the same K-PID quality
level, we use the daughter with higher momentum as
the kaon in the m(K%) calculation. The requirement
m(K%) > 1.95GeV/c2 rejects about > 99% (> 96%) of
the BB background for B+ ! h+!!"+ (B+ ! h+!+"!)
while retaining about 37% (63%) of the signal.

IV. B ! D
(!)0

"# CONTROL SAMPLE

We select a control sample of semileptonic B decays
of the form B+ ! D(")0"+$; D0 ! K+%! by requir-
ing m(K%) to be near the D0 mass, 1.845 < m(K%) <
1.885GeV/c2. The D(")0"$ control sample has a negligi-
ble amount of combinatorial background. In our search
for B ! h!", we normalize the B ! h!" branching frac-
tion by using the measured D(")0"$ yield taken from the
control sample. We determine the relative amounts of
B mesons that decay to D0, D"0, and higher resonances
(D""0) using the reconstructed CM energy di!erence

E# = p# = |"&ptag " &pK " &p$ " &p!| ,

"ED!# = EK + E$ + E! + E# " Ebeam.

For B+ ! D0"+$ decays, "ED!# is centered at zero.
The missing neutral particles from D"0 and D""0 decays
shift "ED!# in the negative direction.
The expected observed yields of D"$ and h!" as func-

tions of their branching fractions are given by

ND!# = N0 BD!# '
D!#
tag 'D!# , (1)

Nh"! = N0 Bh"! '
h"!
tag 'h"!, (2)

where N0 is the number of BB events, BD!# (Bh"!) is the
branching fraction for B ! D"$ (B ! h!"), 'D!#

tag ('h"!tag )

is the Btag reconstruction e#ciency in BB events that
contain a D"$ (h!") decay on the signal side, 'D!# ('h"!)
is the signal-side reconstruction e#ciency for D"$ (h!"),
and the symbol D"$ represents either B+ ! D"0"+$ or
B+ ! D0"+$. Solving for the expected h!" event yield
gives

Nh"! = Bh"! 'h"! S0, (3)

where we have defined a common sensitivity factor

S0 =
ND!#

BD!# 'D!#
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Table II gives the tag-side e#ciency ratios determined
from MC samples. We find the ratios to be close to one,
indicating that the signal-side decay does not strongly
influence the tag-side reconstruction e#ciency, and does
not depend on the primary lepton or hadron flavor.
Figure 2 shows the results of unbinned maximum like-

lihood fits of the "ED!# distributions for the B+ !

~1

preliminary



B± → h±τl background

• Bkg suppression:

• Semileptonic B/D decays: remove events with 
m(Kπ)<~mD, where

• K = Bsig daughter with charge same as Bsig and 
largest K-PID level

• π = Bsig daughter with charge opposite to K

• Continuum bkg: use likelihood ratio based on 
discriminating quantities (|cosθthr|, energy in ECAL 
not from Btag nor e, μID quality of lepton from B, τ)

• Residual bkg estimation:

• use yield Nsb in broad mτ sideband (0-3.5 GeV/c2) 
to estimate bkg b in signal window: b = RbNsb, Rb 
from bkg MC

25

12

 (GeV)cal EΣ
0 1 2 3 4 5

Ev
en

ts
 / 

20
0 

M
eV

0

2

4

6

8 all backgrounds

 (GeV)cal EΣ
0 1 2 3 4 5

Ev
en

ts
 / 

20
0 

M
eV

0

20

40

60

80
signal MC

+µ-τ+ K→+B
τν eν 

- e→-τ

 (GeV)cal EΣ
0 1 2 3 4 5

Ev
en

ts
 / 

20
0 

M
eV

0

2

4

6

8 all backgrounds

 (GeV)cal EΣ
0 1 2 3 4 5

Ev
en

ts
 / 

20
0 

M
eV

0

20

40

60

80
signal MC

+µ-τ+ K→+B
τν µν 

-µ →-τ

 (GeV)cal EΣ
0 1 2 3 4 5

Ev
en

ts
 / 

20
0 

M
eV

0
20
40
60
80

100
120
140 all backgrounds

 (GeV)cal EΣ
0 1 2 3 4 5

Ev
en

ts
 / 

20
0 

M
eV

0
20
40
60
80

100
120
140

signal MC
+µ-τ+ K→+B

τν 
-π) 0π (n→-τ

FIG. 4: Distributions of
!

Ecal for background (top) and signal MC (bottom), for the B+ ! K+!!µ+ mode; !! ! e!"̄e"!
(left), !! ! µ!"̄µ"! (middle), and !! ! (n#0)#!"! (right), The events where
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distribution and plotted in a bin below zero for clarity. The points (solid line) in the top figure are the data (background MC).
The background MC has been normalized to match the area of the data distribution. The normalization of the signal MC is
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in the top figure are the data (background MC). The back-
ground MC has been normalized to match the area of the data
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B(B+ ! h+!!"+) + B(B+ ! h+!+"!) with the as-
sumption B(B+ ! h+!!"+) = B(B+ ! h+!+"!).

IX. SUMMARY AND CONCLUSIONS

We have searched for the lepton flavor violating decays
B ! h!". We find no evidence for these decays and set
90% C.L. upper limits on the branching fractions of a few
times 10!5. The results for the B ! K!µ mode super-
sede our previous result [6]. The results for B ! K!e,
B ! #!µ, B ! #!e modes are the first experimental
limits for these decays.
In the analysis of Black, Han, He, and Sher [4], the

B ! K!µ and B ! #!µ branching fractions are propor-
tional to $!4

b̄s
and $!4

b̄d
, which are the new physics energy

scales for the corresponding fermionic e!ective operators
for these decays. Using the limits B(B+ ! #+!µ) <
7.2 " 10!5 and B(B+ ! K+!µ) < 4.8 " 10!5, we im-
prove the model-independent bounds on the energy scale
of new physics in flavor-changing operators reported in [4]
from $b̄d > 2.2 TeV and $b̄s > 2.6 TeV to $b̄d > 11 TeV
and $b̄s > 15 TeV.
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TABLE II: Tag-side reconstruction e!ciency ratios deter-
mined from MC samples. The uncertainty includes both sta-
tistical and systematic sources.

E!ciency Ratio µ modes e modes

$K!"
tag /$D"#

tag 0.96 ± 0.05 0.98 ± 0.07

$$!"
tag /$

D"#
tag 0.95 ± 0.04 0.97 ± 0.06

D(!)0µ+! and B+ ! D(!)0e+! control samples. The
fits have independent D0, D!0, and D!!0 components.
Any residual combinatorial background is included in the
D!!0 component. The D0 and D!0 component probabil-
ity density functions (PDFs) are each modeled with the
sum of a Gaussian and a Crystal Ball function [17]. The
D!!0 component PDF is the sum of a Gaussian and a bi-
furcated Gaussian, which has di!erent width parameters
above and below the mean. The overall normalization
of each component, the core Gaussian mean and width
of the D0 component, and the relative fraction of the
Crystal Ball function within the D!0 component are all
parameters of the likelihood that are varied in its maxi-
mization.
The results of the "ED!" maximum likelihood fits and

S0 calculations are given in Table III. We use the fol-
lowing branching fractions [18] in the calculation of S0:
B(B" ! D0""!̄) = (2.23± 0.11)%, B(B" ! D!0""!̄) =
(5.68 ± 0.19)%, and B(D0 ! K"#+) = (3.87 ± 0.05)%.
The four determinations of S0 are all consistent with each
other, as expected.

TABLE III: Results of the "ED"# maximum likelihood fits
and S0 calculations. The uncertainties on ND"# and $D"# are
statistical. The e!ciency $D"# is determined from a Monte
Carlo sample. The uncertainty on S0 includes the uncertain-
ties on the B and D branching fractions.

D%# mode ND"# $D"# S0

D0µ# 513± 38 (47.8 ± 0.9)% (12.0 ± 1.2) " 105

D"0µ# 1234± 49 (50.8 ± 0.5)% (10.7 ± 0.8) " 105

D0e# 484± 46 (48.2 ± 0.9)% (11.4 ± 1.5) " 105

D"0e# 1368± 58 (52.2 ± 0.5)% (11.7 ± 1.1) " 105

preliminary

preliminary

signal MC

all backgrounds
preliminary

all backgrounds



where V is the 3!N unitary MNS mixing matrix containing
a product of two left-handed rotation matrices,

V!i" "
#"1

3

UL#!
!* UL#i

$ , %10&

where UL
! (3!3) is from the lepton mass diagonalization

UL
!†M !UR

! "M !
diag and UL

$ (N!N) '28( is from diagonaliz-
ing the neutrino mass matrix %of Majorana or Dirac type&
'29(. Hence, the large or maximal mixings in the MNS ma-
trix V can originate from %i& either UL

$ %neutrino mass diago-
nalization&, %ii& or UL

! %left-handed lepton mass diagonaliza-
tion&, %iii& or both sources. In the cases %ii& and %iii&, we see
that large mixings in UL

! play important roles for neutrino
oscillation phenomena. Furthermore, the right-handed lepton
rotation UR

! does not enter the MNS matrix and is thus free
from the constraint of oscillation experiments. This means
that even in the case %i& large lepton mixings can originate
from UR

! though UL
! is constrained to have only small mix-

ings. Clearly, the neutrino oscillation data alone could not
identify the origin of the MNS mixings %involving only the
product of two left-handed rotations&, i.e., whether the large
or maximal mixings in MNS matrix really originate from the
neutrino mass matrix or charged lepton mass matrix or both
'30(. Therefore, to fully understand the flavor dynamics in
the lepton and neutrino sector, it is important to directly test
lepton rotation matrices UL

! and UR
! in other lepton flavor-

violation processes. The large or maximal MNS mixings ob-
served in the neutrino oscillation experiments strongly moti-
vate searches for large lepton flavor-violating interactions
originating from UL

! and UR
! .

The effective dimension-six )-* operator Eq. %3& can
arise from the exchange of certain heavy particles, such as a
heavier neutral gauge boson (Z!) or a heavier Higgs scalar
(S0). The underlying dynamics for such interactions fall into
two distinct classes: %a& flavor universal or %b& flavor non-
universal. For class %a& we can write a generic lepton-bilinear
term + , j+ , where +"(e ,* ,))T. We thus deduce

+ , j+"! "
-(./)

+-
 , j+/ %, j"1,05&,

"
-

+-
 , j+- %, j"01 ,0105&,

%11&

where - ,/"L ,R . The lepton mass diagonalization
UL

!†M lUR
! "M l

diag enables us to transform leptons from the
flavor eigenbasis (+) into the mass eigenbasis (+!) via +L
"UL

!+L! and +R"UR
! +R! . Thus, Eq. %11& can be rewritten as,

in the mass eigenbasis,

+ , j+"" "
-(./)

+-!, j%U-
!†U/

!&+/!

!O%1 &)!, j*!#O%1 &*!, j)! %, j"1,05&,

"
-

+-!, j+-! %, j"01 ,0105&.

%12&

Here, for , j"1,05, the unsuppressed )!-*! mixing bilinears
can be induced by the large O(1) ‘‘23’’ or ‘‘32’’ entries in
the lepton rotation matrices UL

!†UR
! and UR

!†UL
! . We see that

such large flavor-mixings between )! and *! occur only for
,"1,05, implying that for class %a& the )-* operators arise
from exchanging a heavy scalar %pseudoscalar& in the under-
lying theory 'cf. Figs. 2%b& and 2%c&(. For scalar %pseudo-
scalar& type couplings to be flavor universal, there should be
certain flavor symmetry associated with these couplings in
the underlying theory. The quark bilinear Q , jQ can join the
same type of flavor universal interactions, where Q"U, D
with U"(u ,c ,t)T and D"(d ,s ,b)T. But, without fine tuning
the flavor violations in the quark bilinear would be relatively
small based on the experimental knowledge about the CKM
matrix, except that some right-handed mixings may be quite
sizable.
We then proceed to consider class %b& with flavor non-

universal dynamics which is strongly motivated by the ob-
served large mass hierarchies for leptons and quarks. For
instance, the induced lepton bilinear may contain only the
third family tau leptons as happened in the dynamical sym-
metry breaking models '3,31,32( and lepton non-universality
models '33–35(. Generically, we can write down a tau-
lepton bilinear in the flavor eigenbasis, )-

 , j)/ , where -
"/ corresponds to gauge boson Z! exchange and -./ cor-
responds to scalar S0 exchange. The Z! exchange from the
strongly interacting theories such as top-color models '31(
is particularly interesting for studying the effective
dimension-6 operators %3& as the Z! induces strong couplings
for Eq. %3& which naturally fit the counting in Eq. %6&. Be-

FIG. 2. Illustration of typical generations of the effective four-Fermi interactions 'cf. Eq. %3&( in plot %c& from the exchange of %a& a heavy
new gauge boson Z*! , or %b& a heavy new scalar or pseudoscalar S0 in the underlying theories. Here the )!-*! flavor-violation couplings
solely come from the charged lepton mass-diagonalization matrices UL

! and/or UR
! .

DEIRDRE BLACK, TAO HAN, HONG-JIAN HE, AND MARC SHER PHYSICAL REVIEW D 66, 053002 %2002&

053002-4

B± → h±τl results

• No significant excess observed in any channel

• Combined BF from product of 3 Poisson PDFs (three τ channels), with 
expected values ni = BF×εi×S0+bi

• BF upper limits at 90% CL: 1.5-7.4×10-5 (eff=2-9%)

• 5x better model-independent bounds on NP scale in µτ flavor-changing 
operators in [PRD 66, 053002 (2002)] (Λbd>11 TeV, Λbs>15 TeV)
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Search for B0→νν(γ)

• Below experimental sensitivity in SM: B0→νν strongly 
helicity suppressed (m2ν/m2B); B0→ννγ ~10-9 (FCNC)

• Can be enhanced (~10-7-10-6) in some NP models 
(R-parity violating SUSY, large extra dimensions, ...)

• Another “recoil” analysis: reconstruct other B (Btag), either in full hadronic 
(Belle) or semileptonic D(*)lν (BaBar) mode

• semileptonic tag has larger eff, but lower purity (because of undetected ν; 
exploit high-p lepton and 3-body kinematics to improve it)

• veto extra tracks

• use Eextra (energy in calorimeter not from Btag) to discriminate signal (~0) 
from bkg (Eγ not included in Eextra for ννγ)

• Belle: veto additional π0/KL

• Belle/BaBar: additional kinematic cuts to suppress non-B bkgs (qq̅, ττ, ll..)
27

BaBar, preliminary FPCP’12
 Belle, preliminary EPS’11

10�7 < B(B0 � �̄⇥̃0
1) < 10�6

Phillip Urquijo � (Semi)Leptonic Decays at Belle, EPS2011

Leptonic B decays: B→νν
• SM strongly helicity suppressed by factor of order (mν/mB)2

Gregory Dubois-Felsmann – 5 August 2004Leptonic B Decays - BaBar preliminary 3

Leptonic B decays to !+ ", l+ l–, " "

• Leptonic decays of heavy-quark mesons provide a laboratory
– For testing straightfoward SM predictions:

– For searching for non-SM effects in highly suppressed processes. Some new-
physics loop diagrams (e.g., SUSY) can enhance these by orders of magnitude.
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Chapter 1

Signal Event Selection and
Reconstruction

1.1 Introduction

The products of invisible B0 decays are particles neither charged nor

detected by an electromagnetic calorimeter. Therefore the products can be

neutrinos or some hypothetical particles(such as neutralino, !!0
1).

According to the Standard Model, the B0 ! "", which would give such

an invisible experimental signature, is strongly helicity-suppressed by a factor

of order (m!/mB0)2[1].

The branching fraction for B0 ! "" is given by Buchalla and Buras(1993)

B(B0 ! "") =#B0
G2

F

$

"
%

4$ sin2!W

#2

F 2
B0m2

!mB0

"
$

1# 4m2
!/m

2
B0 |V !

tbVtd|2Y 2(xt),

(1.1)

where GF is the Fermi coupling constant and #B0 is the life time of B0.

The Feynman diagrams for the B0 ! "" decay in the Standard Model are

shown in Fig. 1.1.

1

•Any signal is a sign of New physics

•Several New Physics models predict 
significant BRs for invisible decay of B0

•e.g. R-parity violating models:

G. Buchalla, A.J. Buras, Nucl. Phys. 
B 400,225(1993)

NuTeV Collab., T. Adams et al., PRD 65, 015001
A. Dedes, H. Dreiner, and P. Richardson, PRL 87 41801

12

(a)

(b)

(c)

d

b

d

b

d

b

B0

B0

B0

!̄i

!̃!i

"̃0
1

"̃0
1

"̃0
1

d̃L

b̃R

!̄i

!̄i

Figure 1.2: Feynman diagrams for B0 " !̄"̃0
1 decay in the R-parity violation

model.

used for this analysis is b20090127 0910. We use Evt-gen to generate signal

MC events, and we generated 2.624 million BB pair. The signal MC events

are distributed into several groups from Exp.7 to Exp.55 according to the

proportion of these experiments in the data sample and simulated with cor-

responding experiment condition. For the background study, we use all the

o!cial MC(10 streams for GenericB, 6 streams for continuum MC and 50

times of RareB MC), and Tau pair MC with 5 times data set.

3

R-parity violating SUSY

SM

1 Introduction

In the Standard Model, a weak decay such as B0 ! invisible (+ !) can only occur through second-order
diagrams like those shown in Fig. 1.
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Figure 1: The lowest-order Standard Model Feynman graphs for B0 ! invisible (+ !) decays: a) box
diagram, b) and c) weak annihilation diagrams.

All these processes are highly suppressed within the Standard Model. Like all purely leptonic B decays, they
contain a b ! u transition plus an internal quark annihilation, that further suppresses the amplitude with
respect to rare semileptonic decays. In addition, helicity suppression factors proportional to m2

! make the ""̄
channel completely undetectable in the SM scenario. For the ""̄! channel the latter factor is not present, the
Standard Model branching fraction expectations being at the 10!10 level [1]. Given the available statistics,
an observation of such channels at BABAR would imply the existence of physics beyond the Standard Model,
especially in the ""̄ channel where absolutely no SM contamination can be present.

Several physical models predict enhancements of these branching ratios up to values close to experimental
detection: neutrino data-driven models where the LSP has large couplings with b quarks (see Fig. 2) as well
as models with a large number of extra dimensions are explained in [2] and references therein.

Other models where the decay rate is enhanced are those which imply new sources of dark matter that, due
to the nature of their intractions with ordinary matter, can be detected at low-energy only in neutral meson
weak decays: a concrete example of this comes from “mirror matter” models [3, 4].
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Figure 2: Light neutralino production mechanisms in B-meson decays: (a-c) B0
d ! "̄i#̃0

1.

Invisible and invisible + ! B0 decays have been previously searched for in BABAR [2], using about one sixth
of the final statistics collected by the experiment during the data-taking period. Upper limits were set of
2.2 · 10!4 on BR(B0 ! ""̄) and 4.7 · 10!5 on BR(B0 ! ""̄!).
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Results

• No significant excess observed

• difference between UL from: larger efficiency from semileptonic tag; statistical 
fluctuations going in opposite directions
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• Reconstruct one B in hadronic mode, veto extra 
tracks, π0 or KL

•Clean up some EECL~0 Bkg. from non-B with cosθT  

(Angle of Btag thrust axis w.r.t. beam axis) 

•Non-B more likely to “lose” energy in beam pipe. 

• 2-D [EECL,cosθB] un-binned Max.-Likelihood fit 

•non-B shape from off-resonance data

Belle
Preliminary

Results Yield(±stat)
Signal 9±6
Other BB 132+22-23
Rare B ~4
Non-B -23+22-17

New@
EPS

6

photon candidate) is also removed from the Eextra com-230

putation. The Eextra signal region is defined by impos-231

ing an upper bound at 1.2 GeV. In both B0 ! invisible232

and B0 ! invisible+! samples, this variable is strongly233

peaked near zero for signal, whereas for the background234

the distribution increases uniformly in the chosen signal235

region. Background events can, however, populate the236

low Eextra region, when charged or neutral particles from237

the event are either outside the fiducial volume of the238

detector or are unreconstructed due to detector ine!-239

ciencies. Contributions from misreconstructed "0 decays240

usually populate the high Eextra region.241

Using detailed Monte Carlo simulations of B0 ! in-242

visible and B0 ! invisible+! events, we determine our243

signal e!ciency to be (17.8±0.2)"10!4 for B0 ! invis-244

ible and (16.0± 0.2)" 10!4 for B0 ! invisible+!, where245

the errors are statistical.246

We construct probability density functions (PDFs) for
the Eextra distribution for signal (Psig) and background
(Pbkg) using detailed MC simulation for signal and data
from the mD and "m sidebands for background. The
two PDFs are combined into an extended maximum like-
lihood function L, defined as a function of the free pa-
rameters Nsig and Nbkg:

L(Nsig, Nbkg) =
[(1 # zsig)Nsig + (1 # zbkg)Nbkg]

N1

N1!

" e![(1!zsig)Nsig+(1!zbkg)Nbkg]

"
N1
!

i=1

"

Psig(Eextra,i|#psig)
(1 # zsig)Nsig

N1

+ Pbkg(Eextra,i|#pbkg)
(1 # zbkg)Nbkg

N1

#

"
(zsigNsig + zbkgNbkg)

N0

N0!

" e!(zsigNsig+zbkgNbkg), (2)

where Nsig and Nbkg are the number of signal and back-247

ground events, respectively. The photon reconstruction248

has a detection lower energy bound of 30 MeV, and as249

a consequence, the Eextra distribution is not continuous.250

To account for this e#ect, the likelihood in Eq. 2 is com-251

posed of two distinct parts, one for Eextra > 30 MeV and252

one for Eextra = 0 MeV. In the likelihood function, zsig253

and zbkg are the fractions of events with Eextra = 0 MeV254

for signal and background, respectively, and #psig and255

#pbkg are the vectors of parameters describing the sig-256

nal and background PDFs, a kernel-based PDF and a257

2nd order polynomial, respectively. The fixed parame-258

ters N0, N1, and Eextra,i are, respectively, the number259

of events with Eextra = 0 MeV, the number of events260

with Eextra > 30 MeV, and the value of Eextra for the ith261

event.262

The negative log-likelihood is then minimized with re-263

spect to Nsig and Nbkg in the data sample. The resulting264

fitted values for Nsig and Nbkg are given in Table I. Fig-265
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FIG. 2: Results of the maximum likelihood fit of Eextra: B0
!

invisible(left) and B0
! invisible+!(right).

ure 2 shows the Eextra distributions for B0 ! invisible 266

and B0 ! invisible+! with the fit superimposed. 267

TABLE I: Fitted yields of signal and background events in
data. (The uncertainties given here are purely statistical.)

Mode Nsig Nbkg

B0
! invisible "22 ± 9 334 ± 21

B0
! invisible+! "3.1 ± 5.2 113 ± 12

The fitted signal yields are used to determine the decay 268

branching fractions (B), which are defined as: 269

B $
Nsig

$ · NBB̄

, (3)

where $ is the total signal e!ciency, corrected for data- 270

MC discrepancies (described below), and NBB̄ is the 271

number of produced BB pairs. 272

The systematic uncertainty on the signal e!ciency is 273

dominated by data-MC discrepancies in the distribution 274

of the variables used as input to the NN. This results in 275

relative uncertainties of 6.1% and 8.2% for B0 ! invisible 276

and B0 ! invisible+!, respectively. This uncertainty is 277

evaluated using the hypothesis that the data-MC agree- 278

ment could reduce the discriminating power of each input 279

variable. In order to make the signal distributions more 280

background-like, in the signal sample we apply a Gaus- 281

sian smearing to each of the NN input variables, where 282

the smearing parameters are evaluated by comparing the 283

di#erence in the root-mean-square of the signal and back- 284

ground shapes. The NN output selection is then applied 285

to this new sample and the di#erence between the nomi- 286

nal signal e!ciency and this new e!ciency is used as the 287

systematic uncertainty. 288

Another important contribution is due to the estima- 289

tion of the e!ciency on the tag side reconstruction (3.5% 290

7

for both channels). For this purpose, data and MC sam-291

ples in which a B0 and a B0 are both reconstructed as292

decays to D(!)!" in the same event (“double tag” events)293

are used. The square root of the ratio between the num-294

ber of the selected double tag events in data and in MC295

simulation is 0.928 (0.824) for events with B0 ! D(!)!"296

in the tag side; these ratios are used to correct the e!-297

ciency. The propagation of the statistical errors on the298

correction factors is used as a systematic uncertainty on299

the signal e!ciency.300

Other contributions to the systematic uncertainty on301

the signal e!ciency come from the choice of the preselec-302

tion criteria and from the SR definition on mD("m).303

The first e#ect is evaluated by applying a Gaussian304

smearing to the variables involved (cos #!miss, cos #K!1 +305

cos #K!2 and cos #"!1 + cos #"!2). The variation on the306

signal e!ciency is then used as a systematic uncertainty.307

As was done for the NN, this uncertainty is evaluated us-308

ing the hypothesis that the discrimination power of each309

variable is reduced. The second e#ect is evaluated by310

changing each of the bounds of the SR definition by a311

value $ (3 MeV for mD and 1.5 MeV for "m) which is312

half of the mD/"m resolution as evaluated in data. The313

relative maximum variation in e!ciency is then used as314

a systematic uncertainty.315

An additional source of systematic uncertainty is de-316

termined for the B0 ! invisible+% decay in order to317

account for detector ine!ciency in the single photon re-318

construction. This is evaluated by comparing the data319

and MC &0 reconstruction e!ciency in ' ! ((&±&0)"320

decay, where the number of produced &0 is determined321

from the branching fraction of the specific ' decay [12].322

The total systematic uncertainty on the signal selection323

e!ciency is 7.7% for B0 ! invisible decay and 9.3% for324

B0 ! invisible+% decay.325

The systematic uncertainty on the number of signal326

events is dominated by the parametrization of the back-327

ground Eextra distribution. A maximum likelihood fit of328

Eextra with the background parameters varied according329

to their statistical error and correlations is performed.330

For each parameter the di#erence in the fitted signal yield331

with respect to the nominal value is used as a systematic.332

Other contributions to the signal yield systematic uncer-333

tainty come from the signal shape parametrization and334

from the use of data SB for the determination of back-335

ground shape. The first is evaluated as the di#erence336

between the fitted yield with the polynomial shape and337

an alternative exponential shape. The latter, computed338

as the di#erence in the Eextra shape between SR and339

SB, is parametrized with a 1st order polynomial in the340

charge-conservation-violating B+ ! invisible (+%) con-341

trol sample. This parametrization is used to weight the342

background shape, and the di#erence in the fitted yield343

is used as a systematic uncertainty. Another contribu-344

tion for the B0 ! invisible+% decay is due to a small345

bias observed in MC studies of the yield extraction. The346

TABLE II: Summary of the systematic uncertainties.

Source B0
! invisible B0

! invisible+!

Normalization Errors
B-counting 0.6% 0.6%

E!ciency Errors
Tagging E!ciency 3.5% 3.5%
mD ("m) selection 1% 1.3%

Preselection 3% 2.4%
Neural Network 6.1% 8.2%
Single Photon – 1.8%

TOTAL 7.7% 9.5%

Yield Errors (events)
Background Param. 15.8 6.5

Signal Param. 2.0 1.2
Fit technique – 1.0
Eextra shape 0.1 1.8

TOTAL 15.9 6.9

total systematic uncertainties on the signal yield are 16 347

and 7 events for B0 ! invisible and B0 ! invisible+%, 348

respectively. 349

For the systematic contribution due to the uncertainty 350

on the estimation of the total number of BB events in the 351

data sample, the procedure adopted is described in [14] 352

and the resulting uncertainty is 0.6%. The systematic 353

uncertainties are summarized in Table II. 354

A Bayesian approach is used to set 90% confidence level 355

(CL) upper limits on the branching fractions for B0 ! 356

invisible and B0 ! invisible+%. Flat prior probabilities 357

are assumed for positive values of both B’s. Gaussian 358

likelihoods are adopted for signal yields. The Gaussian 359

widths are fixed to the sum in quadrature of the statis- 360

tical and systematic yield errors. We extract a posterior 361

PDF(B) using Bayes’ theorem, including in the calcu- 362

lation the e#ect of systematic uncertainties associated 363

with the e!ciencies and the normalizations, modeled by 364

Gaussian PDFs. Given the observed yields in Table I, 365

the 90% confidence level upper limits are calculated, af- 366

ter the marginalization of the posterior PDF, by: 367

! UL

0
P(B)dB

"
! "

0
P(B)dB = 0.9 (4)

The resulting upper limits on the branching fractions are 368

B(B0 ! invisible) < 2.4 " 10#5

B(B0 ! invisible + %) < 1.7 " 10#5

at 90% CL. In order to cross-check the results of the anal- 369

ysis, we also search for the charge-conservation-violating 370

modes B+ ! invisible and B+ ! invisible+%. We check 371

that their resulting signal is consistent with zero. For 372

Nsig=9±6±3

Nsig=-22±9±16
ε=0.018%

Nsig=-3±5±7
ε=0.016%

B0→ννγB0→νν

B0→νν
preliminary preliminary

B(B0 ! invisible) < 13⇥ 10�5

657M BB̅ 470M BB̅



Conclusions

• CPV and NP searched in several rare and very rare B decays at the B factories

• B→ηh: ηK+ and ηπ+: >3σ evidence of CPV (ηK0: 1st observation)

• B→KKK (K=K±,KS): 

• B+→ϕK+: hint of CPV at 2.8σ (SM:~0-4.7%)

• Neutral B decays: no direct CPV;  βeff~βSM;  90°-βeff excluded at 4.8σ. 

• Dalitz plot studies show no evidence of fX(1500)

• B±→K±π0π0: no CPV in K*π0 (but large uncertainty)

• B±→h±τl: no evidence of NP, improved by x5 previous limits on µ-τ lepton 
flavor violating NP couplings

• B0→invisible: no evidence of NP, upper limits still 1-2 order of magnitudes 
larger than theoretical predictions beyond SM
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Backup
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B → ηh: selection

• γ: E>50 MeV

• π0: invariant mass within 115-152 MeV, then refitted to PDG mass

• η: 501-573 MeV (γγ), 538.5-556.5 MeV (πππ0), then refitted to PDG mass

• tracks (not from KS): |d0|<0.3 cm, |z0|<3cm

• K/π: likelihood RK/π(dE/dx, Cherenkov, TOF) >0.6 / <0.4 (85% eff/12% misid 
for K, 89%/6% for π)

• K0: KS→π+π-, 488-508 MeV, d0(trk)>0.02 cm, flight length>0.22 cm, 
momentum collinear with vector from IP to KS (within 0.03 rad)

• B: Mbc>5.2 GeV, |ΔE|<0.3 GeV

• qq bkg suppression: likelihood R(evt. shape)>0.2, then used in fit
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B → ηh: fit and results

• signal and xfeed (K⟷π): Mbc, R’ = Gaussian, ΔE = CB/double Gaussian
• from MC, peak position and resolution shifted by data-MC differences

• qq bkg: ΔE = 2nd order poly, Mbc = ARGUS, R’ = double Gaussian, floating
• charmless B bkg: Mbc vs ΔE = 2D histo, R’ = Gaussian, from MC
• all yields and asymmetries floating
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branching fraction B, charge asymmetry ACP, and significance of the charge asymmetry #"ACP$ for B ! !h decays. The first
uncertainties are statistical and the second ones are systematic.

Mode % (%) Yield #"Y$ B (10#6) ACP #"ACP$
B% ! !K% 13.2 2:12% 0:23% 0:11 #0:38% 0:11% 0:01 3.8
!""K

% 13.3 201:9!27:1
#26:5 10.2 2:07% 0:27% 0:10 #0:36% 0:13% 0:01 2.9

!3#K
% 4.9 80:2!14:9

#13:9 8.6 2:29!0:43
#0:40 % 0:15 #0:42% 0:18% 0:01 2.4

B% ! !#% 22.4 4:07% 0:26% 0:21 #0:19% 0:06% 0:01 3.0
!""#

% 15.3 480:6!35:1
#36:0 19.0 4:24% 0:32% 0:19 #0:14% 0:08% 0:01 1.8

!3##
% 5.4 138:6!18:5

#17:5 12.2 3:63% 0:49% 0:25 #0:31% 0:13% 0:01 2.5
B0 ! !K0 5.4 1:27!0:33

#0:29 % 0:08

!""K
0 4.2 38:0!12:6

#11:4 4.0 1:18!0:39
#0:35 % 0:06

!3#K
0 1.5 16:2!6:5

#5:4 4.1 1:48!0:59
#0:49 % 0:10
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B → ηh: systematic uncertainties
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Gaussian function. The background PDFs in both Mbc and
!E for charmless B decays are modeled with smoothed
two-dimensional histograms obtained from a large MC
sample, and the R0 PDF is a single Gaussian.

We perform a simultaneous fit to B! ! !K! and B! !
!"! candidate events, since these two decay modes can
feed into each other. In the likelihood fits, Nj and ACPj are
allowed to vary for the continuum and charmless B back-
grounds. Shape parameters of the continuum background
PDFs are also floated. The cross-feed background in !K!

(!"!) and signal in !"! (!K!) share the same fitting
parameters in both ACP and branching fraction. Figure 2
shows the Mbc, !E and R0 projections of the fit to the
B0 ! !K0

S sample. The Mbc and !E projections for the
B" ! !h" and B# ! !h# samples are shown separately
in Fig. 3.

The branching fraction for each mode is calculated by
dividing the efficiency-corrected signal yield by the num-
ber of B "B pairs. The dominant systematic uncertainties on
the branching fraction come from MC modeling of the !,
"0, and K0

S selection efficiency; these uncertainties are
4.0%, 4.0%, and 1.6%, respectively. The systematic uncer-
tainty due to the R$K="% requirement is 0.9% for kaons
and 0.8% for pions. It is estimated from the D&" !
D0""$D0 ! K#""% sample. The systematic uncertainty
due to the charged-track reconstruction efficiency is deter-
mined from a study of theD&! ! D0"!$D0 ! """#K0

S%
decay. Any difference in the efficiency when the R crite-
rion is applied to data or MC calculations is investigated
using the B" ! "D0""$ "D0 ! K""#"0% sample. The fit-
ting systematic uncertainties due to the signal PDF model-
ing are estimated from changes of the fit parameters while
varying the calibration factors by 1 standard deviation. The
systematic uncertainties on ACP arise from detector bias,
uncertainties on the detector bias and PDF modeling. The
possible detector bias due to the tracking acceptance and
R$K="% selection for ACP$B! ! !"!% is evaluated using
the fitted ACP value of the continuum background [26,27].
The detector bias in ACP$B! ! !K!% is evaluated using
the D"

s ! #""$# ! K"K#% and D0 ! K#"" samples
[26,27]. There is a contribution to the ACP systematic
uncertainty from the modeling of the signal PDFs.

Systematic uncertainties for the measured branching frac-
tion and ACP are summarized in Tables I and II,
respectively.
The statistical significance is evaluated as!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
#2 ln$L0=Lmax%

p
, where L0 is the likelihood value

when either the signal yield or ACP is fixed to zero, and
Lmax is the nominal likelihood value. The total signifi-
cance (#) including PDF modeling systematic uncertainty
is calculated after smearing the likelihood distribution with
the appropriate PDF modeling systematic uncertainties. In
Table III we list the fitted signal yields, charge asymme-
tries, reconstruction efficiencies, and branching fractions.
The combined result for the two! decay modes is obtained
from the combined likelihood function.
In summary, using the final Belle data sample containing

772' 106B "B pairs and a three-dimensional fit that max-
imizes the efficiency, we provide new measurements based
on signal yields 2.5 times larger than those reported in our
previous publications [4]. We find evidence for CP asym-
metries in B! ! !K! and B! ! !"!: ACP$B! !
!K!% ( #0:38! 0:11! 0:01 and ACP$B! ! !"!% (
#0:19! 0:06! 0:01. The significance of ACP$!K"%
[ACP$!""%] is 3:8$ [3:0$]. Evidence for ACP$B! !
!"!% is seen for the first time. We also observe the decay
B0 ! !K0 for the first time with a significance of 5:4$ and
a branching fraction B$B0 ! !K0% ( $1:27"0:33

#0:29 !
0:08% ' 10#6. In addition, we report the following new
measurements of the branching fractions: B$B! !
!K!% ( $2:12! 0:23! 0:11% ' 10#6 and B$B! !
!"!% ( $4:07! 0:26! 0:21% ' 10#6. The result shown
in Table III are consistent with Ref. [3] except for
ACP$B! ! !"!%. All our branching fraction and ACP

measurements supersede the results in Ref. [4].

TABLE I. Summary of systematic uncertainties (%) for branching fractions.

Uncertainty !%%K
! !3"K

! !%%"
! !3""

! !%%K
0
S !3"K

0
S

"0, !, and K0
S reconstruction efficiencies 4.0 5.7 4.0 5.7 4.7 5.9

R$K="% requirement 0.9 2.5 0.8 2.4 - 1.6
Tracking 0.4 1.1 0.4 1.1 0.7 1.4
R criterion 0.6 0.6 0.6 0.6 0.6 0.6
PDF modeling 2.4 0.9 0.8 0.3 2.0 0.8
Number of B "B pairs 1.4 1.4 1.4 1.4 1.4 1.4
MC statistics 0.6 0.6 0.6 0.6 0.6 0.6
"0, !, and K0

S decay branching fractions 0.5 1.2 0.5 1.2 0.5 1.2

Total 5.1 6.7 4.5 6.6 5.4 6.6

TABLE II. Summary of ACP systematic uncertainties (10#2).

Uncertainty !%%K
! !3"K

! !%%"
! !3""

!

PDF modeling 0.8 0.8 0.6 0.4
Detector bias 0.4 0.4 0.6 1.3

Total 0.9 0.9 0.8 1.4
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tries, reconstruction efficiencies, and branching fractions.
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from the combined likelihood function.
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S reconstruction efficiencies 4.0 5.7 4.0 5.7 4.7 5.9
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S decay branching fractions 0.5 1.2 0.5 1.2 0.5 1.2
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different PDFs for B+/B-

ACP in control samples: qq bkg, D0→Kπ, Ds→Φ(K+K-)π

1. various control samples
2. D*+→D0π+, D0→Kπ
3. D*+→D0π+, D0→KSπ+π-

4. B-→D0π-, D0→Kππ0

5. vary calibrations and get new 
PDFs
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2
3
4
5
6
7
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B→KKK intermediate resonances

• f0(980) = 0+(0++)
• m=980±10 MeV, Γ=40-100 MeV
• KK̅ seen by several experiments (ππ/ππ+KK ~75-80%)

• f0(1500) = 0+(0++)
• m=1505±6 MeV, Γ=109±7 MeV
• BF(KK̅) = (8.6±1.0)% (PDG constrained fit) Γ(KK)/Γ(ππ)=0.25±0.03 (Obelix), 0.19±0.07 

(Crystal Barrel) at LEAR (p̅+p)
• f2′(1525) = 0+(2++)

• m=1525±5 MeV, Γ=202±60 MeV
• BF(KK̅) = (88.7±2.2)% 

• f0(1710) = 0+(0++)
• m=1720±6 MeV, Γ=73+6-5 MeV
• KK̅ seen by multiparticle spectrometer at BNL (πp→KSKSn) 

• f2(2010) = 0+(2++)
• m=2011+60-80 MeV, Γ=202±60 MeV
• KK̅ seen by spectrometer at ITEP (πp→KSKSn)
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The controversial fX(1500)

• Assumed to be a broad scalar (but vector hypothesis not ruled out) - not 
confirmed outside B factories

• [4] = PRD 74, 032003 (2006)  [BaBar]

• [5] = PRD 71, 092003 (2005)  [Belle]
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The CP eigenvalue of the K

0
s

K

0
s

K

0
s

system is the same as the CP eigenvalue of a single K

0
s

:

CP(K0
sK

0
sK

0
s ) = CP(K0

sK
0
s )× CP(K0

s )× (−1)L�
(1.4)

= CP(K0
s ) = +1 . (1.5)

For more details and other B0 → P0P0X0 decays see [3].

1.1.3 The controversial fX(1500) resonance

Other charmless 3-body B decays with two kaons in the final state, including the BABAR [4]
and BELLE [5] analyses of B+ → K+K−K+ and the BABAR analysis of B0 → K+K−K0

s [6],
have observed the contribution of a resonance fX(1500) that they assumed to be scalar. The
nature of this resonance in unclear and controversial. Tab. 1.1 gives its measured mass and
width, Fiq. 1.4 shows the corresponding spectra of the mKK invariant mass. The fX(1500) is

Mass[ GeV/c

2 ] Width[ GeV/c

2 ] Measurement
1539 ± 20 257 ± 33 [4]
1369 ± 26 220 ± 63 [5]

Table 1.1: fX(1500) mass and width measurements by BABAR and BELLE.[6] used the same
values as [4].

Figure 1.4: Projections of the mKK invariant mass from the B± → K±K+K− BABAR analy-
sis [4] on the left and the Belle analysis [5] on the right. Due to interference the
fitted values of the masses do not necessarily coincide with the peaks in the mass
spectra.

assumed to be dominated by it’s quarkonium content, i.e. |fX(1500)� = cosθ|̄ss�+ sinθ|n̄n�,
where θ is the mixing angle and n̄n = ūu+d̄d√

2
. There are two main theoretical scenarios [7]

concerning the nature of the fX(1500) that give different predictions for direct CPV. In a first
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The B→KSKSKS amplitude

36

where we distinguish the three K0
s by their momenta. To describe intermediate resonances,

we project on the flavor states:

K0
s (p1)K

0
s (p2)K

0
s (p3) =

1√
2
[K0(p1) + K0(p1)]

1√
2
[K0(p2) + K0(p2)]

1√
2
[K0(p3) + K0(p3)]

(1.31)
and develop the equation. We get

A[B0 → K0
s (p1)K

0
s (p2)K

0
s (p3)] ∝ �K0(p1)K

0(p2)K
0(p3)|HEff |B0� (1.32)

+ �K0(p1)K
0(p2)K

0(p3)|HEff |B0�
+ �K0(p1)K

0(p2)K
0(p3)|HEff |B0� (1.33)

+ �K0(p1)K
0(p2)K

0(p3)|HEff |B0�
+ �K0(p1)K

0(p2)K
0(p3)|HEff |B0� (1.34)

+ �K0(p1)K
0(p2)K

0(p3)|HEff |B0�
+ �K0(p1)K

0(p2)K
0(p3)|HEff |B0� (1.35)

+ �K0(p1)K
0(p2)K

0(p3)|HEff |B0�.

Due to strangeness conservation, all terms that do not contain exactly two K0 and one K0

vanish when they are contracted, and this yields the expression:

A[B0 → K0
s (p1)K

0
s (p2)K

0
s (p3)] = (

1

2
)3/2{�K0(p1)K

0(p2)K
0(p3)|HEff |B0� (1.36)

+ �K0(p1)K
0(p2)K

0(p3)|HEff |B0�
+ �K0(p1)K

0(p2)K
0(p3)|HEff |B0�}.

We identify three paths from the initial state to the final state:

A1[B
0 → K0(p1)K

0(p2)K
0(p3)] = �K0(p1)K

0(p2)K
0(p3)|HEff |B0� (1.37)

A2[B
0 → K0(p2)K

0(p3)K
0(p1)] = �K0(p1)K

0(p2)K
0(p3)|HEff |B0� (1.38)

A3[B
0 → K0(p3)K

0(p1)K
0(p2)] = �K0(p1)K

0(p2)K
0(p3)|HEff |B0�, (1.39)

where the index n in A
n

stands for the momentum that comes from the K0 .
The coherent sum in Eq. 1.36 corresponds to formula (2.24) in [1]:

A[B0 → K0
s (p1)K

0
s (p2)K

0
s (p3)] =

1

2

3/2

{A1[B
0 → K0(p1)K

0(p2)K
0(p3)] (1.40)

+ A2[B
0 → K0(p2)K

0(p3)K
0(p1)]

+ A3[B
0 → K0(p3)K

0(p1)K
0(p2)]}.

We show a simple example to illustrate how this amplitude translates into the isobar model.
In the case when there is only the f0 resonance, we can write isobar amplitudes with {K0

, K0}
resonances only:

A1 = cf
0

· Ff
0

(p1, p2) + cf
0

· Ff
0

(p1, p3) (1.41)
A2 = cf

0

· Ff
0

(p2, p3) + cf
0

· Ff
0

(p1, p2) (1.42)
A3 = cf

0

· Ff
0

(p1, p3) + cf
0

· Ff
0

(p2, p3) (1.43)
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All this is implicitly done by the use of: 

6 expected terms in symmetrized KSKSKS amplitude    

mins

maxs

Unique coordinate per event 



B→KSKSKS square Dalitz plot

37

!smin; smax" ! !hmin; hmax": (17)

The !hmin; hmax" plane is referred to as the square Dalitz
plot (SDP), where both hmin and hmax range between 0 and
1 due to the convention adopted for the helicity angles (see
Fig. 1). Explicitly, the transformation is

hmin #
smin!smax $ smed"!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
s2min $ 4m2

K0
S
smin

q

% 1
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!m2

B0 $m2
K0

S
$ smin"2 $ 4m2

K0
S
smin

q ; (18)

hmax #
smax!smed $ smin"!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
s2max $ 4m2

K0
S
smax

q

% 1
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!m2

B0 $m2
K0

S
$ smax"2 $ 4m2

K0
S
smax

q ; (19)

where the numerators may easily be expressed in terms of
smin and smax using Eq. (4). The differential surface ele-
ments of the DP and the SDP are related by

dsmindsmax # j detJjdhmindhmax; (20)

where J # J!hmin; hmax" is the appropriate Jacobian ma-
trix. The backward transformations smin!hmin; hmax" and
smax!hmin; hmax", and therefore the Jacobian j detJj, cannot
be found analytically; they are obtained numerically. The
variables hmin and hmax as a function of the invariant
masses are shown in Fig. 1 together with the Jacobian.

C. Event selection and backgrounds

We reconstruct B0 ! K0
SK

0
SK

0
S candidates from three

K0
S ! !&!$ candidates that form a good quality vertex;

i.e., the fit of the B0 vertex is required to converge and the

"2 probability of each K0
S vertex fit has to be greater than

10$6. Each K0
S candidate must have !&!$ invariant mass

within 12:1 MeV=c2 of the nominal K0 mass [17], and
decay length with respect to the B vertex between 0.22 and
45 cm. The last criterion ensures that the decay vertices of
the B0 and the K0

S are well separated. In addition, combi-
natorial background is suppressed by selecting events for
which the angle between the momentum vector of each K0

S

candidate and the vector connecting the beamspot and the
K0

S vertex is smaller than 0.0185 radians. We ensure a good
B vertex fit quality by requiring that the charged pions of at
least one of the K0

S candidates have hits in the two inner
layers of the vertex tracker.
A B meson candidate is characterized kinemati-

cally by the energy-substituted mass mES '
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
!s=2& ~pi ( ~pB"2=E2

i $ p2
B

q
and the energy difference

!E ' E)
B $ 1

2

!!!
s

p
, where !EB; ~pB" and !Ei; ~pi" are the

four-vectors in the laboratory frame of the B-candidate
and the initial electron-positron system, respectively, and
pB is the magnitude of ~pB. The asterisk denotes the "!4S"
frame, and s is the square of the invariant mass of the
electron-positron system. We require 5:27<mES <
5:29 GeV=c2 and j!Ej< 0:1 GeV. Following the calcu-
lation of these kinematic variables, each of the B candi-
dates is refitted with its mass constrained to the world
average value of the Bmeson mass [17] in order to improve
the DP position resolution, and ensure that Eq. (4) holds.
The sideband used for background studies is in the range
5:20<mES < 5:27 GeV=c2 and j!Ej< 0:1 GeV.
Backgrounds arise primarily from random combinations

in continuum e&e$ ! q #q events (q # d, u, s, c). To
enhance discrimination between signal and continuum
background, we use a neural network (NN) [19] to com-
bine four discriminating variables: the angles with respect
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FIG. 1 (color online). Lines of constant helicity angle in the Dalitz plot of smin versus smax (left), and the magnitude of the Jacobian
(gray scale on the right) mapping !smin; smax" to !hmin; hmax". For the latter see Eq. (20).
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!smin; smax" ! !hmin; hmax": (17)

The !hmin; hmax" plane is referred to as the square Dalitz
plot (SDP), where both hmin and hmax range between 0 and
1 due to the convention adopted for the helicity angles (see
Fig. 1). Explicitly, the transformation is
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where the numerators may easily be expressed in terms of
smin and smax using Eq. (4). The differential surface ele-
ments of the DP and the SDP are related by

dsmindsmax # j detJjdhmindhmax; (20)

where J # J!hmin; hmax" is the appropriate Jacobian ma-
trix. The backward transformations smin!hmin; hmax" and
smax!hmin; hmax", and therefore the Jacobian j detJj, cannot
be found analytically; they are obtained numerically. The
variables hmin and hmax as a function of the invariant
masses are shown in Fig. 1 together with the Jacobian.

C. Event selection and backgrounds

We reconstruct B0 ! K0
SK

0
SK

0
S candidates from three

K0
S ! !&!$ candidates that form a good quality vertex;

i.e., the fit of the B0 vertex is required to converge and the

"2 probability of each K0
S vertex fit has to be greater than

10$6. Each K0
S candidate must have !&!$ invariant mass

within 12:1 MeV=c2 of the nominal K0 mass [17], and
decay length with respect to the B vertex between 0.22 and
45 cm. The last criterion ensures that the decay vertices of
the B0 and the K0

S are well separated. In addition, combi-
natorial background is suppressed by selecting events for
which the angle between the momentum vector of each K0

S

candidate and the vector connecting the beamspot and the
K0

S vertex is smaller than 0.0185 radians. We ensure a good
B vertex fit quality by requiring that the charged pions of at
least one of the K0

S candidates have hits in the two inner
layers of the vertex tracker.
A B meson candidate is characterized kinemati-

cally by the energy-substituted mass mES '
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!s=2& ~pi ( ~pB"2=E2

i $ p2
B

q
and the energy difference

!E ' E)
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s

p
, where !EB; ~pB" and !Ei; ~pi" are the

four-vectors in the laboratory frame of the B-candidate
and the initial electron-positron system, respectively, and
pB is the magnitude of ~pB. The asterisk denotes the "!4S"
frame, and s is the square of the invariant mass of the
electron-positron system. We require 5:27<mES <
5:29 GeV=c2 and j!Ej< 0:1 GeV. Following the calcu-
lation of these kinematic variables, each of the B candi-
dates is refitted with its mass constrained to the world
average value of the Bmeson mass [17] in order to improve
the DP position resolution, and ensure that Eq. (4) holds.
The sideband used for background studies is in the range
5:20<mES < 5:27 GeV=c2 and j!Ej< 0:1 GeV.
Backgrounds arise primarily from random combinations

in continuum e&e$ ! q #q events (q # d, u, s, c). To
enhance discrimination between signal and continuum
background, we use a neural network (NN) [19] to com-
bine four discriminating variables: the angles with respect
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FIG. 1 (color online). Lines of constant helicity angle in the Dalitz plot of smin versus smax (left), and the magnitude of the Jacobian
(gray scale on the right) mapping !smin; smax" to !hmin; hmax". For the latter see Eq. (20).
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FIG. 1 (color online). Lines of constant helicity angle in the Dalitz plot of smin versus smax (left), and the magnitude of the Jacobian
(gray scale on the right) mapping !smin; smax" to !hmin; hmax". For the latter see Eq. (20).
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B→KSKSKS selection and ML fit

• KS: vertex P(χ2)>1e-6, inv. mass within 12.1 MeV from PDG mass, decay 
length>0.22 cm, angle between line-of-flight and momentum<0.0185 rad, at 
least one KS has pions with hits in two inner layers of SVT (=>good B vtx)

• B: 5.27<mES<5.29 GeV (5.2-5.27 for bkg studies), |ΔE|<0.1 GeV
• NN(evt shape) trained on off-res data, on-peak sidebands, simulated signal
• bkg: 1.4% of signal events misreconstructed (=>syst), B bkg very small and 

similar to continuum in non time-dependent analysis (non-peaking)
• sig PDFs: mES, ΔE = CB with mean floating; NN = histogram from MC
• qq bkg PDFs: mES = ARGUS, ΔE = 1st order poly, NN = 3rd order poly, 

parameters from sidebands
• BB bkg PDFs (CPV fit only): histograms from MC
• bkg DP PDF: histo, from mES sideband
• sig Δt PDF: tagging Q and dilution from ccK(*), resolution from signal MC
• qq Δt PDF: zero-lifetime component convolved with 3-gaussian resolution
• BB Δt PDF: like signal but S=C=0 38



B→KSKSKS time-dependent fit results and syst.

39

discriminating variables’’ in Table VIII. The ‘‘fit bias’’
uncertainty is evaluated using fits to fully reconstructed
MC samples. It accounts for effects from wrongly recon-
structed events and correlations between fit variables. The
‘‘vetoes’’ uncertainty is related to the veto on the invariant
mass. It is evaluated using events that pass the veto in
pseudoexperiments studies. Finally, the ‘‘miscellaneous’’
uncertainty includes contributions from doubly Cabibbo-
suppressed decays, silicon vertex tracker alignment, and
the uncertainties in the boost of the !!4S". These
contributions are taken from the BABAR B ! c "cK!#"

analysis [27].

V. SUMMARY

We have performed the first amplitude analysis of B0 !
K0

SK
0
SK

0
S events and measured the total inclusive branching

fraction to be !6:19$ 0:48$ 0:15$ 0:12" % 10&6, where
the first uncertainty is statistical, the second is systematic,
and the third represents the signal DP-model dependence.
We have identified the dominant contributions to the DP to

be from f0!980", f0!1710", f2!2010", and a nonresonant
component, and measured the individual fit fractions and
phases of each component. We do not observe any signifi-
cant contribution from the so-called fX!1500" resonance
seen in, for example, B' ! K'K&K' [6]. The peak in the
invariant mass between 1.5 and 1:6 GeV=c2 can be de-
scribed by the interference between the f0!1710" reso-
nance and the nonresonant component. We see some
hints from the f02!1525" and f0!1500" resonances that
could also contribute to this structure, but due to limited
sample size we cannot make a significant statement. Future
investigations of the KK system could shed more light on
the situation. Furthermore we have performed an update of
the phase-space-integrated time-dependent analysis of the
same decay mode, using B0 ! 3K0

S!!'!&" and B0 !
2K0

S!!'!&"K0
S!!0!0" decays, with the final BABAR data

set. We measure the CP-violation parameters to be S (
&0:94'0:24

&0:21 $ 0:06 and C ( &0:17$ 0:18$ 0:04, where
the first quoted uncertainty is statistical and the second is
systematic. These measured values are consistent with and
supersede those reported in Ref. [3]. They are compatible
within two standard deviations with those measured in
tree-dominated modes such as B0 ! J=cK0

S, as expected
in the SM. For the first time, we report evidence of CP
violation in B0 ! K0

SK
0
SK

0
S decays; CP conservation is

excluded at 3.8 standard deviations including systematic
uncertainties.
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FIG. 10 (color online). One-dimensional statistical scan of &2# lnL as a function of S (left) and the two-dimensional scan,
including systematic uncertainty, as a function of S and C (right). In the left-hand plot, red points marked with % correspond to the
B0 ! 3K0

S!!'!&" submode, blue points marked with ) to the B0 ! 2K0
S!!'!&"K0

S!!0!0" submode, and black points marked with #
to the combined fit. In the right-hand plot, the gray scale is given in units of
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. The result of the BABAR analyses of

B0 ! c "cK!#" decays [27] is indicated as a white ellipse and the physical boundary (S2 ' C2 * 1) is marked as a gray line. The scan
appears to be trimmed on the lower left since the PDF becomes negative outside the physical region (i.e., the white region does not
indicate that the scan flattens out at 5").

TABLE VIII. Summary of systematic uncertainties on the S
and C parameters.

Source S C

MCstat 0.002 0.001
Breco 0.004 0.003
B background 0.032 0.012
MC data: #t 0.045 0.027
MC data: discriminating variables 0.021 0.004
Fit bias 0.022 0.018
Vetoes 0.006 0.004
Miscellaneous 0.004 0.015

Sum 0.064 0.038
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where the uncertainties are statistical only. The correlation
between S and C is !0:16. We use the fit result to create

sP lots of the signal distributions of !t, the time-
dependent asymmetry, and the discriminating variables.
Figure 7 shows the !t sP lots for the combined fit result
and for the individual submodes. Figure 8 shows the signal
distributions and Fig. 9 the continuum background distri-
butions of the discriminating variables. The distributions
shown in these three figures illustrate the good agreement
between the data and the fit model.
We scan the statistical-only likelihood of the S parame-

ter for both submodes and for the combined fit. The result,

on the left-hand side of Fig. 10, shows a sizable difference

between the S values for the two submodes; the level of

TABLE VII. Event yields for the different event species, re-
sulting from the maximum-likelihood fit for the time-dependent
analysis. ‘‘B"B! (B0 "B0) background’’ represents background
from charged (neutral) B decays. Quoted uncertainties are sta-
tistical only.

Species 3K0
S#!"!!$ 2K0

S#!"!!$K0
S#!0!0$

Signal 201"16
!15 62"13

!12

Continuum 3086"56
!54 7086"85

!83

B"B! background !54"29
!24 45"34

!30

B0 "B0 background 9"31
!30 4"38

!29
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FIG. 7 (color online). Signal sP lots (points with error bars) and PDFs (histograms) of!t (left) and the derived asymmetry (right) for
the B0 ! 3K0

S#!"!!$ submode (top), the B0 ! 2K0
S#!"!!$K0

S#!0!0$ submode (middle), and the combined fit (bottom). In the !t
distributions on the left-hand side, points marked with% and solid lines correspond to decays where Btag is a B

0 meson; points marked

with & and dashed lines correspond to decays where Btag is a "B0 meson. Points of the asymmetry sP lots that are outside the range of a
figure are marked by arrows.
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S and C in the two B subchannels consistent to ~2.5σ

Breco: uncertainty on tag-side quantities, from ccK(*) measurement
B bkg: BF and ACP of B decays in BB MC (vary BF within uncertainties, randomize ACP up to 50%) 
MC-data Δt resolution: J/ψ KS control sample (with/without using J/ψ vertex)
Fit bias: MC pseudoexperiments (“toys”)



B→KKK NR component
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• XL are Blatt-Weisskopf angular momentum barrier
factors [13]:

L = 0 : XL(z) = 1 , (14)

L = 1 : XL(z) =

!

1 + z20
1 + z2

, (15)

L = 2 : XL(z) =

!

9 + 3z20 + z40
9 + 3z2 + z4

, (16)

where z equals |!q | r or |!p !| r!, and z0 is the value of
z when the invariant mass of the pair of daughter
particles equals the mass of the parent resonance.
r and r! are e!ective meson radii. We take r! as
zero, while r is taken to be 4 ± 2.5 (GeV/c)"1 for
each resonance.

• Tj(L, !p, !q) are the Zemach tensors [14], which de-
scribe the angular distributions:

L = 0 : Tj = 1 , (17)

L = 1 : Tj = 4!p · !q , (18)

L = 2 : Tj =
16

3

"

3(!p · !q )2 ! (|!p ||!q |)2
#

. (19)

The helicity angle of a resonance is defined as the an-
gle between !p and !q, measured in the rest frame of the
resonance. For a K1K2 resonance, the helicity angle will
be called "3, and is the angle between K3 and K1. In
B0 " K+K"K0

S
, because !q is defined as the K+ mo-

mentum for both B0 and B0 decays, there is a sign flip
between B0 and B0 amplitudes for odd-L K+K" reso-
nances:

F j(s12, s23) = Fj(s12, s13) = (!1)LFj(s12, s23). (20)

In contrast, for B+ " K+K"K+ and B+ " K0
SK

0
SK

+,
F j(s12, s23) always equals Fj(s12, s23).
For most resonances in this analysis the Rj are taken

to be relativistic Breit-Wigner (RBW) [15] lineshapes:

Rj(m) =
1

(m2
0 !m2)! im0"(m)

, (21)

where m0 is the nominal mass of the resonance and "(m)
is the mass-dependent width. In the general case of a
spin-L resonance, the latter can be expressed as

"(m) = "0

$

|!q|
|!q0|

%2L+1
&m0

m

'

X2
L(|!q|r) . (22)

The symbol "0 denotes the nominal width of the reso-
nance. The values of m0 and "0 are listed in Table I.
The symbol |!q0| denotes the value of |!q| when m = m0.
For the f0(980) lineshape the Flatté form [16] is used.

In this case

Rj(m) =
1

(m2
0 !m2)! i(g"#""(m) + gK#KK(m))

,

(23)

where

#""(m) =
(

1! 4m2
"±/m2 , (24)

#KK(m) =
(

1! 4m2
K/m2 . (25)

Here, mK is the average of the K± and K0
S masses, and

g" and gK are coupling constants for which the values
are given in Table I.
In this paper, we test several di!erent models to ac-

count for NR B " KKK decays. BABAR’s previous
analysis [8] of B+ " K+K"K+ modeled the NR decays
with an exponential model given by

FNR(s12, s23) = e#s12 + e#s23 , (26)

where the symmetrization is explicit. $ is a parameter
to be determined empirically. This model consists purely
of K+K" S-wave decays.
The most recently published B0 " K+K"K0

S
analyses

by Belle [10] and BABAR [11] both used what we will call
an extended exponential model. This model adds K+K0

S

and K"K0
S
exponential terms:

ANR(s12, s23) = a12e
#s12 + a13e

#s13 + a23e
#s23 ,

ANR(s12, s23) = a12e
#s12 + a13e

#s23 + a23e
#s13 . (27)

We also test a polynomial model, consisting of explicit
S-wave and P-wave terms, each of which has a quadratic
dependence on m12:

ANR(s12, s23) =
)

aS0 + aS1x+ aS2x
2
*

+
)

aP0 + aP1x+ aP2x
2
*

P1(cos "3) , (28)

where x # m12 !%, and % is an o!set that we define as

% #
1

2

$

mB +
1

3
(mK1 +mK2 +mK3)

%

, (29)

and P1 is the first Legendre polynomial. In this paper,
we normalize the P$ such that

+ 1

"1
P$(x)Pk(x)dx = &$k . (30)

Note that in the B+ " K+K"K+ channel, we sym-
metrize all terms in Eq. (28):

ANR,total = ANR(s12, s23) +ANR(s23, s12) . (31)

This results in S-wave and P-wave terms for both the
(K1K2) and (K2K3) pairs. In the B+ " K0

S
K0

S
K+

channel, the P-wave term is forbidden by Bose-Einstein
symmetry.
In Sec. VI, we present studies that allow us to deter-

mine the nominal DP model. The components of the
nominal model are summarized in Table I. Other com-
ponents, taken into account only to estimate the system-
atic uncertainties due to the DP model, are discussed in
Sec. VIII.
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to be relativistic Breit-Wigner (RBW) [15] lineshapes:

Rj(m) =
1

(m2
0 !m2)! im0"(m)

, (21)

where m0 is the nominal mass of the resonance and "(m)
is the mass-dependent width. In the general case of a
spin-L resonance, the latter can be expressed as

"(m) = "0

$

|!q|
|!q0|

%2L+1
&m0

m

'

X2
L(|!q|r) . (22)

The symbol "0 denotes the nominal width of the reso-
nance. The values of m0 and "0 are listed in Table I.
The symbol |!q0| denotes the value of |!q| when m = m0.
For the f0(980) lineshape the Flatté form [16] is used.

In this case

Rj(m) =
1

(m2
0 !m2)! i(g"#""(m) + gK#KK(m))

,

(23)

where

#""(m) =
(

1! 4m2
"±/m2 , (24)

#KK(m) =
(

1! 4m2
K/m2 . (25)

Here, mK is the average of the K± and K0
S masses, and

g" and gK are coupling constants for which the values
are given in Table I.
In this paper, we test several di!erent models to ac-

count for NR B " KKK decays. BABAR’s previous
analysis [8] of B+ " K+K"K+ modeled the NR decays
with an exponential model given by

FNR(s12, s23) = e#s12 + e#s23 , (26)

where the symmetrization is explicit. $ is a parameter
to be determined empirically. This model consists purely
of K+K" S-wave decays.
The most recently published B0 " K+K"K0

S
analyses

by Belle [10] and BABAR [11] both used what we will call
an extended exponential model. This model adds K+K0

S

and K"K0
S
exponential terms:

ANR(s12, s23) = a12e
#s12 + a13e

#s13 + a23e
#s23 ,

ANR(s12, s23) = a12e
#s12 + a13e

#s23 + a23e
#s13 . (27)

We also test a polynomial model, consisting of explicit
S-wave and P-wave terms, each of which has a quadratic
dependence on m12:

ANR(s12, s23) =
)

aS0 + aS1x+ aS2x
2
*

+
)

aP0 + aP1x+ aP2x
2
*

P1(cos "3) , (28)

where x # m12 !%, and % is an o!set that we define as

% #
1

2

$

mB +
1

3
(mK1 +mK2 +mK3)

%

, (29)

and P1 is the first Legendre polynomial. In this paper,
we normalize the P$ such that

+ 1

"1
P$(x)Pk(x)dx = &$k . (30)

Note that in the B+ " K+K"K+ channel, we sym-
metrize all terms in Eq. (28):

ANR,total = ANR(s12, s23) +ANR(s23, s12) . (31)

This results in S-wave and P-wave terms for both the
(K1K2) and (K2K3) pairs. In the B+ " K0

S
K0

S
K+

channel, the P-wave term is forbidden by Bose-Einstein
symmetry.
In Sec. VI, we present studies that allow us to deter-

mine the nominal DP model. The components of the
nominal model are summarized in Table I. Other com-
ponents, taken into account only to estimate the system-
atic uncertainties due to the DP model, are discussed in
Sec. VIII.
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FIG. 1: Dalitz plots for B+ ! K+K!K+ (top), B+ !
K0

SK
0
SK

+ (middle), and B0 ! K+K!K0
S (bottom). Points

correspond to candidates in data that pass the full event se-
lection, with an additional requirement that the NN output
be 7 or less, in order to enhance the signal.

bution, we calculate angular moments, defined as

!P!(cos !3)" #
! 1

!1
d!P!(cos !3)d cos !3, (43)

where !3 is the helicity angle between K3 and K1, mea-
sured in the rest frame of K1K2, P! is the "-th Legendre
polynomial, and the di"erential decay rate d! is given in
Eq. (2). Note that the angular moments are functions
of m12 but we suppress this dependence in our notation.
Angular moments plotted as a function of m12 are an ex-
cellent tool for visualizing the agreement between the fit
model and data, as they provide more information than
ordinary DP projections, in particular spin information.
If we assume that no K1K2 partial-waves of a higher

order than D-wave contribute, and we temporarily ignore
the e"ects of symmetrization, then we can express the
overall decay amplitude as a sum of S-wave, P-wave, and
D-wave terms:

A(m12, cos !3) = ASP0(cos !3) +AP e
i"P P1(cos !3)

+ADei"DP2(cos !3), (44)

where Ak and #k are real-valued functions of m12, and
we have factored out the S-wave phase. We can then
calculate the angular moments:

!P0" =
A2

S +A2
P +A2

D$
2

,

!P1" =
$
2ASAP cos#P +

2
$
10

5
APAD cos (#P % #D) ,

!P2" =

"

2

5
A2

P +

$
10

7
A2

D +
$
2ASAD cos#D ,

!P3" =
3

5

"

30

7
APAD cos (#P % #D) ,

!P4" =

$
18

7
A2

D. (45)

The symmetrization of the B+ & K+K!K+ amplitude
spoils the validity of Eq. (45). Nevertheless, the angular
moments can be calculated both for signal-weighted data
and for the fit model, providing a useful tool for checking
how well the isobar model describes the data. In Fig. 2,
we show angular moments for data compared to the fit
model, in the region of the DP above the #(1020). The
data is signal-weighted using the sPlot [26] technique.
The fit model histograms are made by simulating large
numbers of events based on the fit results. In Fig. 3, we
show the angular moments in the #(1020) region.
The angular moments, in particular !P2", show that

Model A does not describe the data well in the fX(1500)
region. If we replace the fX(1500) with the f0(1500)
and the f "

2(1525), there is an improvement in 2 lnL of 17
units. As we will discuss shortly, this replacement is also
motivated by a peak in !P2" seen in B+ & K0

SK
0
SK

+.
We also vary the NR model. The exponential NR

model is not very flexible; it assumes no phase motion
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!P!(cos !3)" #
! 1
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d!P!(cos !3)d cos !3, (43)

where !3 is the helicity angle between K3 and K1, mea-
sured in the rest frame of K1K2, P! is the "-th Legendre
polynomial, and the di"erential decay rate d! is given in
Eq. (2). Note that the angular moments are functions
of m12 but we suppress this dependence in our notation.
Angular moments plotted as a function of m12 are an ex-
cellent tool for visualizing the agreement between the fit
model and data, as they provide more information than
ordinary DP projections, in particular spin information.
If we assume that no K1K2 partial-waves of a higher

order than D-wave contribute, and we temporarily ignore
the e"ects of symmetrization, then we can express the
overall decay amplitude as a sum of S-wave, P-wave, and
D-wave terms:

A(m12, cos !3) = ASP0(cos !3) +AP e
i"P P1(cos !3)

+ADei"DP2(cos !3), (44)

where Ak and #k are real-valued functions of m12, and
we have factored out the S-wave phase. We can then
calculate the angular moments:
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The symmetrization of the B+ & K+K!K+ amplitude
spoils the validity of Eq. (45). Nevertheless, the angular
moments can be calculated both for signal-weighted data
and for the fit model, providing a useful tool for checking
how well the isobar model describes the data. In Fig. 2,
we show angular moments for data compared to the fit
model, in the region of the DP above the #(1020). The
data is signal-weighted using the sPlot [26] technique.
The fit model histograms are made by simulating large
numbers of events based on the fit results. In Fig. 3, we
show the angular moments in the #(1020) region.
The angular moments, in particular !P2", show that

Model A does not describe the data well in the fX(1500)
region. If we replace the fX(1500) with the f0(1500)
and the f "

2(1525), there is an improvement in 2 lnL of 17
units. As we will discuss shortly, this replacement is also
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be 7 or less, in order to enhance the signal.

bution, we calculate angular moments, defined as

!P!(cos !3)" #
! 1

!1
d!P!(cos !3)d cos !3, (43)

where !3 is the helicity angle between K3 and K1, mea-
sured in the rest frame of K1K2, P! is the "-th Legendre
polynomial, and the di"erential decay rate d! is given in
Eq. (2). Note that the angular moments are functions
of m12 but we suppress this dependence in our notation.
Angular moments plotted as a function of m12 are an ex-
cellent tool for visualizing the agreement between the fit
model and data, as they provide more information than
ordinary DP projections, in particular spin information.
If we assume that no K1K2 partial-waves of a higher

order than D-wave contribute, and we temporarily ignore
the e"ects of symmetrization, then we can express the
overall decay amplitude as a sum of S-wave, P-wave, and
D-wave terms:

A(m12, cos !3) = ASP0(cos !3) +AP e
i"P P1(cos !3)

+ADei"DP2(cos !3), (44)

where Ak and #k are real-valued functions of m12, and
we have factored out the S-wave phase. We can then
calculate the angular moments:
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The symmetrization of the B+ & K+K!K+ amplitude
spoils the validity of Eq. (45). Nevertheless, the angular
moments can be calculated both for signal-weighted data
and for the fit model, providing a useful tool for checking
how well the isobar model describes the data. In Fig. 2,
we show angular moments for data compared to the fit
model, in the region of the DP above the #(1020). The
data is signal-weighted using the sPlot [26] technique.
The fit model histograms are made by simulating large
numbers of events based on the fit results. In Fig. 3, we
show the angular moments in the #(1020) region.
The angular moments, in particular !P2", show that

Model A does not describe the data well in the fX(1500)
region. If we replace the fX(1500) with the f0(1500)
and the f "

2(1525), there is an improvement in 2 lnL of 17
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bution, we calculate angular moments, defined as
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d!P!(cos !3)d cos !3, (43)

where !3 is the helicity angle between K3 and K1, mea-
sured in the rest frame of K1K2, P! is the "-th Legendre
polynomial, and the di"erential decay rate d! is given in
Eq. (2). Note that the angular moments are functions
of m12 but we suppress this dependence in our notation.
Angular moments plotted as a function of m12 are an ex-
cellent tool for visualizing the agreement between the fit
model and data, as they provide more information than
ordinary DP projections, in particular spin information.
If we assume that no K1K2 partial-waves of a higher

order than D-wave contribute, and we temporarily ignore
the e"ects of symmetrization, then we can express the
overall decay amplitude as a sum of S-wave, P-wave, and
D-wave terms:

A(m12, cos !3) = ASP0(cos !3) +AP e
i"P P1(cos !3)

+ADei"DP2(cos !3), (44)

where Ak and #k are real-valued functions of m12, and
we have factored out the S-wave phase. We can then
calculate the angular moments:
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The symmetrization of the B+ & K+K!K+ amplitude
spoils the validity of Eq. (45). Nevertheless, the angular
moments can be calculated both for signal-weighted data
and for the fit model, providing a useful tool for checking
how well the isobar model describes the data. In Fig. 2,
we show angular moments for data compared to the fit
model, in the region of the DP above the #(1020). The
data is signal-weighted using the sPlot [26] technique.
The fit model histograms are made by simulating large
numbers of events based on the fit results. In Fig. 3, we
show the angular moments in the #(1020) region.
The angular moments, in particular !P2", show that

Model A does not describe the data well in the fX(1500)
region. If we replace the fX(1500) with the f0(1500)
and the f "

2(1525), there is an improvement in 2 lnL of 17
units. As we will discuss shortly, this replacement is also
motivated by a peak in !P2" seen in B+ & K0
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0
SK

+.
We also vary the NR model. The exponential NR

model is not very flexible; it assumes no phase motion
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VII. RESULTS

A. B+ ! K+K!K+

The maximum-likelihood fit of 12240 candidates re-
sults in yields of 5269± 84 signal events, 6016± 91 con-
tinuum events, and 912 ± 54 BB events, where the un-
certainties are statistical only.
In order to limit the number of fit parameters and im-

prove fit stability, we constrain the ACP and !! of the
f0(1500), f !

2(1525), and f0(1710) to be equal in the fit
(i.e., the b and " parameters, defined in Eq. (6), are con-
strained to be the same for these isobars). We also con-
strain the ACP and !! of the S-wave and P-wave NR
terms to be equal. Since the ACP in B+ ! ccK+ decays
is known to be small [15], we fix the ACP of the #c0 to
0 in the fit. Only relative values of c, !, and !! are
measurable, so as references we fix c = 1 and ! = 0 for
the NR term aS0 and !! = 0 for all NR terms.
When the fit is repeated starting from input parame-

ter values randomly chosen within wide ranges above and
below the nominal values for the magnitudes and within
the [0 " 360"] interval for the phases, we observe con-
vergence toward two solutions with minimum values of
the negative log likelihood function "2 lnL that are sep-
arated by 5.6 units. We will refer to them as Solution I
(the global minimum) and Solution II (a local minimum).
The two solutions have nearly identical values for most
parameters, but di"er greatly for some of the isobar pa-
rameters. The isobar parameters for both solutions are
given in Table VII. The correlation matrices of the isobar
parameters are given in Ref. [27].
Figure 6 shows distributions of mES, !E and the NN

output. Figure 7 shows the m12, m23, and m13 distribu-
tions for signal- and background-weighted events, using
the sPlot [26] technique.
The fit result for Solution I is summarized in Ta-

ble VIII. The systematic uncertainties are described in
Sec. VIII. We report branching fractions for individual
decay channels by multiplying the inclusive branching
fraction by the fit fractions. This neglects interference
between decay channels. The inclusive branching frac-
tion is computed as

B(B+ ! K+K#K+) =
Nsig

$̄NBB

, (46)

where NBB is the total number of BB pairs and $̄ is the
average e#ciency, estimated by weighting MC events by
the measured DP distribution, |A|2 + |A|2. We assume
equal number of B+B# and B0B0 pairs from the % (4S).
We find B(B+ ! K+K#K+) = (34.6 ± 0.6 ± 0.9) #
10#6, including the #c0K+ channel. We find an inclu-
sive charmless branching fraction (excluding #c0K+) of
B(B+ ! K+K#K+) = (33.4± 0.5± 0.9)# 10#6.
Fit fraction matrices giving the values of FFjk for So-

lutions I and II are shown in the Appendix. Solution
I has large destructive interference between the S-wave

TABLE VII: Isobar parameters (defined in Eq. (6)) for B+ !
K+K!K+, Solutions I and II. The same b and ! parameters
are used for the f0(1500), f "

2(1525), and f0(1710), and we
choose to quote their fitted values in the f "

2(1525) rows. The
NR coe!cients are defined in Eq. (28). Phases are given in
degrees. Only statistical uncertainties are given.

Parameter Solution I Solution II

"(1020)K± c 0.0311 ± 0.0043 0.043 ± 0.009
" 177± 13 "53± 13
b "0.064 ± 0.022 "0.037± 0.022
! 11± 7 "10± 6

f0(980)K± c 1.64 ± 0.23 1.5± 0.5
" 118± 12 "34± 11
b 0.040 ± 0.041 "0.32± 0.11
! 4.5± 3.3 "12± 7

f0(1500)K
± c 0.179 ± 0.031 0.28± 0.07
" "45± 11 "41± 15

f "
2(1525)K

± c 0.00130 ± 0.00022 0.00160 ± 0.00038
" 34± 10 43± 16
b "0.07 ± 0.05 "0.09± 0.05
! "0.8± 2.8 0.5± 2.6

f0(1710)K
± c 0.254 ± 0.044 0.32± 0.08
" 44± 9 45± 16

#c0K
± c 0.114 ± 0.017 0.170 ± 0.038

" 9± 12 31± 15
! "2± 6 "2± 6

NR
b "0.030 ± 0.022 "0.062± 0.024

aS0 c 1.0 (fixed) 1.0 (fixed)
" 0 (fixed) 0 (fixed)

aS1 c 2.09 ± 0.38 0.4± 1.2
" 160± 14 1± 162

aS2 c 0.33 ± 0.08 0.45± 0.35
" 157± 12 "65± 19

aP0 c 1.6± 0.5 2.3± 1.9
" 7± 20 130 ± 25

aP1 c 0.80 ± 0.07 0.85± 0.30
" "159± 6 "114± 12

aP2 c 0.49 ± 0.15 0.77± 0.38
" "110± 17 "60± 18

.

and P-wave NR decays. Solution II has a smaller f0(980)
fit fraction and large destructive interference between the
f0(980) and nonresonant decays.

We also calculate an overall charmlessACP by integrat-
ing the charmless |A|2 and |A|2 over the DP. We find the
charmless ACP (B+ ! K+K#K+) = ("1.7+1.9

#1.4 ± 1.4)%.
There is negligible di"erence between Solutions I and II
for this quantity.

We plot the signal-weighted m12 distribution sepa-
rately for B+ and B# events in Fig. 8. Solutions I and
II yield ACP (!(1020)) = (12.8± 4.4)% and (7.4± 4.5)%,
respectively, where the uncertainties are statistical only.
We perform a likelihood scan in ACP (!(1020)), shown in
Fig. 9. At each scan point, many fits are performed with
random initial parameters, and the fit with the largest
likelihood is chosen. Thus, the likelihood scan properly
accounts for any local minima. The ACP is found to dif-

8

• XL are Blatt-Weisskopf angular momentum barrier
factors [13]:

L = 0 : XL(z) = 1 , (14)

L = 1 : XL(z) =

!

1 + z20
1 + z2

, (15)

L = 2 : XL(z) =

!

9 + 3z20 + z40
9 + 3z2 + z4

, (16)

where z equals |!q | r or |!p !| r!, and z0 is the value of
z when the invariant mass of the pair of daughter
particles equals the mass of the parent resonance.
r and r! are e!ective meson radii. We take r! as
zero, while r is taken to be 4 ± 2.5 (GeV/c)"1 for
each resonance.

• Tj(L, !p, !q) are the Zemach tensors [14], which de-
scribe the angular distributions:

L = 0 : Tj = 1 , (17)

L = 1 : Tj = 4!p · !q , (18)

L = 2 : Tj =
16

3

"

3(!p · !q )2 ! (|!p ||!q |)2
#

. (19)

The helicity angle of a resonance is defined as the an-
gle between !p and !q, measured in the rest frame of the
resonance. For a K1K2 resonance, the helicity angle will
be called "3, and is the angle between K3 and K1. In
B0 " K+K"K0

S
, because !q is defined as the K+ mo-

mentum for both B0 and B0 decays, there is a sign flip
between B0 and B0 amplitudes for odd-L K+K" reso-
nances:

F j(s12, s23) = Fj(s12, s13) = (!1)LFj(s12, s23). (20)

In contrast, for B+ " K+K"K+ and B+ " K0
SK

0
SK

+,
F j(s12, s23) always equals Fj(s12, s23).
For most resonances in this analysis the Rj are taken

to be relativistic Breit-Wigner (RBW) [15] lineshapes:

Rj(m) =
1

(m2
0 !m2)! im0"(m)

, (21)

where m0 is the nominal mass of the resonance and "(m)
is the mass-dependent width. In the general case of a
spin-L resonance, the latter can be expressed as

"(m) = "0

$

|!q|
|!q0|

%2L+1
&m0

m

'

X2
L(|!q|r) . (22)

The symbol "0 denotes the nominal width of the reso-
nance. The values of m0 and "0 are listed in Table I.
The symbol |!q0| denotes the value of |!q| when m = m0.
For the f0(980) lineshape the Flatté form [16] is used.

In this case

Rj(m) =
1

(m2
0 !m2)! i(g"#""(m) + gK#KK(m))

,

(23)

where

#""(m) =
(

1! 4m2
"±/m2 , (24)

#KK(m) =
(

1! 4m2
K/m2 . (25)

Here, mK is the average of the K± and K0
S masses, and

g" and gK are coupling constants for which the values
are given in Table I.
In this paper, we test several di!erent models to ac-

count for NR B " KKK decays. BABAR’s previous
analysis [8] of B+ " K+K"K+ modeled the NR decays
with an exponential model given by

FNR(s12, s23) = e#s12 + e#s23 , (26)

where the symmetrization is explicit. $ is a parameter
to be determined empirically. This model consists purely
of K+K" S-wave decays.
The most recently published B0 " K+K"K0

S
analyses

by Belle [10] and BABAR [11] both used what we will call
an extended exponential model. This model adds K+K0

S

and K"K0
S
exponential terms:

ANR(s12, s23) = a12e
#s12 + a13e

#s13 + a23e
#s23 ,

ANR(s12, s23) = a12e
#s12 + a13e

#s23 + a23e
#s13 . (27)

We also test a polynomial model, consisting of explicit
S-wave and P-wave terms, each of which has a quadratic
dependence on m12:

ANR(s12, s23) =
)

aS0 + aS1x+ aS2x
2
*

+
)

aP0 + aP1x+ aP2x
2
*

P1(cos "3) , (28)

where x # m12 !%, and % is an o!set that we define as

% #
1

2

$

mB +
1

3
(mK1 +mK2 +mK3)

%

, (29)

and P1 is the first Legendre polynomial. In this paper,
we normalize the P$ such that

+ 1

"1
P$(x)Pk(x)dx = &$k . (30)

Note that in the B+ " K+K"K+ channel, we sym-
metrize all terms in Eq. (28):

ANR,total = ANR(s12, s23) +ANR(s23, s12) . (31)

This results in S-wave and P-wave terms for both the
(K1K2) and (K2K3) pairs. In the B+ " K0

S
K0

S
K+

channel, the P-wave term is forbidden by Bose-Einstein
symmetry.
In Sec. VI, we present studies that allow us to deter-

mine the nominal DP model. The components of the
nominal model are summarized in Table I. Other com-
ponents, taken into account only to estimate the system-
atic uncertainties due to the DP model, are discussed in
Sec. VIII.
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FIG. 6: Distributions of mES (left), !E (center), and NN output (right) for B+ ! K+K!K+. The NN output is shown in
vertical log scale.

TABLE VIII: Branching fractions (neglecting interference), CP asymmetries, and CP -violating phases (see Eq. (11)) for
B+ ! K+K!K+. The B(B+ ! RK+) column gives the branching fractions to intermediate resonant states, corrected for
secondary branching fractions obtained from Ref. [15]. Central values and uncertainties are obtained from Solution I. In addition
to quoting the overall NR branching fraction, we quote the S-wave and P-wave NR branching fractions separately.

Decay mode B(B+ ! K+K!K+)" FFj (10!6) B(B+ ! RK+) (10!6) ACP (%) !!j (deg)

!(1020)K+ 4.48± 0.22+0.33
!0.24 9.2± 0.4+0.7

!0.5 12.8 ± 4.4± 1.3 23± 13+4
!5

f0(980)K
+ 9.4 ± 1.6 ± 2.8 #8± 8± 4 9± 7± 6

f0(1500)K+ 0.74± 0.18 ± 0.52 17± 4± 12
f "
2(1525)K

+ 0.69± 0.16 ± 0.13 1.56 ± 0.36 ± 0.30 14± 10± 4 #2± 6± 3
f0(1710)K

+ 1.12± 0.25 ± 0.50
"c0K

+ 1.12± 0.15 ± 0.06 184 ± 25± 14 #4± 13± 2
NR 22.8 ± 2.7± 7.6 6.0 ± 4.4 ± 1.9 0 (fixed)
NR (S-wave) 52+23

!14 ± 27
NR (P-wave) 24+22

!12 ± 27

fer from 0 at the 2.8 standard deviation level (2.9! if one
uses only the statistical uncertainties).
Solution II exhibits a very largeACP for the f0(980)K+

channel, but in Solution I this ACP is consistent with 0.
A likelihood scan in ACP (f0(980)) is shown in Fig. 10, in
which the two solutions are clearly visible.

B. B+ ! K0
SK

0
SK

+

The maximum-likelihood fit of 3012 candidates results
in yields of 636±28 signal events and 2234±50 continuum
events, where the uncertainties are statistical only. The
BB yields are fixed to the expected number of events
(Table III), for a total of 155 events.
In order to limit the number of fit parameters, we con-

strain the ACP and !" of every charmless isobar to be
equal in the fit. We fix ACP for #c0K+ to 0, but leave
the corresponding !" parameter free to vary in the fit.
Recalling that only relative values of !" are measurable,
our choice is therefore to measure the di"erence between
!" for the #c0 and the reference !" shared by all the
other isobars.
Many fits are performed with randomly chosen starting

values for the isobar parameters. In addition to the global
minimum, 14 other local minima are found with values of

!2 lnL within 9 units (3!) of the global minimum. These
di"erent solutions vary greatly in their isobar parameters,
but have consistent signal yields and values of ACP .

Figure 11 shows the distributions of mES, !E, and
the NN output, compared to the fit model. Figure 12
shows them12, m23, andm13 distributions for signal- and
background-weighted events, using the sPlot technique.
We plot the signal-weighted m12 distribution separately
for B+ and B! events in Fig. 13.

The fit result for the global minimum solution is sum-
marized in Tables IX and X. The fit fraction matrix for
the global mininum is given in the Appendix, and the
correlation matrix of the isobar parameters is given in
Ref. [27]. The other minima all have consistent values
for the f "

2(1525) and #c0 fit fractions, but wide varia-
tions in the fit fractions for the other states are seen.
In particular, the fit fraction of the f0(980) varies be-
tween 69% and 152% and the fit fraction of the f0(1500)
varies between 3% and 73%. This means the branch-
ing fractions of these states are very poorly constrained
with the current data. However, the signal yields for
the di"erent solutions only vary between 636 and 640
events. We find a total inclusive branching fraction of
B(B+ " K0

S
K0

S
K+) = (10.6 ± 0.5 ± 0.3) # 10!6, or

B(B+ " K0
SK

0
SK

+) = (10.1 ± 0.5 ± 0.3) # 10!6 if the
#c0 is excluded.

7

that of the other meson (B0
tag) from the ! (4S), the time-

dependent decay rate over the DP is given by

d!

ds12ds23d"t
=

1

(2")3
1

32m3
B0

e!|!t|/!B0

4#B0

!

|A|2 + |A|2

! Q (1! 2w)
"

|A|2 ! |A|2
#

cos"md"t

+Q (1 ! 2w) 2Im
$

e!2i"AA"
%

sin"md"t

&

,

(3)

where #B0 is the neutral B meson lifetime and "md is
the B0-B0 mixing frequency. A (A) is the amplitude of
the B0

sig (B0
sig) decay and Q = +1(!1) when the B0

tag is

identified as a B0 (B0). The parameter w is the fraction
of events in which the B0

tag is tagged with the incorrect
flavor.
We describe the distribution of signal events in the

DP using an isobar approximation, which models the to-
tal amplitude as a coherent sum of amplitudes from N
individual decay channels (“isobars”):

( )

A =
N
'

j=1

( )

A j , (4)

where

Aj " ajFj(s12, s23) ,

Aj " ajF j(s12, s23) . (5)

The Fj are DP-dependent dynamical amplitudes de-
scribed below, and aj are complex coe#cients describing
the relative magnitude and phase of the di$erent decay
channels. All the weak phase dependence is contained in
aj , and Fj contains strong dynamics only.
The amplitudes must be symmetric under exchange of

identical bosons, so for B+ # K+K!K+, Fj(s12, s23) is
replaced by Fj(s12, s23)+Fj(s23, s12). Similarly, in B+ #
K0

S
K0

S
K+, Fj(s12, s23) is replaced by Fj(s12, s23) +

Fj(s12, s13).
We parameterize the complex coe#cients as

aj = cj(1 + bj)e
i(#j+$j) ,

aj = cj(1! bj)e
i(#j!$j) , (6)

where cj , bj , $j , and %j are real numbers. We define the
fit fraction (FFj) for an intermediate state as

FFj "
( ( "

|Aj |2 + |Aj |2
#

ds12ds23
( ( "

|A|2 + |A|2
#

ds12ds23
. (7)

Note that the sum of the fit fractions is not necessarily
unity, due to interference between states. This interfer-
ence can be quantified by the interference fit fractions
FFjk, defined as

FFjk " 2 Re

( ( "

AjA"
k +AjA

"
k

#

ds12ds23
( ( "

|A|2 + |A|2
#

ds12ds23
. (8)

With this definition,

'

j

FFj +
'

j<k

FFjk = 1 . (9)

In the B+ modes, the direct CP asymmetry ACP (j)
for a particular intermediate state is given by

ACP (j) "
( ( "

|Aj |2 ! |Aj |2
#

ds12ds23
( ( "

|Aj |2 + |Aj |2
#

ds12ds23
=

!2bj
1 + b2j

, (10)

while there can also be a CP asymmetry in the interfer-
ence between two intermediate states, which depends on
both the b’s and %’s of the interfering states. We define
the CP -violating phase di$erence as

"$j " arg(aja
"
j ) = 2%j . (11)

For B0 # K+K!K0
S , we can define the direct CP

asymmetry as in Eq. (10), while we can also compute the
e$ective & for an intermediate state as

&e",j "
1

2
arg(e2i"aja

"
j ) = & + %j , (12)

which quantifies the CP violation due to the interference
between mixing and decay.
The resonance dynamics are contained within the Fj

terms, which are the product of the invariant mass and
angular distributions,

FL
j (s12, s23) = Rj(m)XL(|'p %| r#)XL(|'q | r)Tj(L, 'p, 'q ) ,

(13)
where

• L is the spin of the resonance.

• m is the invariant mass of the decay products of
the resonance.

• Rj(m) is the resonance mass term or “lineshape”
(e.g. Breit-Wigner).

• 'p % is the momentum of the “bachelor” particle, i.e.,
the particle not belonging to the resonance, evalu-
ated in the rest frame of the B.

• 'p and 'q are the momenta of the bachelor particle
and one of the resonance daughters, respectively,
both evaluated in the rest frame of the resonance.
ForK+K! resonances, 'q is assigned to the momen-
tum of the K+, except for B! # K!K+K! de-
cays, in which case 'q is assigned to the momentum
of the K!. For K0

SK
0
S resonances, it is irrelevant

to which K0
S
we assign 'q, so we arbitrarily assign 'q

to whichever K0
S forms the smaller angle with the

K+.
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of the K!. For K0

SK
0
S resonances, it is irrelevant

to which K0
S
we assign 'q, so we arbitrarily assign 'q

to whichever K0
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FIG. 11: Distributions of mES (left), !E (center), and NN output (right) for B+ ! K0
SK

0
SK

+. The NN output is shown in
vertical log scale.

TABLE IX: Isobar parameters for B+ ! K0
SK

0
SK

+, for the
global minimum. The NR coe"cients are defined in Eq. (28).
Phases are given in degrees. Only statistical uncertainties are
given.

Parameter Value

f0(980)K
± c 3.35± 0.22

! 31± 9

f0(1500)K± c 0.20± 0.05
! "83± 18

f !
2(1525)K

± c 0.00179 ± 0.00032
! "58± 12

f0(1710)K
± c 0.24± 0.07
! "22± 11

"c0K
± c 0.113 ± 0.017

! 45± 60
# "12± 32

NR
b "0.018± 0.023

aS0 c 1.0 (fixed)
! 0 (fixed)

aS1 c 1.00± 0.08
! 129± 6

aS2 c 0.51± 0.08
! "85± 8

.

both for the !(1020) region (1.01 < m12 < 1.03GeV/c2)
and the !(1020)-excluded region.
The CP -conserving isobar parameters for the global

minimum solution are summarized in Table XI, and the
branching fractions are given in Table XII. Table XIII
shows the values of the CP -violating observables, with
the central values taken from the global minimum, and
the errors taken from likelihood scans. (Note that the
second minimum is separated from the global minimum
by !2! lnL = 3.9, so the likelihood scan is not impacted
by the local minima at the one-sigma level.) In addition
to "e! and ACP , we compute the quasi-two-body CP -
violating parameter S, defined as

Sj " !
2 Im(e!2i!aja"j )

|aj |2 + |aj |2
=

1! b2j
1 + b2j

sin(2"e!,j) . (47)

The fit fraction matrix for the best solution is given in
the Appendix, and the correlation matrix of the isobar
parameters is given in Ref. [27]. The correlation matrix
for the CP -violating observables is given in Table XIV.

The other minima all have consistent values for the
!(1020), f #

2(1525), P-wave NR, and #c0 fit fractions,
but there are large variations in the fit fractions for the
other states. Specifically, the fit fraction of the f0(980)
varies between 19% and 41%, the fit fraction of the
f0(1500) varies between 2% and 51%, the fit fraction of
the f0(1710) varies between 2% and 27%, and the S-wave
NR fit fraction varies between 34% and 120%. The signal
yields for the di"erent solutions, however, exhibit neglible
variation. We calculate the inclusive branching fraction
using only the yield in the K0

S
# $+$! channel. We

find B(B0 # K+K!K0) = (26.5± 0.9± 0.8)$ 10!6, or
B(B0 # K+K!K0) = (25.4 ± 0.9 ± 0.8) $ 10!6 if the
#c0 is excluded.

Likelihood scans for each of the "e! and ACP are shown
in Figs. 19-21. "e!(other) is di"erent from zero with 4.3 %
significance. We can also distinguish between "e! and the
trigonometric reflection 90$ ! "e! , due to the sensitivity
of the DP analysis to interference between S-wave and
P-wave amplitudes. We find that "e!(other) is favored
over 90$ ! "e!(other) with 4.8 % significance.

D. Interpretation

The value we measure for ACP (!K+) is larger than
the SM prediction, while "e!(!K0

S
) is in excellent agree-

ment with the SM. We can use the measured ACP (!K+)
and "e!(!K0

S
) to put constraints on the amplitudes con-

tributing to these decays. We assume isospin symmetry,
so that the amplitudes for B+ # !K+ and B0 # !K0

S

are the same. We also assume that this amplitude, A,
can be written as the sum of two amplitudes, A1 and
A2, where A1 is the dominant penguin amplitude. A2 is
an arbitrary additional amplitude with a di"erent weak
phase, which could be a tree, u-penguin, or new physics
amplitude.
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FIG. 12: Distributions of m12 = mK0
S
K0

S
, m23 = mK+K0

S
,high, and m13 = mK+K0

S
,low, for signal-weighted (left) and background-

weighted (right) B+ ! K0
SK

0
SK

+ candidates in data. The event weighting is performed using the sPlot method. The fit model
(histograms) is shown superimposed over data (points). The two main peaks in the upper signal plot are the f0(1500)/f

!
2(1525)

and !c0.

TABLE X: Branching fractions (neglecting interference) for B+ ! K0
SK

0
SK

+. The B(B+ ! RK+) column gives the branching
fractions to intermediate resonant states, corrected for secondary branching fractions obtained from Ref. [15]. Central values
and uncertainties are for the global minimum only. See the text for discussion of the variations between the local minima.

Decay mode B(B+ ! K0
SK

0
SK

+)" FFj (10"6) B(B+ ! RK+) (10"6)

f0(980)K
+ 14.7 ± 2.8± 1.8

f0(1500)K
+ 0.42± 0.22 ± 0.58 20± 10± 27

f !
2(1525)K

+ 0.61± 0.21+0.12
"0.09 2.8± 0.9+0.5

"0.4

f0(1710)K
+ 0.48+0.40

"0.24 ± 0.11
!c0K+ 0.53± 0.10 ± 0.04 168± 32± 16
NR (S-wave) 19.8 ± 3.7± 2.5
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FIG. 13: Signal-weighted m12 distribution for B+ !
K0

SK
0
SK

+ candidates in data, plotted separately for B+ and
B! events. The event weighting is performed using the sPlot
method. Signal includes irreducible BB backgrounds (class 4
in Table III).

Then

A = A1(1 + rei(!+")) ,

A = A1(1 + rei(!!")) , (48)

where r is the ratio |A2/A1|, and ! and " are the relative
strong and weak phases, respectively, between A2 and
A1. The CP asymmetries in this case are

ACP (#K
+) =

2r sin " sin !

1 + 2r cos " cos ! + r2
(49)

and

$e!(#K
0
S) = $+

1

2
arctan

! 2r sin " cos ! + r2 sin(2")

1 + 2r cos " cos ! + r2 cos(2")

"

.

(50)
Note that ACP (#K0

S) = ACP (#K+) under our assump-
tions. However, since the experimental precision on
ACP (#K0

S
) is very poor compared to ACP (#K+), we

only include the more precise ACP (#K+) measurement
in our analysis. By combining the likelihood scans of
ACP (#K+) and $e!(#K0

S), we can put constraints on r,
!, and ". Figure 22 shows the resulting constraints in the
r-", r-!, and !-" planes.
The non-zero value of ACP (#K+) leads to r = 0 being

disfavored, with a value of approximately 0.1 favored for
most values of ". There is little constraint on " and !,
except that values of 0 or ±180" are disfavored (because
ACP (#K+) is non-zero), and the first and third quad-
rants of the !-" plane are favored (because ACP (#K+) is
positive).

VIII. SYSTEMATIC UNCERTAINTIES

The systematic uncertainties for B+ ! K+K!K+,
B+ ! K0

S
K0

S
K+, and B0 ! K+K!K0

S
parameters are
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FIG. 14: Scan of 2! lnL, with (solid line) and without
(dashed line) systematic uncertainties, as a function of ACP

in B+ ! K0
SK

0
SK

+.

TABLE XI: CP -conserving isobar parameters (defined in
Eq. (6)) for B0 ! K+K!K0

S , for the global minimum. The
NR coe"cients are defined in Eq. (28). Phases are given in
degrees. Only statistical uncertainties are given.

Parameter Value

!(1020)K0
S c 0.039 ± 0.005

! 20± 19

f0(980)K
0
S c 2.2± 0.5

! 40± 16

f0(1500)K
0
S c 0.22± 0.05
! 17± 16

f "
2(1525)K

0
S c 0.00080 ± 0.00028
! 53± 23

f0(1710)K
0
S c 0.72± 0.11
! 110 ± 11

"c0K0
S c 0.144 ± 0.023

! "17± 29
NR
aS0 c 1.0 (fixed)

! 0 (fixed)
aS1 c 1.25± 0.25

! "149± 9
aS2 c 0.58± 0.22

! 56± 15
aP0 c 1.22± 0.22

! 65± 13
aP1 c 0.28± 0.18

! "68± 28
aP2 c 0.42± 0.16

! "131± 25

.
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FIG. 18: Top: The !t distributions for B0 ! K+K!K0
S (K0

S ! !+!!) signal events, in the "(1020) region (1.01 < m12 <
1.03GeV/c2) (left) and "(1020)-excluded region (right). B0 (B0) tagged events are shown as closed circles (open squares).
The fit model for B0 (B0) tagged events is shown by a solid (dashed) line. The data points are signal-weighted using the
sPlot method. Bottom: The asymmetry (NB0 " NB0)/(NB0 + NB0) as a function of !t, in the "(1020) region (left) and
"(1020)-excluded region (right). The points represent signal-weighted data, and the line is the fit model.

TABLE XII: Branching fractions (neglecting interference) for B0 ! K+K!K0
S . The B(B

0 ! RK0) column gives the branching
fractions to intermediate resonant states, corrected for secondary branching fractions obtained from Ref. [15]. In addition to
quoting the overall NR branching fraction, we quote the S-wave and P-wave NR branching fractions separately. Central values
and uncertainties are for the global minimum only. See the text for discussion of the variations between the local minima.

Decay mode B(B0 ! K+K!K0)# FFj (10!6) B(B0 ! RK0) (10!6)

"(1020)K0 3.48± 0.28+0.21
!0.14 7.1± 0.6+0.4

!0.3

f0(980)K0 7.0+2.6
!1.8 ± 2.4

f0(1500)K
0 0.57+0.25

!0.19 ± 0.12 13.3+5.8
!4.4 ± 3.2

f "
2(1525)K

0 0.13+0.12
!0.08 ± 0.16 0.29+0.27

!0.18 ± 0.36
f0(1710)K

0 4.4 ± 0.7 ± 0.5
#c0K

0 0.90± 0.18 ± 0.06 148 ± 30± 13
NR 33± 5± 9
NR (S-wave) 30± 5± 8
NR (P-wave) 3.1 ± 0.7 ± 0.4

dependent amplitude analysis of B0 ! K+K!K0
S
, using

a data sample of approximately 470" 106 BB decays.

For B+ ! K+K!K+, we find two solutions separated
by 5.6 units of #2 lnL. The favored solution has a direct
CP asymmetry in B+ ! !(1020)K+ of ACP = (12.8 ±

4.4 ± 1.3)%. A likelihood scan shows that ACP di!ers
from 0 by 2.8", including systematic uncertainties. This
can be compared with the SM expectation of ACP = (0.0-
4.7)%. For B0 ! K+K!K0

S
, we find five solutions,

and determine #e!(!K0
S) = (21 ± 6 ± 2)" from a like-
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FIG. 19: Scan of 2! lnL, with (solid line) and without (dashed line) systematic uncertainties, as a function of !e! (left) and
ACP (right) for B0 ! "(1020)K0
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FIG. 20: Scan of 2! lnL, with (solid line) and without (dashed line) systematic uncertainties, as a function of !e! (left) and
ACP (right) for B0 ! f0(980)K

0
S . The flat region of the !e! scan is caused by the ACP (f0(980)) going to "100% in this region,

in which case !e! becomes an irrelevant parameter.

lihood scan. Excluding the !(1020)K0
S
and f0(980)K0

S

contributions, we measure "e! = (20.3 ± 4.3 ± 1.2)! for
the remaining B0 ! K+K"K0

S
decays, and exclude the

trigonometric reflection 90! " "e! at 4.8#, including sys-
tematic uncertainties. For B+ ! K0

S
K0

S
K+, there is

insu!cient data to fully constrain the many complex
amplitudes in the DP model. However, from a likeli-
hood scan we measure an overall direct CP asymmetry
of ACP = (4+4

"5 ± 2)%. By combining the ACP (!K±)
and "e!(!K0

S
) results and assuming isospin symmetry,

we place constraints on the possible SM and NP ampli-
tudes contributing to these decays.

We also study the DP structure of the three B !
KKK modes, by means of an angular-moment analy-

sis. This includes the first ever DP analysis of B+ !
K0

SK
0
SK

+. To describe the large nonresonant contribu-
tions seen in the three B+ ! K+K"K+ modes, we in-
troduce a polynomial model that includes explicit S-wave
and P-wave terms and allows for phase motion. We con-
clude that the hypothetical particle dubbed the fX(1500)
is not a single scalar resonance, but instead can be de-
scribed by the sum of the well-established resonances
f0(1500), f #

2(1525), and f0(1710).
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FIG. 19: Scan of 2! lnL, with (solid line) and without (dashed line) systematic uncertainties, as a function of !e! (left) and
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FIG. 20: Scan of 2! lnL, with (solid line) and without (dashed line) systematic uncertainties, as a function of !e! (left) and
ACP (right) for B0 ! f0(980)K

0
S . The flat region of the !e! scan is caused by the ACP (f0(980)) going to "100% in this region,

in which case !e! becomes an irrelevant parameter.

lihood scan. Excluding the !(1020)K0
S
and f0(980)K0

S

contributions, we measure "e! = (20.3 ± 4.3 ± 1.2)! for
the remaining B0 ! K+K"K0

S
decays, and exclude the

trigonometric reflection 90! " "e! at 4.8#, including sys-
tematic uncertainties. For B+ ! K0

S
K0

S
K+, there is

insu!cient data to fully constrain the many complex
amplitudes in the DP model. However, from a likeli-
hood scan we measure an overall direct CP asymmetry
of ACP = (4+4

"5 ± 2)%. By combining the ACP (!K±)
and "e!(!K0

S
) results and assuming isospin symmetry,

we place constraints on the possible SM and NP ampli-
tudes contributing to these decays.

We also study the DP structure of the three B !
KKK modes, by means of an angular-moment analy-

sis. This includes the first ever DP analysis of B+ !
K0

SK
0
SK

+. To describe the large nonresonant contribu-
tions seen in the three B+ ! K+K"K+ modes, we in-
troduce a polynomial model that includes explicit S-wave
and P-wave terms and allows for phase motion. We con-
clude that the hypothetical particle dubbed the fX(1500)
is not a single scalar resonance, but instead can be de-
scribed by the sum of the well-established resonances
f0(1500), f #

2(1525), and f0(1710).
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TABLE XIII: CP -violating parameters !e! , ACP , and S for B0 ! K+K!K0
S . Central values correspond to the global

minimum. Statistical uncertainties for !e! and ACP are determined from likelihood scans.

Component !e! (deg) ACP (= "C)(%) S

"(1020)K0
S 21± 6± 2 "5± 18± 5 0.66 ± 0.17± 0.07

f0(980)K
0
S 18± 6± 4 "28± 24± 9 0.55 ± 0.18± 0.12

Other 20.3± 4.3± 1.2 "2± 9± 3 0.65 ± 0.12± 0.03

TABLE XIV: Statistical correlation matrix for the CP -violating parameters !e! and ACP for B0 ! K+K!K0
S . The matrix

corresponds to the global minimum solution.

!e!("(1020)) !e! (f0(980)) !e! (Other) ACP ("(1020)) ACP (f0(980)) ACP (Other)
!e!("(1020)) 1.00 0.38 0.15 0.21 "0.44 "0.32
!e!(f0(980)) 1.00 0.63 "0.10 0.05 "0.33
!e!(Other) 1.00 "0.13 0.47 0.14
ACP ("(1020)) 1.00 "0.25 "0.14
ACP (f0(980)) 1.00 0.60
ACP (Other) 1.00

TABLE XV: Summary of systematic uncertainties for B+ ! K+K!K+ parameters. Errors on phases, ACP ’s, and branching
fractions are given in degrees, percent, and units of 10!6, respectively.

Parameter Lineshape Fixed PDF Params Other Add Resonances Fit Bias Total
!"("(1020)) 3 1 0 2 2 4
!"(f0(980)) 2 1 0 6 1 6
!"(f "

2(1525)) 1 0 0 3 1 3
!"(#c0) 1 1 0 1 1 2
ACP ("(1020)) 0.2 0.2 1.0 0.3 0.7 1.3
ACP (f0(980)) 3 1 1 2 1 4
ACP (f "

2(1525)) 1 1 1 3 1 4
ACP (NR) 1.1 0.4 1.0 0.8 0.7 1.9
B("(1020)) 0.20 0.04 0.11 0.14 0.08 0.29
B(f0(980)) 1.2 0.1 0.3 2.5 0.4 2.8
B(f0(1500)) 0.06 0.02 0.02 0.52 0.02 0.52
B(f "

2(1525)) 0.05 0.01 0.02 0.07 0.10 0.13
B(f0(1710)) 0.08 0.04 0.03 0.49 0.05 0.50
B(#c0) 0.01 0.01 0.03 0.02 0.04 0.06
B(NR) 1.0 0.2 0.5 7.4 0.3 7.6
B(NR (S-wave)) 13 2 1 23 2 27
B(NR (P-wave)) 10 2 1 25 3 27
B(Total) 0.0 0.2 0.8 0.1 0.4 0.9
B(Charmless) 0.0 0.2 0.8 0.1 0.3 0.9

TABLE XVI: Summary of systematic uncertainties for B+ ! K0
SK

0
SK

+ parameters. Errors on ACP and branching fractions
are given in percent and units of 10!6, respectively.

Parameter Lineshape Fixed PDF Params Other Add Resonances Fit Bias Total
ACP 0 0 1 0 1 2
B(f0(980)) 1.4 0.3 0.3 1.0 0.4 1.8
B(f0(1500)) 0.05 0.03 0.01 0.57 0.04 0.58
B(f "

2(1525)) 0.06 0.02 0.02 0.07 0.03 0.10
B(f0(1710)) 0.06 0.04 0.01 0.02 0.08 0.11
B(#c0) 0.01 0.01 0.01 0.00 0.03 0.04
B(NR (S-wave)) 1.3 0.6 0.4 2.0 0.2 2.5
B(Total) 0.0 0.2 0.2 0.0 0.0 0.3
B(Charmless) 0.0 0.2 0.2 0.0 0.0 0.3



- lineshape: vary masses and widths 
of resonances, Blatt-Weisskopf radii
- fixed PDF: vary fixed parameters 
(shapes, bkg BFs and Acp)
- other: KS/K/tracking efficiency, 
detector charge bias, ...
- resonances: toys, generate with 
additional resonance and fit with/
without
- fit bias: toy MC
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TABLE XIII: CP -violating parameters !e! , ACP , and S for B0 ! K+K!K0
S . Central values correspond to the global

minimum. Statistical uncertainties for !e! and ACP are determined from likelihood scans.

Component !e! (deg) ACP (= "C)(%) S

"(1020)K0
S 21± 6± 2 "5± 18± 5 0.66 ± 0.17± 0.07

f0(980)K
0
S 18± 6± 4 "28± 24± 9 0.55 ± 0.18± 0.12

Other 20.3± 4.3± 1.2 "2± 9± 3 0.65 ± 0.12± 0.03

TABLE XIV: Statistical correlation matrix for the CP -violating parameters !e! and ACP for B0 ! K+K!K0
S . The matrix

corresponds to the global minimum solution.

!e!("(1020)) !e! (f0(980)) !e! (Other) ACP ("(1020)) ACP (f0(980)) ACP (Other)
!e!("(1020)) 1.00 0.38 0.15 0.21 "0.44 "0.32
!e!(f0(980)) 1.00 0.63 "0.10 0.05 "0.33
!e!(Other) 1.00 "0.13 0.47 0.14
ACP ("(1020)) 1.00 "0.25 "0.14
ACP (f0(980)) 1.00 0.60
ACP (Other) 1.00

TABLE XV: Summary of systematic uncertainties for B+ ! K+K!K+ parameters. Errors on phases, ACP ’s, and branching
fractions are given in degrees, percent, and units of 10!6, respectively.

Parameter Lineshape Fixed PDF Params Other Add Resonances Fit Bias Total
!"("(1020)) 3 1 0 2 2 4
!"(f0(980)) 2 1 0 6 1 6
!"(f "

2(1525)) 1 0 0 3 1 3
!"(#c0) 1 1 0 1 1 2
ACP ("(1020)) 0.2 0.2 1.0 0.3 0.7 1.3
ACP (f0(980)) 3 1 1 2 1 4
ACP (f "

2(1525)) 1 1 1 3 1 4
ACP (NR) 1.1 0.4 1.0 0.8 0.7 1.9
B("(1020)) 0.20 0.04 0.11 0.14 0.08 0.29
B(f0(980)) 1.2 0.1 0.3 2.5 0.4 2.8
B(f0(1500)) 0.06 0.02 0.02 0.52 0.02 0.52
B(f "

2(1525)) 0.05 0.01 0.02 0.07 0.10 0.13
B(f0(1710)) 0.08 0.04 0.03 0.49 0.05 0.50
B(#c0) 0.01 0.01 0.03 0.02 0.04 0.06
B(NR) 1.0 0.2 0.5 7.4 0.3 7.6
B(NR (S-wave)) 13 2 1 23 2 27
B(NR (P-wave)) 10 2 1 25 3 27
B(Total) 0.0 0.2 0.8 0.1 0.4 0.9
B(Charmless) 0.0 0.2 0.8 0.1 0.3 0.9

TABLE XVI: Summary of systematic uncertainties for B+ ! K0
SK

0
SK

+ parameters. Errors on ACP and branching fractions
are given in percent and units of 10!6, respectively.

Parameter Lineshape Fixed PDF Params Other Add Resonances Fit Bias Total
ACP 0 0 1 0 1 2
B(f0(980)) 1.4 0.3 0.3 1.0 0.4 1.8
B(f0(1500)) 0.05 0.03 0.01 0.57 0.04 0.58
B(f "

2(1525)) 0.06 0.02 0.02 0.07 0.03 0.10
B(f0(1710)) 0.06 0.04 0.01 0.02 0.08 0.11
B(#c0) 0.01 0.01 0.01 0.00 0.03 0.04
B(NR (S-wave)) 1.3 0.6 0.4 2.0 0.2 2.5
B(Total) 0.0 0.2 0.2 0.0 0.0 0.3
B(Charmless) 0.0 0.2 0.2 0.0 0.0 0.3

B→KKK systematic uncertainties
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TABLE XIII: CP -violating parameters !e! , ACP , and S for B0 ! K+K!K0
S . Central values correspond to the global

minimum. Statistical uncertainties for !e! and ACP are determined from likelihood scans.

Component !e! (deg) ACP (= "C)(%) S

"(1020)K0
S 21± 6± 2 "5± 18± 5 0.66 ± 0.17± 0.07

f0(980)K
0
S 18± 6± 4 "28± 24± 9 0.55 ± 0.18± 0.12

Other 20.3± 4.3± 1.2 "2± 9± 3 0.65 ± 0.12± 0.03

TABLE XIV: Statistical correlation matrix for the CP -violating parameters !e! and ACP for B0 ! K+K!K0
S . The matrix

corresponds to the global minimum solution.

!e!("(1020)) !e! (f0(980)) !e! (Other) ACP ("(1020)) ACP (f0(980)) ACP (Other)
!e!("(1020)) 1.00 0.38 0.15 0.21 "0.44 "0.32
!e!(f0(980)) 1.00 0.63 "0.10 0.05 "0.33
!e!(Other) 1.00 "0.13 0.47 0.14
ACP ("(1020)) 1.00 "0.25 "0.14
ACP (f0(980)) 1.00 0.60
ACP (Other) 1.00

TABLE XV: Summary of systematic uncertainties for B+ ! K+K!K+ parameters. Errors on phases, ACP ’s, and branching
fractions are given in degrees, percent, and units of 10!6, respectively.

Parameter Lineshape Fixed PDF Params Other Add Resonances Fit Bias Total
!"("(1020)) 3 1 0 2 2 4
!"(f0(980)) 2 1 0 6 1 6
!"(f "

2(1525)) 1 0 0 3 1 3
!"(#c0) 1 1 0 1 1 2
ACP ("(1020)) 0.2 0.2 1.0 0.3 0.7 1.3
ACP (f0(980)) 3 1 1 2 1 4
ACP (f "

2(1525)) 1 1 1 3 1 4
ACP (NR) 1.1 0.4 1.0 0.8 0.7 1.9
B("(1020)) 0.20 0.04 0.11 0.14 0.08 0.29
B(f0(980)) 1.2 0.1 0.3 2.5 0.4 2.8
B(f0(1500)) 0.06 0.02 0.02 0.52 0.02 0.52
B(f "

2(1525)) 0.05 0.01 0.02 0.07 0.10 0.13
B(f0(1710)) 0.08 0.04 0.03 0.49 0.05 0.50
B(#c0) 0.01 0.01 0.03 0.02 0.04 0.06
B(NR) 1.0 0.2 0.5 7.4 0.3 7.6
B(NR (S-wave)) 13 2 1 23 2 27
B(NR (P-wave)) 10 2 1 25 3 27
B(Total) 0.0 0.2 0.8 0.1 0.4 0.9
B(Charmless) 0.0 0.2 0.8 0.1 0.3 0.9

TABLE XVI: Summary of systematic uncertainties for B+ ! K0
SK

0
SK

+ parameters. Errors on ACP and branching fractions
are given in percent and units of 10!6, respectively.

Parameter Lineshape Fixed PDF Params Other Add Resonances Fit Bias Total
ACP 0 0 1 0 1 2
B(f0(980)) 1.4 0.3 0.3 1.0 0.4 1.8
B(f0(1500)) 0.05 0.03 0.01 0.57 0.04 0.58
B(f "

2(1525)) 0.06 0.02 0.02 0.07 0.03 0.10
B(f0(1710)) 0.06 0.04 0.01 0.02 0.08 0.11
B(#c0) 0.01 0.01 0.01 0.00 0.03 0.04
B(NR (S-wave)) 1.3 0.6 0.4 2.0 0.2 2.5
B(Total) 0.0 0.2 0.2 0.0 0.0 0.3
B(Charmless) 0.0 0.2 0.2 0.0 0.0 0.3
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TABLE XVII: Summary of systematic uncertainties for B0 ! K+K!K0
S parameters. Errors on angles, ACP ’s, and branching

fractions are given in degrees, percent, and units of 10!6, respectively.

Parameter Lineshape Fixed PDF Params Other Add Resonances Fit Bias Total
!e!("(1020)) 2 1 0 2 0 2
!e!(f0(980)) 1 1 0 4 0 4
!e!(other) 0.7 0.4 0.2 0.8 0.4 1.2
ACP ("(1020)) 2 2 2 2 3 5
ACP (f0(980)) 6 3 2 5 2 9
ACP (other) 1 1 1 2 1 3
B("(1020)) 0.13 0.05 0.08 0.05 0.03 0.18
B(f0(980)) 1.3 0.3 0.1 2.0 0.1 2.4
B(f0(1500)) 0.04 0.02 0.02 0.10 0.03 0.12
B(f "

2(1525)) 0.02 0.01 0.00 0.15 0.02 0.16
B(f0(1710)) 0.3 0.1 0.1 0.4 0.1 0.5
B(#c0) 0.02 0.02 0.02 0.01 0.04 0.06
B(NR(Total)) 2 1 1 8 1 9
B(NR (S-wave)) 2 1 1 8 1 8
B(NR (P-wave)) 0.1 0.2 0.1 0.3 0.1 0.4
B(Total) 0.0 0.4 0.7 0.0 0.1 0.8
B(Charmless) 0.1 0.4 0.6 0.0 0.2 0.8
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TABLE XVIII: Values of the interference fit fractions FFjk for B+ ! K+K!K+, Solution I. The diagonal terms FFjj are the
ordinary fit fractions FFj , which sum to 272%. The NR component is split into S-wave and P-wave parts for these calculations.
Values are given in percent.

!(1020) f0(980) f0(1500) f "
2(1525) f0(1710) "c0 NR (S-wave) NR (P-wave)

!(1020) 12.9 "0.1 0.0 0.0 0.1 "0.0 "7.4 8.2
f0(980) 27.2 "4.7 "0.0 "5.4 "1.0 "0.8 "3.7
f0(1500) 2.1 0.0 2.3 0.1 3.1 "0.8
f "
2(1525) 2.0 0.1 "0.0 "0.0 0.7
f0(1710) 3.2 "0.1 "13.5 4.9
"c0 3.2 3.3 "1.8
NR (S-wave) 151.4 "155.0
NR (P-wave) 69.4

TABLE XIX: Values of the interference fit fractions FFjk for B+ ! K+K!K+, Solution II. The diagonal terms FFjj are the
ordinary fit fractions FFj , which sum to 174%. The NR component is split into S-wave and P-wave parts for these calculations.
Values are given in percent.

!(1020) f0(980) f0(1500) f "
2(1525) f0(1710) "c0 NR (S-wave) NR (P-wave)

!(1020) 12.3 "0.3 "0.1 "0.0 "0.1 "0.1 "1.5 5.1
f0(980) 12.5 1.5 0.1 3.9 0.6 "40.6 "10.2
f0(1500) 2.6 "0.0 2.3 0.1 "3.5 "0.0
f "
2(1525) 1.5 0.0 "0.0 "0.3 0.7
f0(1710) 2.5 "0.0 "11.6 "2.4
"c0 3.6 "1.5 0.5
NR (S-wave) 91.1 "17.2
NR (P-wave) 48.2

TABLE XX: Values of the interference fit fractions FFjk for B+ ! K0
SK

0
SK

+, for the global minimum. The diagonal terms
FFjj are the ordinary fit fractions FFj , which sum to 345%. Values are given in percent.

f0(980) f0(1500) f "
2(1525) f0(1710) "c0 NR (S-wave)

f0(980) 139.0 "19.2 0.0 "12.4 "1.0 "217.0
f0(1500) 4.0 "0.0 4.1 0.2 9.5
f "
2(1525) 5.7 "0.0 "0.0 "0.0
f0(1710) 4.5 0.1 "9.2
"c0 5.0 "0.0
NR (S-wave) 186.5

TABLE XXI: Values of the interference fit fractions FFjk for B0 ! K+K!K0
S , for the global minimum. The diagonal terms

FFjj are the ordinary fit fractions FFj , which sum to 188%. The NR component is split into S-wave and P-wave parts for these
calculations. Values are given in percent.

!(1020) f0(980) f0(1500) f "
2(1525) f0(1710) "c0 NR (S-wave) NR (P-wave)

!(1020) 13.1 0.0 0.0 0.0 0.0 0.0 0.0 0.2
f0(980) 26.3 0.1 "0.0 14.4 "0.7 "81.2 0.0
f0(1500) 2.1 "0.0 5.3 "0.1 "0.7 0.0
f "
2(1525) 0.5 "0.0 0.0 0.0 0.0
f0(1710) 16.7 "0.2 "27.0 0.0
"c0 3.4 1.6 0.0
NR (S-wave) 114.5 0.0
NR (P-wave) 11.7
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the exponential NR term and the broad tail of the f0!980"
resonance above the KK threshold.

Using the relative fit fractions, we calculate the branch-
ing fraction B for the intermediate mode k as

FF !k" #B!B0 ! K0
SK

0
SK

0
S"; (31)

where B!B0 ! K0
SK

0
SK

0
S" is the total inclusive branching

fraction:

B !B0 ! K0
SK

0
SK

0
S" $

Nsig

!"NB !B
: (32)

We estimate the average efficiency !" $ 6:6% using a fully
reconstructed DP-model MC sample generated with the
parameters found in data. The results of the branching

fraction measurements are shown in Table IV. As a cross-
check we attempt to compare our measured branching
fractions to results from other measurements; however,
many of the branching fractions for the decay into kaons
of the resonances included in our model are not (or are only
poorly) measured (marked as ‘‘seen’’ in Ref. [17]). An
exception is the charmonium state !c0, for which the
measured value is B!!c0 ! K0

SK
0
S" $ !3:16% 0:18" #

10&3 [17]. We can then use the BABAR measurement of
B!B0 ! !c0K

0" $ !142'55
&44 % 8% 16% 12" # 10&6 [22]

to calculate B(B0 ! !c0!! K0
SK

0
S"K0

S) $ 1
2B!B0 !

!c0K
0" #B!!c0 ! K0

SK
0
S" $ !0:224% 0:078" # 10&6,

which is consistent with our measured branching fraction,
given in Table IV.
An interesting conclusion from this first amplitude

analysis of the B0 ! K0
SK

0
SK

0
S decay mode is that we do

not need to include a broad scalar fX!1500" resonance, as
has been done in other measurements [6–10], to describe
the data. The peak in the invariant mass between 1.5 and
1:6 GeV=c2 can be described by the interference between
the f0!1710" resonance and the nonresonant component.
However, minor contributions from the f02!1525" and
f0!1500" resonances to this structure cannot be excluded.

F. Systematic uncertainties

Systematic effects are divided into model and experi-
mental uncertainties. Details on how they have been esti-
mated are given below and the associated numerical values
are summarized in Table V.

1. Model uncertainties

We vary the mass, width, and any other parameter of all
isobar fit components within their errors, as quoted in
Table I, and assign the observed differences in our observ-
ables as the first part of the model uncertainty (‘‘model’’ in
Table V). To estimate the contribution to B0 ! K0

SK
0
SK

0
S

from resonances that are not included in our signal model
but cannot be excluded statistically, namely, the f0!1370",
f2!1270", f02!1525", a0!1450", and f0!1500" resonances,
we perform fits to pseudoexperiments that include these
resonances. The masses and the widths are taken from [17],
except for the f0!1370" for which we take the values from
[23]. We generate pseudoexperiments with the additional

TABLE II. Summary of measurements of the quasi-two-body
parameters. The quoted uncertainties are statistical only. The
change in the log-likelihood (& 2" lnL) corresponds to the case
where the magnitude of the amplitude of the resonance is set to
0. This number is used for the estimation of the statistical
significance of each resonance.

Mode Parameter Solution 1 Solution 2

f0!980"K0
S FF 0:44'0:20

&0:19 1:03'0:22
&0:17

Phase [rad] 0:09% 0:16 1:26% 0:17
&2" lnL 11.7 * * *

Significance ["] 3.0 * * *
f0!1710"K0

S FF 0:07'0:07
&0:03 0:09'0:05

&0:02

Phase [rad] 1:11% 0:23 0:36% 0:20
&2" lnL 14.2 * * *

Significance ["] 3.3 * * *
f2!2010"K0

S FF 0:09'0:03
&0:03 0:10% 0:02

Phase [rad] 2:50% 0:20 1:58% 0:22
&2" lnL 14.0 * * *

Significance ["] 3.3 * * *
NR FF 2:16'0:36

&0:37 1:37'0:26
&0:21

Phase [rad] 0.0 0.0
&2" lnL 68.1 * * *

Significance ["] 8.0 * * *
!c0K

0
S FF 0:07'0:04

&0:02 0:07% 0:02
Phase [rad] 0:63% 0:47 &0:24% 0:52
&2" lnL 18.5 * * *

Significance ["] 3.9 * * *
Total FF 2:84'0:71

&0:66 2:66'0:35
&0:27

TABLE III. The interference fractions FF!k; j" among the intermediate decay amplitudes for
Solution 1. Note that the diagonal elements are those defined in Eq. (28) and detailed in Table II.
The lower diagonal elements are omitted since the matrix is symmetric.

f0!980"K0
S f0!1710"K0

S f2!2010"K0
S NR !c0K

0
S

f0!980"K0
S 0.44 0.07 &0:02 &0:80 0.01

f0!1710"K0
S 0.07 &0:01 &0:17 &0:0003

f2!2010"K0
S 0.09 0.02 0.0002

NR 2.16 &0:02
!c0K

0
S 0.07
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that of the other meson (B0
tag) from the ! (4S), the time-

dependent decay rate over the DP is given by

d!

ds12ds23d"t
=

1

(2")3
1

32m3
B0

e!|!t|/!B0

4#B0

!

|A|2 + |A|2

! Q (1! 2w)
"

|A|2 ! |A|2
#

cos"md"t

+Q (1 ! 2w) 2Im
$

e!2i"AA"
%

sin"md"t

&

,

(3)

where #B0 is the neutral B meson lifetime and "md is
the B0-B0 mixing frequency. A (A) is the amplitude of
the B0

sig (B0
sig) decay and Q = +1(!1) when the B0

tag is

identified as a B0 (B0). The parameter w is the fraction
of events in which the B0

tag is tagged with the incorrect
flavor.
We describe the distribution of signal events in the

DP using an isobar approximation, which models the to-
tal amplitude as a coherent sum of amplitudes from N
individual decay channels (“isobars”):

( )

A =
N
'

j=1

( )

A j , (4)

where

Aj " ajFj(s12, s23) ,

Aj " ajF j(s12, s23) . (5)

The Fj are DP-dependent dynamical amplitudes de-
scribed below, and aj are complex coe#cients describing
the relative magnitude and phase of the di$erent decay
channels. All the weak phase dependence is contained in
aj , and Fj contains strong dynamics only.
The amplitudes must be symmetric under exchange of

identical bosons, so for B+ # K+K!K+, Fj(s12, s23) is
replaced by Fj(s12, s23)+Fj(s23, s12). Similarly, in B+ #
K0

S
K0

S
K+, Fj(s12, s23) is replaced by Fj(s12, s23) +

Fj(s12, s13).
We parameterize the complex coe#cients as

aj = cj(1 + bj)e
i(#j+$j) ,

aj = cj(1! bj)e
i(#j!$j) , (6)

where cj , bj , $j , and %j are real numbers. We define the
fit fraction (FFj) for an intermediate state as

FFj "
( ( "

|Aj |2 + |Aj |2
#

ds12ds23
( ( "

|A|2 + |A|2
#

ds12ds23
. (7)

Note that the sum of the fit fractions is not necessarily
unity, due to interference between states. This interfer-
ence can be quantified by the interference fit fractions
FFjk, defined as

FFjk " 2 Re

( ( "

AjA"
k +AjA

"
k

#

ds12ds23
( ( "

|A|2 + |A|2
#

ds12ds23
. (8)

With this definition,

'

j

FFj +
'

j<k

FFjk = 1 . (9)

In the B+ modes, the direct CP asymmetry ACP (j)
for a particular intermediate state is given by

ACP (j) "
( ( "

|Aj |2 ! |Aj |2
#

ds12ds23
( ( "

|Aj |2 + |Aj |2
#

ds12ds23
=

!2bj
1 + b2j

, (10)

while there can also be a CP asymmetry in the interfer-
ence between two intermediate states, which depends on
both the b’s and %’s of the interfering states. We define
the CP -violating phase di$erence as

"$j " arg(aja
"
j ) = 2%j . (11)

For B0 # K+K!K0
S , we can define the direct CP

asymmetry as in Eq. (10), while we can also compute the
e$ective & for an intermediate state as

&e",j "
1

2
arg(e2i"aja

"
j ) = & + %j , (12)

which quantifies the CP violation due to the interference
between mixing and decay.
The resonance dynamics are contained within the Fj

terms, which are the product of the invariant mass and
angular distributions,

FL
j (s12, s23) = Rj(m)XL(|'p %| r#)XL(|'q | r)Tj(L, 'p, 'q ) ,

(13)
where

• L is the spin of the resonance.

• m is the invariant mass of the decay products of
the resonance.

• Rj(m) is the resonance mass term or “lineshape”
(e.g. Breit-Wigner).

• 'p % is the momentum of the “bachelor” particle, i.e.,
the particle not belonging to the resonance, evalu-
ated in the rest frame of the B.

• 'p and 'q are the momenta of the bachelor particle
and one of the resonance daughters, respectively,
both evaluated in the rest frame of the resonance.
ForK+K! resonances, 'q is assigned to the momen-
tum of the K+, except for B! # K!K+K! de-
cays, in which case 'q is assigned to the momentum
of the K!. For K0

SK
0
S resonances, it is irrelevant

to which K0
S
we assign 'q, so we arbitrarily assign 'q

to whichever K0
S forms the smaller angle with the

K+.

KSKSKS

KKK

KSKSK

KKKS

in %

in %

in %



B± → h±τl selection

• Btag: each D(*)0X- final state with purity greater than 10%, where: 

• D*0→D0π0, D0γ; D0→Kπ, Kπππ, Kππ0, KSππ; 

• X- = n1π± n2K± n3KS n4π0, n1+n2≤5, n3≤2, n4≤2

• mES(Btag)>5.27 GeV/c2, |ΔE(Btag)|<3σ

• Bsig: exactly 3 tracks, total charge opposite to Btag. h=same charge as Bsig. 

• ID: veto events where Bsig tracks pass p-ID or K-ID (except Kτl). Require 1-
prong to pass e, µ or π-ID

• mll vetoes to remove J/ψ, ψ(2S) and γ conversions

• mτ within 60 MeV of world average
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structed ! mass to fall in a narrow window around the
known ! mass. The yield and estimated background in
the ! mass signal window are used to estimate and set up-
per limits on the signal branching fractions. We followed
the principle of a blind analysis, to avoid experimenter’s
bias, by not revealing the number of events in the signal
window until after all analysis procedures were decided.

II. DATA SAMPLE AND DETECTOR
DESCRIPTION

We use a data sample of 472 million BB pairs in
429 fb!1 of integrated luminosity, delivered by the PEP-
II asymmetric-energy e+e! collider and recorded by the
BABAR experiment at the SLAC National Accelerator
Laboratory. This corresponds to the entire " (4S) data
sample.
The BABAR experiment is described in detail else-

where [10]. Trajectories of charged particles are re-
constructed by a double-sided, five-layer silicon vertex
tracker (SVT) and a 40-layer drift chamber (DCH). The
SVT provides precision measurements for vertex recon-
struction and stand-alone tracking for very low mo-
mentum tracks, with transverse momentum less than
120MeV/c. The tracking system is inside a 1.5 T su-
perconducting solenoid. Both the SVT and the DCH
provide specific ionization (dE/dx) measurements that
are used in particle identification (PID). Just beyond the
radius of the DCH lies an array of fused silica bars which
are part of the detector of internally reflected Cherenkov
radiation (DIRC). The DIRC provides excellent charged-
hadron PID. A CsI(Tl) crystal electromagnetic calorime-
ter (EMC) is used to reconstruct photons and identify
electrons. The iron of the flux return for the solenoid
is instrumented (IFR) with resistive plate chambers and
limited streamer tubes, which are used in the identifica-
tion of muons.
Monte Carlo (MC) simulated samples for our B ! h!#

signals and for all relevant SM processes are generated
with EvtGen [11]. We model the BABAR detector re-
sponse using Geant4 [12]. The B ! h!# decays are
generated using a uniform three-body phase space model
and the background MC sample combines SM processes:
e+e! ! " (4S) ! BB, e+e! ! qq̄ (q = u, d, s, c),
and e+e! ! !+!!, with each sample scaled to the total
integrated luminosity.
The data and MC samples in this analysis are pro-

cessed and generated with consistent database conditions
determined from the detector response and analyzed us-
ing BABAR analysis software release tools.

III. EVENT RECONSTRUCTION

In each event, we require a fully reconstructed hadronic
B± decay, which we refer to as the “tag” B meson candi-
date or Btag. We then search for the signal B ! h!#

decay in the rest of the event, which we refer to as
the “signal” B meson candidate or Bsig. The notation
B ! h!# refers to one of the following eight final states
that we consider, where the primary hadron h is a K or
$ and the primary lepton # is a µ or e: B+ ! K+!!µ+,
B+ ! K+!+µ!, B+ ! K+!!e+, B+ ! K+!+e!,
B+ ! $+!!µ+, B+ ! $+!+µ!, B+ ! $+!!e+, and
B+ ! $+!+e!. In all cases, we require that the ! de-
cays to a “one-prong” final state (! ! e%%, ! ! µ%%,
and ! ! (n$0)$% with n " 0). The branching fraction
for ! decays to a one-prong final state is 85%.
The " (4S) ! B+B! decay requires the Bsig three-

momentum to be opposite from that of the Btag (#&ptag)
and the Bsig energy to be equal to the beam en-
ergy (Ebeam) in the e+e! center-of-mass (CM) reference
frame [13]. These constraints allow us to reconstruct the
! indirectly using

&p! = #&ptag # &ph # &p",

E! = Ebeam # Eh # E",

m! =
!

E2
! # |&p! |2,

where (E! , &p! ), (Eh, &ph), and (E", &p") are the corre-
sponding four-momenta of the reconstructed signal ob-
jects. The indirectly reconstructed ! mass (m! ) peaks
sharply at the true ! mass in B ! h!# signal events
and has a very broad distribution for combinatorial back-
ground events. To avoid experimental bias, we did not
look at events in the data with m! within ±175MeV/c2

of the nominal ! mass until all analysis procedures were
established.

A. Tag B reconstruction

The Btag is fully reconstructed in one of many final
states [14] of the form B! ! D(")0X!. The notation
D(")0 refers to either a D0 or a D"0 which decays to
either D0' or D0$0. The D0 is reconstructed in the
K!$+, K!$+$!$+, K!$+$0, and K0

S$
+$! channels,

with K0
S ! $+$! and $0 ! ''. The X! represents

a system of charged and neutral hadrons composed of
n1$±, n2K±, n3K0

S , and n4$0; subject to the constraints
n1 + n2 $ 5, n3 $ 2, n4 $ 2, and total charge #1.
Each distinct Btag decay mode has an associated a

priori purity, defined as the number of peaking events
divided by the number of peaking plus combinatorial
events, where peaking and combinatorial yields are ob-
tained from fits to mES %

!

E2
beam # |&ptag|2 distributions

for each distinct Btag decay mode. We only consider Btag

decay modes with a purity greater than 10% and choose
the Btag candidate with the highest purity in the event.
If there is more than one Btag candidate with the same
purity, we choose the one with reconstructed energy clos-
est to the beam energy. The Btag candidate must have
mES > 5.27GeV/c2 and Etag within three standard de-
viations of Ebeam. A charged Btag candidate is properly
reconstructed in approximately 0.25% of all BB events.



B± → h±τl results
• Combined BF from 

product of 3 
Poisson PDFs 
(three τ channels), 
with expected 
values ni = 
BF*effi*S0+bi
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TABLE IV: Results for the observed sideband events Nsb,i, signal-to-sideband ratio Rb,i, expected background events bi,
number of observed events ni, signal e!ciency !h!",i (assuming uniform three-body phase space decays) for each " channel i
and B ! h"# [9] branching fraction central value and 90% C.L. upper limits (UL). All uncertainties include statistical and
systematic sources.

B(B ! h"#) ("10!5)

Mode " channel Nsb,i Rb,i bi ni !h!",i central value 90% C.L. UL

e 22 0.02 ± 0.01 0.4± 0.2 2 (2.6± 0.2)%

B+ ! K+"!µ+ µ 4 0.08 ± 0.05 0.3± 0.2 0 (3.2± 0.4)% 0.8 +1.9
!1.4 < 4.5

$ 39 0.045 ± 0.020 1.8± 0.8 1 (4.1± 0.4)%

e 5 0.03 ± 0.01 0.2± 0.1 0 (3.7± 0.3)%

B+ ! K+"+µ! µ 3 0.06 ± 0.03 0.2± 0.1 0 (3.6± 0.7)% #0.4 +1.4
!0.9 < 2.8

$ 153 0.045 ± 0.010 6.9± 1.5 11 (9.1± 0.5)%

e 6 0.095 ± 0.020 0.6± 0.1 2 (2.2± 0.2)%

B+ ! K+"!e+ µ 4 0.025 ± 0.010 0.1± 0.1 0 (2.7± 0.6)% 0.2 +2.1
!1.0 < 4.3

$ 33 0.045 ± 0.015 1.5± 0.5 1 (4.8± 0.6)%

e 8 0.10 ± 0.06 0.8± 0.5 0 (2.8± 1.1)%

B+ ! K+"+e! µ 3 0.045 ± 0.020 0.1± 0.1 0 (3.2± 0.7)% #1.3 +1.5
!1.8 < 1.5

$ 132 0.035 ± 0.010 4.6± 1.3 4 (8.7± 1.2)%

e 55 0.017 ± 0.010 0.9± 0.6 0 (2.3± 0.2)%

B+ ! $+"!µ+ µ 10 0.11 ± 0.04 1.1± 0.4 2 (2.9± 0.4)% 0.4 +3.1
!2.2 < 6.2

$ 93 0.035 ± 0.010 3.3± 0.9 4 (2.8± 0.2)%

e 171 0.012 ± 0.003 2.1± 0.5 2 (3.8± 0.3)%

B+ ! $+"+µ! µ 89 0.04 ± 0.01 3.6± 0.9 4 (4.8± 0.3)% 0.0 +2.6
!2.0 < 4.5

$ 512 0.050 ± 0.005 25± 3 23 (9.1± 0.6)%

e 1 0.050 ± 0.025 0.1± 0.1 1 (2.0± 0.8)%

B+ ! $+"!e+ µ 16 0.025 ± 0.010 0.4± 0.2 1 (2.8± 0.3)% 2.8 +2.4
!1.9 < 7.4

$ 172 0.035 ± 0.008 6.0± 1.4 7 (5.8± 0.3)%

e 31 0.033 ± 0.013 1.0± 0.4 0 (2.9± 0.3)%

B+ ! $+"+e! µ 247 0.012 ± 0.005 3.0± 1.2 2 (4.6± 0.4)% #3.1 +2.4
!2.1 < 2.0

$ 82 0.07 ± 0.03 5.7± 2.5 3 (3.7± 1.0)%

TABLE V: Branching fraction central values and 90% C.L.
upper limits (UL) for the combination B(B+ ! h+"#) $
B(B+ ! h+"!#+) + B(B+ ! h+"+#!) with the assumption
B(B+ ! h+"!#+) = B(B+ ! h+"+#!).

B(B ! h"#) ("10!5)

Mode central value 90% C.L. UL

B+ ! K+"µ 0.0 +2.7
!1.4 < 4.8

B+ ! K+"e #0.6 +1.7
!1.4 < 3.0

B+ ! $+"µ 0.5 +3.8
!3.2 < 7.2

B+ ! $+"e 2.3 +2.8
!1.7 < 7.5
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FIG. 1: Distributions of m(K!) for the (a, b) B+ ! K+"!µ+; "! ! (n!0)!!#! and (c, d) B+ ! K+"+µ!; "+ ! (n!0)!+#̄!
channels. The top row shows the data (points) compared with the background MC (solid line). The area of the background
MC distribution has been normalized to the area of the data distribution. The bottom row shows the (b) B+ ! K+"!µ+ and
(d) B+ ! K+"+µ! signal MC. The normalization of the bottom row is arbitrary. The dotted vertical line is at 1.95GeV/c2,
which is the minimum allowed value of m(K!) for the signal selection. The peak in the top row just below 1.95GeV/c2 is from
D0 ! K+!! decays.

TABLE II: Tag-side reconstruction e!ciency ratios deter-
mined from MC samples. The uncertainty includes both sta-
tistical and systematic sources.

E!ciency Ratio µ modes e modes

$K!"
tag /$D"#

tag 0.96 ± 0.05 0.98 ± 0.07

$$!"
tag /$

D"#
tag 0.95 ± 0.04 0.97 ± 0.06

D(!)0µ+! and B+ ! D(!)0e+! control samples. The
fits have independent D0, D!0, and D!!0 components.
Any residual combinatorial background is included in the
D!!0 component. The D0 and D!0 component probabil-
ity density functions (PDFs) are each modeled with the
sum of a Gaussian and a Crystal Ball function [17]. The
D!!0 component PDF is the sum of a Gaussian and a bi-
furcated Gaussian, which has di!erent width parameters
above and below the mean. The overall normalization
of each component, the core Gaussian mean and width
of the D0 component, and the relative fraction of the
Crystal Ball function within the D!0 component are all
parameters of the likelihood that are varied in its maxi-
mization.
The results of the "ED!" maximum likelihood fits and

S0 calculations are given in Table III. We use the fol-
lowing branching fractions [18] in the calculation of S0:
B(B" ! D0""!̄) = (2.23± 0.11)%, B(B" ! D!0""!̄) =
(5.68 ± 0.19)%, and B(D0 ! K"#+) = (3.87 ± 0.05)%.
The four determinations of S0 are all consistent with each
other, as expected.

TABLE III: Results of the "ED"# maximum likelihood fits
and S0 calculations. The uncertainties on ND"# and $D"# are
statistical. The e!ciency $D"# is determined from a Monte
Carlo sample. The uncertainty on S0 includes the uncertain-
ties on the B and D branching fractions.

D%# mode ND"# $D"# S0

D0µ# 513± 38 (47.8 ± 0.9)% (12.0 ± 1.2) " 105

D"0µ# 1234± 49 (50.8 ± 0.5)% (10.7 ± 0.8) " 105

D0e# 484± 46 (48.2 ± 0.9)% (11.4 ± 1.5) " 105

D"0e# 1368± 58 (52.2 ± 0.5)% (11.7 ± 1.1) " 105



B± → h±τl systematic uncertainties

• many uncertainties cancel in the ratio with the control sample

• main residual uncertainties: 

• K/π/lepton PID (control samples)

• efficiency of LR cut to reject qq bkg (use different PDFs)

• tagging efficiency (double tag events)
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Bkg suppression and yield extraction (νν)

• Bkg suppression:

• Belle: veto additional π0/KL. Cut on cosθT (angle of Btag thrust axis wrt 
beam): non-B bkg more likely to “lose” energy in beam pipe

• BaBar: require missing momentum in acceptance. Additional cuts and 
multivariate selection on angular variables and kinematics of Btag system to 
reduce ττ events and other bkgs.

• Yield extraction:

• Belle: 2D fit to Eextra vs cosθB (Btag polar angle) - non-B shape from off-res 
data

• BaBar: 1D fit to Eextra. Signal PDF from MC (nominal: hist at 0 + polynomial; 
syst: hist at 0 + exponential), bkg PDF from data on-peak mD/Δm sideband

50



B to invisible results and systematic uncertainties
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photon candidate) is also removed from the Eextra com-230

putation. The Eextra signal region is defined by impos-231

ing an upper bound at 1.2 GeV. In both B0 ! invisible232

and B0 ! invisible+! samples, this variable is strongly233

peaked near zero for signal, whereas for the background234

the distribution increases uniformly in the chosen signal235

region. Background events can, however, populate the236

low Eextra region, when charged or neutral particles from237

the event are either outside the fiducial volume of the238

detector or are unreconstructed due to detector ine!-239

ciencies. Contributions from misreconstructed "0 decays240

usually populate the high Eextra region.241

Using detailed Monte Carlo simulations of B0 ! in-242

visible and B0 ! invisible+! events, we determine our243

signal e!ciency to be (17.8±0.2)"10!4 for B0 ! invis-244

ible and (16.0± 0.2)" 10!4 for B0 ! invisible+!, where245

the errors are statistical.246

We construct probability density functions (PDFs) for
the Eextra distribution for signal (Psig) and background
(Pbkg) using detailed MC simulation for signal and data
from the mD and "m sidebands for background. The
two PDFs are combined into an extended maximum like-
lihood function L, defined as a function of the free pa-
rameters Nsig and Nbkg:

L(Nsig, Nbkg) =
[(1 # zsig)Nsig + (1 # zbkg)Nbkg]

N1

N1!

" e![(1!zsig)Nsig+(1!zbkg)Nbkg]

"
N1
!

i=1

"

Psig(Eextra,i|#psig)
(1 # zsig)Nsig

N1

+ Pbkg(Eextra,i|#pbkg)
(1 # zbkg)Nbkg

N1

#

"
(zsigNsig + zbkgNbkg)

N0

N0!

" e!(zsigNsig+zbkgNbkg), (2)

where Nsig and Nbkg are the number of signal and back-247

ground events, respectively. The photon reconstruction248

has a detection lower energy bound of 30 MeV, and as249

a consequence, the Eextra distribution is not continuous.250

To account for this e#ect, the likelihood in Eq. 2 is com-251

posed of two distinct parts, one for Eextra > 30 MeV and252

one for Eextra = 0 MeV. In the likelihood function, zsig253

and zbkg are the fractions of events with Eextra = 0 MeV254

for signal and background, respectively, and #psig and255

#pbkg are the vectors of parameters describing the sig-256

nal and background PDFs, a kernel-based PDF and a257

2nd order polynomial, respectively. The fixed parame-258

ters N0, N1, and Eextra,i are, respectively, the number259

of events with Eextra = 0 MeV, the number of events260

with Eextra > 30 MeV, and the value of Eextra for the ith261

event.262

The negative log-likelihood is then minimized with re-263

spect to Nsig and Nbkg in the data sample. The resulting264

fitted values for Nsig and Nbkg are given in Table I. Fig-265
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FIG. 2: Results of the maximum likelihood fit of Eextra: B0
!

invisible(left) and B0
! invisible+!(right).

ure 2 shows the Eextra distributions for B0 ! invisible 266

and B0 ! invisible+! with the fit superimposed. 267

TABLE I: Fitted yields of signal and background events in
data. (The uncertainties given here are purely statistical.)

Mode Nsig Nbkg

B0
! invisible "22 ± 9 334 ± 21

B0
! invisible+! "3.1 ± 5.2 113 ± 12

The fitted signal yields are used to determine the decay 268

branching fractions (B), which are defined as: 269

B $
Nsig

$ · NBB̄

, (3)

where $ is the total signal e!ciency, corrected for data- 270

MC discrepancies (described below), and NBB̄ is the 271

number of produced BB pairs. 272

The systematic uncertainty on the signal e!ciency is 273

dominated by data-MC discrepancies in the distribution 274

of the variables used as input to the NN. This results in 275

relative uncertainties of 6.1% and 8.2% for B0 ! invisible 276

and B0 ! invisible+!, respectively. This uncertainty is 277

evaluated using the hypothesis that the data-MC agree- 278

ment could reduce the discriminating power of each input 279

variable. In order to make the signal distributions more 280

background-like, in the signal sample we apply a Gaus- 281

sian smearing to each of the NN input variables, where 282

the smearing parameters are evaluated by comparing the 283

di#erence in the root-mean-square of the signal and back- 284

ground shapes. The NN output selection is then applied 285

to this new sample and the di#erence between the nomi- 286

nal signal e!ciency and this new e!ciency is used as the 287

systematic uncertainty. 288

Another important contribution is due to the estima- 289

tion of the e!ciency on the tag side reconstruction (3.5% 290

7

for both channels). For this purpose, data and MC sam-291

ples in which a B0 and a B0 are both reconstructed as292

decays to D(!)!" in the same event (“double tag” events)293

are used. The square root of the ratio between the num-294

ber of the selected double tag events in data and in MC295

simulation is 0.928 (0.824) for events with B0 ! D(!)!"296

in the tag side; these ratios are used to correct the e!-297

ciency. The propagation of the statistical errors on the298

correction factors is used as a systematic uncertainty on299

the signal e!ciency.300

Other contributions to the systematic uncertainty on301

the signal e!ciency come from the choice of the preselec-302

tion criteria and from the SR definition on mD("m).303

The first e#ect is evaluated by applying a Gaussian304

smearing to the variables involved (cos #!miss, cos #K!1 +305

cos #K!2 and cos #"!1 + cos #"!2). The variation on the306

signal e!ciency is then used as a systematic uncertainty.307

As was done for the NN, this uncertainty is evaluated us-308

ing the hypothesis that the discrimination power of each309

variable is reduced. The second e#ect is evaluated by310

changing each of the bounds of the SR definition by a311

value $ (3 MeV for mD and 1.5 MeV for "m) which is312

half of the mD/"m resolution as evaluated in data. The313

relative maximum variation in e!ciency is then used as314

a systematic uncertainty.315

An additional source of systematic uncertainty is de-316

termined for the B0 ! invisible+% decay in order to317

account for detector ine!ciency in the single photon re-318

construction. This is evaluated by comparing the data319

and MC &0 reconstruction e!ciency in ' ! ((&±&0)"320

decay, where the number of produced &0 is determined321

from the branching fraction of the specific ' decay [12].322

The total systematic uncertainty on the signal selection323

e!ciency is 7.7% for B0 ! invisible decay and 9.3% for324

B0 ! invisible+% decay.325

The systematic uncertainty on the number of signal326

events is dominated by the parametrization of the back-327

ground Eextra distribution. A maximum likelihood fit of328

Eextra with the background parameters varied according329

to their statistical error and correlations is performed.330

For each parameter the di#erence in the fitted signal yield331

with respect to the nominal value is used as a systematic.332

Other contributions to the signal yield systematic uncer-333

tainty come from the signal shape parametrization and334

from the use of data SB for the determination of back-335

ground shape. The first is evaluated as the di#erence336

between the fitted yield with the polynomial shape and337

an alternative exponential shape. The latter, computed338

as the di#erence in the Eextra shape between SR and339

SB, is parametrized with a 1st order polynomial in the340

charge-conservation-violating B+ ! invisible (+%) con-341

trol sample. This parametrization is used to weight the342

background shape, and the di#erence in the fitted yield343

is used as a systematic uncertainty. Another contribu-344

tion for the B0 ! invisible+% decay is due to a small345

bias observed in MC studies of the yield extraction. The346

TABLE II: Summary of the systematic uncertainties.

Source B0
! invisible B0

! invisible+!

Normalization Errors
B-counting 0.6% 0.6%

E!ciency Errors
Tagging E!ciency 3.5% 3.5%
mD ("m) selection 1% 1.3%

Preselection 3% 2.4%
Neural Network 6.1% 8.2%
Single Photon – 1.8%

TOTAL 7.7% 9.5%

Yield Errors (events)
Background Param. 15.8 6.5

Signal Param. 2.0 1.2
Fit technique – 1.0
Eextra shape 0.1 1.8

TOTAL 15.9 6.9

total systematic uncertainties on the signal yield are 16 347

and 7 events for B0 ! invisible and B0 ! invisible+%, 348

respectively. 349

For the systematic contribution due to the uncertainty 350

on the estimation of the total number of BB events in the 351

data sample, the procedure adopted is described in [14] 352

and the resulting uncertainty is 0.6%. The systematic 353

uncertainties are summarized in Table II. 354

A Bayesian approach is used to set 90% confidence level 355

(CL) upper limits on the branching fractions for B0 ! 356

invisible and B0 ! invisible+%. Flat prior probabilities 357

are assumed for positive values of both B’s. Gaussian 358

likelihoods are adopted for signal yields. The Gaussian 359

widths are fixed to the sum in quadrature of the statis- 360

tical and systematic yield errors. We extract a posterior 361

PDF(B) using Bayes’ theorem, including in the calcu- 362

lation the e#ect of systematic uncertainties associated 363

with the e!ciencies and the normalizations, modeled by 364

Gaussian PDFs. Given the observed yields in Table I, 365

the 90% confidence level upper limits are calculated, af- 366

ter the marginalization of the posterior PDF, by: 367

! UL

0
P(B)dB

"
! "

0
P(B)dB = 0.9 (4)

The resulting upper limits on the branching fractions are 368

B(B0 ! invisible) < 2.4 " 10#5

B(B0 ! invisible + %) < 1.7 " 10#5

at 90% CL. In order to cross-check the results of the anal- 369

ysis, we also search for the charge-conservation-violating 370

modes B+ ! invisible and B+ ! invisible+%. We check 371

that their resulting signal is consistent with zero. For 372

- NN efficiency: shift and smear all input variables 
in signal MC to make them more data(bkg)-like

- bkg params: propagate uncertainty from limited 
stat of data on-peak mD/Δm sideband sample


