Beam Dynamics
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1.) Electrostatic Machines:
(Tandem -) van de Graaff Accelerator (1930 ...)
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Problems: * Particle energy limited by high voltage discharges
* high voltage can only be applied once per particle ...
. or twice ?

Energy Gain

‘ ... we have to start again from the basics ‘

B-field creates no force

Lorentz force F=q*(E+ Vﬁ) \ in long. direction the

v|B

ﬁ_(l];_

F eE acc. force is given by the electr. Field
dt

In relativistic dynamics, energy and momentum satisfy the relation:
2 2 22
E'=E +pc (E=E,+W)
Hence: dE = [ Fds =vdp
and the kinetic energy gained from the field along the z path is:

dW =dE =eEds = W =e[Eds=eV




The ., Tandem principle®: Apply the accelerating voltage twice ...
... by working with negative ions (e.g. H-) and
stripping the electrons in the centre of the
structure

Electro Static Accelerator:12 MV-Tandem van de Graaff g_\ .
Accelerator at MPI Heidelberg ~\;$\:: ]

2.) The first RF-Accelerator: ,Linac"

1928, Wideroe: how can the acceleration voltage be applied several times
to the particle beam

schematic Layout:
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Energy gained after n acceleration gaps n number of gaps between the drift tubes

W TT 8ot q charge of the particle
E,=n*q*U,"siny, U, Peak voltage of the RF System
Y synchronous phase of the particle

* the problem of synchronisation ... between the particles and the rf voltage
* ,voltage has to be flipped“ to get the right sign in the second gap
—> shield the particle in drift tubes during the negative half wave of the RF voltage




Wideroe-Structure: the drift tubes

v, --f--> <
shielding of the particles during the negative ! I/\, v,

half wave of the RF | W/
4 t

Time span of the negative half wave:  1,/2

T, — V-,

Length of the Drift Tube: l=v,* = NV 2E, o
S R 1, (19 Us,
Kinetic Energy of the Particles E = _mv fm—* \l ;
2 v, 2m

valid for non relativistic particles ...

Alvarez-Structure: 1946, surround the whole structure by a rf vessel

Energy: =20 MeV per Nucleon § = 0.04 ... 0.6, Particles: Protons/Ions

Example: DESY Accelerating structure of the Proton Linac

E or) = 988 M eV

m,c’ = 938 M eV

p=310MeV /c
Ekin = 50M€V

Beam energies

1.) reminder of some relativistic formula
rest energy E, = m,c’
totalenergy E =y * E, =y*mc’ momentum E? = ¢’p’ + m,’c’

. . 2
kinetic energyE y;, = E ;010 = M,C




GSI: Unilac, typical Energie = 20 MeV per Energy Gain per
Nukleon, § =~ 0.04 ... 0.6, »Gap“:
Protons/Ions, v=110 MHz

W=qU,sinwg.t

Application: until today THE standard proton / ion pre-accelerator
CERN Linac 4 is being built at the moment

Idea: B = const, RF = const
Synchronisation particle / RF via orbit

F'-q‘(val-q‘r‘B

circular orbit
increasing radius for

gev® B = mov. — B*"R = plq increasing momentum
=> Spiral Trajectory

‘ revolution frequency ‘
0 = y_49. B the cyclotron (rf-) frequency
: m ’ is independent of the momentum

rf-frequency = h* revolution frequency, h = “harmonic number”




Cyclotron:

‘ exact equation for revolution frequency: ‘ 3

V__9 «
R @m B,

1) ifv<<c=y=1

W=

2.) y increases with the energy

. o}
=> 10 exact synchre="— . yhe ‘ Cyclotron SPIRAL at GANIL
o"

B = constant

Y @gg = constant

ogp decreases with time w ()= ()= q *B
y(1)* m,

keep the synchronisation condition by varying the rf frequency

4.) RF Cavities, Acceleration and Energy Gain
dW =dE =eEds = W =e[Eds=eV

RF acceleration: 'V = const / N JEN \7/
e

== =
/ N\ //\/\ z
N4 \_

In this case the electric field is oscillating. So it is for the potential.
The energy gain will depend on the RF phase experienced by the
particle.

ff;'_-fl: -V E.= fjf.. coswf = E.cos®r)

WeeV oo Z | Neglecting the transit
time in the gap.




Energy Gain in RF structures:
Transit Time Factor

Oscillating field at frequency o (amplitude is assumed to be
constant all along the gap)
E =E, coswt -V coswt
g
Consider a particle passing through the middle of the gap
attime t=0: z=v¢

el ¢? z
The total energy gain is: AW =— [ cosw=dz
%
-g/2
. .
AW =eVSln0/2= 7 T-Sm(_?;" transit time factor (0 <T<1)
6/2 6/2
B=w—vg transit angle
sinf/2 ,
ideal case: I = -1 <« 6/2—0
6"'2

el. static accelertors w—0

minimise acc. gap g—0

5.) The Synchrotron (Mac Millan, Veksler, 1945)

The synchrotron: Ring Accelerator of const. R

where the increase in momentum (i.e. B-field) is
automatically synchronised with the correct
synchronous phase of the particle in the =

D = Synchronous particle = m g* TT"I = 4
b’ ko ‘*’f 1 e
Wy = he, — RF synchronism ! o | / - (¥
: PN
p=cte R=cte — . ; 2 N
) Constant orbit 8 7 e 2 <
Bp=F/ =8 .o

" Variable magnetic field




6.) Momentum Compaction Factor: a,

particle with a displacement x to the design orbit
- path length dl ...

dal  p+x

ds 1o

design orbit

—>dl=(1+ T ds
P(s)

circumference of an off-energy closed orbit

A
L =fdl =ﬁ(1+;€§))ds remember: xAE(S)=D(S)7p

Ap o D(s) * The lengthening of the orbit for off-momentum
Olyp = 7 ( 0(s) )ds particles is given by the dispersion function
and the bending radius.

Definition:

For first estimates assume: — =const.

fD(S)dS = lz(dipales) '<D>dipﬂlﬂ

dipoles
1 1 1 1 2 <D>
o, =— lsyioee {D)—=—21p-(D)— — ==Y (p\= L
p L X(dipoles) < >p L p < >p aP L < > R
Assume: V=C
oT 1. Ap a, combines via the dispersion function
— =a,— - the momentum spread with the longitudinal

T L ’
P motion of the particle.




7.) Dispersion Effects in a Synchrotron

cavity

If a particle is slightly shifted in momentum
it will have a different orbit:

_PdR
E *=Rdp

Circumference o .
2R E+0E  This is the “momentum compaction”

generated by the bending field.

If the particle is shifted in momentum it will have also a
different velocity. As a result of both effects the
revolution frequency changes:

p=particle momentum _prdf
1= dp
R=synchrotron physical radius
f=revolution frequency
Dispersion Effects in a Synchrotron
_pdf. / pe _ df, _dp _dR _,4r _ dp
= dp 2aR f. B R R p

- i(1-p%) - ifs
pemveprEr o dp _dp , d1-f )1 -(1-p) 4P —>dp_1dp

C IJ ﬁ (l—ﬁ:}-: [‘ b' }'— p
d d 1 The change of revolution frequency
A = (Lz — )l —_— = I -—a depends on the particle energy y and
f 14 p changes sign during acceleration.

Particles get faster in the beginning — and arrive earlier at the cavity: classic regime

Particles travel at v =c and get more massive — and arrive later at the cavity: relativistic
regime

boundary between the two regimes: no frequency dependence on dp/p, v, = 1
n =0 ‘“transition energy” " Vo




8.) The Acceleration for Ap/p#0
“"Phase Focusing” below transit

ion

ideal particle ® - W\ /

particle with Ap/p>0 ® faster
particle with Ap/p <0 ®  slower

Stable synchr. particle

P,y «
eV,
N N,

NN

Focussing effect in the longitudinal direction
keeping the particles close together
... forming a “bunch”

@, n-d,
Phase space picture A‘%
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... S0 sorry, here we need help from Albert:
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kinetic energy of a proton

... some when the particles
do not get faster anymore

.... but heavier !
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9.) The Acceleration for Ap/pz0
“Phase Focusing" above transition

ideal particle . "N\ / \
particle with Ap/p>0 ©® heavier == _._‘—

particle with Ap/p<0 ®  lighter

R M\ Stabl rticl y
. - >table synchr. particle ./
' \\ Y
y,
‘ N \
PP

oscillation frequency = some Hz

LHC Commissioning: RF

LHC Longitudinal Bunch Profile Beam2

a proton bunch: focused longitudinal by
the RF field

RF of f
RF on,
wrong phase condition - -3




.. and how do we accelerate now 2??
with the dipole magnets !

Energy ramping is simply obtained by varying the B field:

dp 2x ep RE
P=-eclp - -eplf = (APl =p Ol -
1y )
Energy Gain per turn: E2 = Eé + p262 = AE =VvAp
AE,, =AW, =2xepRB=eVsing

~ wn

* The energy gain depends on the rate of change of the dipole field

* The number of stable synchronous particles is equal to the harmonic number h.
They are equally spaced along the circumference.

* Each synchronous particle satifies the relation p = eBp. They have the nominal
energy and follow the nominal trajectory.

10.) Longitudinal Dynamics: synchrotron motion

We have to follow two coupled variables:
* the energy gained by the particle
* and the RF phase experienced by the same particle.

Since there is a well defined synchronous particle which has always
the same phase ¢,, and the nominal energy E,, it is sufficient and
elegant to follow other particles with respect to that particle.

We will introduce the following relative variables:

revolution frequency : Af. =1 -1
particle RF phase : Ap=¢ - ¢,
particle momentum : Ap=p-p,
particle energy : AE=E-E,
azimuth angle : AO =0 -0

12



The Equation of Motion:

Energy-Phase Relations in a Synchrotron
energy offset € phase change

Stable synchr. particle

Equation of Motion:

Relation between momentum difference and difference
in revolution frequency:

df _(1_.\dp ~
S\ p
which translates into difference in revolution time:
ar _ '“ 1 1 dp A particle with higher momentum travels faster
T, ( :,’ I'p (in the classical regime)

The result is a difference in phase at the cavity

Ay =2n A.f =w,  YAT
T, i The RF frequency has to be a integer multiple
=h*w, *AT=h*2x A1 of the revolution frequency, “h”
p called harmonic number

r'lp
he 1\ dE difference in energy and difference in phase
- ;’ (u -— [: are related via the momentum compaction
B v E

13



Equation of Motion:

* 2+ A
‘39"/’ 27 - l.)dI:
B y | E

differentiate to time

\ r
@ Ay = Ay _h "Zﬂ - 1‘ )l/ﬁ rate of change of the phase difference
I, PBT, y ] E wrt to the ideal particle

the energy change is given by the RF system:

AE = e* U, (sin(y, + Ay) - siny) sin(yr, + Ayr) - sinys, =

sinyr, cosAy! = cosyr sinAy - sinyr,

and the phase difference determines the rate of energy (S (S
change per turn

=1 Ay
AE=¢* {_;" Ay cosyr,

differentiate a second time

. U
AE = ¢* =L Ay cosy
€ oAy cosy,

Equation of Motion:

' * 7y AF
@ ap-de_h _:r(u_ l:)df..
Y

T, BT, ) E

U
AE = ¢* = Ay cosyr
put @ into @ et c’est ca Equation of Motion in Phase Space E-y:

j 2 1E Definition:
AE =¢* Y, ._.:rh - I\)db costp,
L BTy vIE _eU,h cosy! 1
R
\ 248°E ¥

AE 4+ Q°AE =0

We get a differential equation that describes the difference in energy of a particle to the ideal
(i.e. synchronous) particle under the influence of the phaes focusing effect of our sinusoidal
RF function.

And it is a harmonic oscillation !!!

The oscillation frequency L is called synchrotron frequency and usually in the range

of some Hz ... kHz.

14



Small Amplitude Oscillations: phase stability

We get - in equivalent way - the harmonic oscillation of the particle phase with the
oscillation frequency

o[ ] S 1
Aw + QSA ‘}' =) Q =w,* \lt L;,ll’::);!}f. n remember 1= ﬁ —“
2

Stability condition: Q real QZ>0
Y<Y% m>0 0 < ¢; < mw/2
Y>¥% mn<0 /2 < ¢ <m

And we will find this situation
“h”-times in the machine

oscillation frequency depends on

LHC: ‘ N * the square root
35640 Possible Bunch Positions (“buckets”) * of an electrical potential
2808 Bunches -> weak force <->small frequncy

The RF system: IR4 L
S, LT S45 T2
A i Q.r o S AN AN el ’-Q7
\ === : —
Bunch length (40) ns 1.06
Energy spread (20)  10¢ 3 0.22
Synchr. rad. loss/ ke 7
turn V
3.6
Synchr. rad. power kW
RF frequency M 400
Hz
Harmonic number 35640
\ o o RF voltage/beam MV 16
NN 3 \ 95 . Energy gain/turn ke 485
- \ s N Vv
4xFour-cavity cryo module 400 MHz, 16 MV/beam Synchrotron Hz

Nb on Cu cavities @4.5 K (=LEP2) Jrequency
Beam pipe diam.=300mm




(small) ... Synchrotron Oscillations in Energy and Phase

: 14
Ay + Q Ay =0 Vi

Ansatz: Ay = Ay *oos(Q 1)
L L. . h*2n 1 \dE

take the first derivative and put it into the first energy-phase relation Ay = e a- J E
0 Y -

d(Ayr)

=AY, *sin(Q1)*Q,
dt

to get the energy oscillations AE = BTRAY, E. sin(Q 1
2 '
. 2xhy

AE =AE__ *sin(Q 1)

which defines an ellipse in phase space Ay, AE:

: We have to match these conditions:

LG LongtudnalBunch Prfle Beanz phase (i.e. timing between rf and injected bunch)
has to correspond to ¢,

long. acceptance of injected beam has to be smaller
than bucket area of the synchrotron.

)

RF on, s ; = ~ 200 turns

wrong phase - RF on, phase adjusted,
‘ beam captured

‘ max stable energy: set ¢ = ¢ and calculate AE

LHC injection:
(pveU, acceptance: 1.4eVs
S \‘14“)5‘}5, ~(2x-4¢,)sing | long emittance: 1.0 eVs

LY
(AE, Jsep '\' 2ahy),
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Than'x

Appendix: Relativistic Relations
court. Chris Prior, Trinity College / CAS

AB Ap AT AE Ay
B p T E v
14y BN
AR AB 2 p 1 AT | B2y
B ; Ap A7 I 4(y+1) T 21 |
P Y =149
Ap PYAYY] Ap v AT 1 Ay
2r _ 222 ap _r Aaf - 587
p B p Y+1T B2 «
AT A 1\ A AT A
— = 7(7+1)—ﬂ (H-—)—p — A
T g Y] P T Y—119
AE Ap Ap
— =| B1*— p2—
2 B b (1_1>£ Ay
Ay =| (- 1)% Ap_AB v/ T v
v g P &)
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