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Requirements for accelerators 
Accelerators are used in many fields these days...for instance,
Elementary Physics 

Accelerator Driven System (ADS)
ADS : A system which keeps nuclear fission chain 
reaction induced by spallation neutrons obtained by 
irradiation of a target with high energy proton beams 
generated by accelerators.
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山川恵美

今日私たちが抱える社会的問題は多岐にわたり、地球規模での温暖化、食料不足、エネルギー資源不足、と挙げ
ればきりがない。中でも地球温暖化、そしてエネルギー資源枯渇への懸念は高まるばかりである。先進国のみなら
ず発展途上国による化石燃料の消費増によりCO2排出量は増加の一途を辿っている。これらの問題の対処策として
今日原子力への期待が高まってきている。一方で、東海村 JCO臨界事故による放射能漏れや地震による原子炉の
緊急停止、また高レベル放射性廃棄物処理問題など原子力に対する不安や懸念は非常に高い。このような不安を払
拭し今後の原子力の発展に貢献するため、京都大学原子炉実験所では文部科学省の「革新的原子力技術開発研究」
プロジェクトの委託研究として 2002年度より「加速器駆動未臨界原子炉 (ADSR)」の研究 [1]が進められ、平成 21
年 3月 4日、世界で初めて加速器駆動未臨界炉実験が開始された。

図 1: ADSRプロジェクトの概要

ADSR(Accelerator Driven Subcritical Reactor)とは、加速器からの高エネルギー陽子ビームを重金属標的に当て
ることで発生した中性子を原子炉内に導入し核分裂反応を維持させエネルギー増幅を行うシステムである。中性子
の外部導入を停止すれば核分裂反応も停止するため安全性の高い原子炉であるといえる。さらに加速器からのビー
ム強度やエネルギーを変えることにより重金属標的からの中性子の発生量を制御できる。結果、核分裂反応を制御
しやすく従来の原子炉では困難であった原子炉出力の可変性を実現することが可能となり、さらに中性子による超
寿命高レベル放射性物質の核変換基礎研究利用、さらにはがん治療 [2]など医療利用においても期待されている。
京大原子炉では固定磁場強集束型 (FFAG)シンクロトロン加速器 (以下 FFAG加速器)と KUCA(京都大学臨界

集合体実験装置)を結合して世界初の ADSR実験に成功した。当研究室は当初より scaling 型 FFAG加速器研究開
発 [3]を行ってきた。FFAG加速器の特徴の一つは、磁場が時間に対して一定であることである。通常のシンクロ
トロン加速器では粒子の加速時間の変化に合わせて磁場の強さを変えている。一方 FFAG加速器では磁場が粒子の
加速時間によらず一定であるため、速い加速、高繰り返しでの運転を行うことが可能となる。二つめの特徴は、固
定磁場にすることで複雑な制御系を必要とせず安定した運転が期待できることである。以上の特徴を最大限に生か
すことにより ADSR基礎実験を行うための加速器開発が研究目的である。
今回開発した加速器は三台で構成されており、特徴はその三台全てが FFAG加速器である点である。またADSR

実験に必要なビーム強度を確保するため将来的には最大加速繰り返し数を 120Hzまで可能とし、負水素イオンを用
いた荷電交換入射により主リングについては平均ビーム強度として 1µAが十分可能となるアクセプタンスを有する
よう設計されている。私が当研究室に配属された平成 20年 7月の時点では、主リングでのビーム試験を行ってい
る段階であり、その時点での問題は加速途中でのビーム損失であった。原因としては、主リングを構成している電
磁石の漏れ磁場の影響によるベータトロン振動数の変化が考えられた。そこで主リング電磁石に新たに鉄板を付加
することで磁極形状を変化させベータトロン振動数の共鳴を回避させた。その結果加速途中における急激なビーム
損失は大幅に改善され、主リングからのビーム取り出しに成功した。その後の課題は原子炉へのビーム安定供給で
あった。そのため取り出し付近でのビーム強度が最大となるよう主リング入射機器パラメタの最適化を図ることで
取り出しビーム強度を約 3倍に増加させることが出来た。さらに主リング以降の四極電磁石の磁極を強化しビーム

3

荷電レプトンのレプトンフレーバ保存の破れ
• クォークの混合：CKM行列
• レプトンの混合：標準理論(m!=0)では反応の前後で世代毎のレプトン数が保存される。

• !振動の発見により中性レプトンではレプトンフレーバ保存が破れた。MNS行列
• 荷電レプトンでは未だ発見されていない。本当にないのか？

ニュートリノ振動

荷電レプト
ンの世代混

合

(cLFV)

µ+ " e+ #

µ+ " e+ e- e+

cLFVの例

Lµ :  -1     0
Le :   0    -1 

Lµ :  -1     0  0  0
Le :   0    -1 +1 -1

Neutrino violat
ion

Rapid-acceleration scheme is required to 
accelerate short-lived particles within lifetimes.

Muon accelerator & muon collider are 
good candidates for the next generation 

of elementary physics experiments.

High power proton beam is needed 
to generate enough neutrons 



・Achievable of Rapid acceleration (~2μsec)

・Generating of High power beam (~10 MW)

Requirements for accelerators

Necessary conditions for 
accelerators

Requirements Necessary conditions Reason

Rapid 
acceleration

Static magnetic field Variable magnetic field →Short-lived particles 
cannot be accelerated within the lifetime.

High-intensity 
beam

Fixed rf frequency 
acceleration

Continuous wave (CW) acceleration 
can be achieved

High-energy
beam Strong focusing Large dynamic aperture is secured for 

secondary particle acceleration scheme.

Accelerators are necessary satisfied with the following conditions:
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Candidate of accelerators

 Fixed Field Alternating Gradient (FFAG) Accelerators

Problems
Linac Lots of cavities are needed

Large space to put many rf cavities is required
Expensive

Strong focusing Static magnetic field Fixed rf frequency acceleration

Cyclotron NO YES NO

Synchrotron YES NO MAYBE
（β~ 1 : Possible）

Candidate so far

Circular accelerators

New candidate of accelerators 
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FFAG accelerators

6

FFAG accelerator

It combines 

6

FFAG

like cyclotrons:
a static guide field

a strong focusing.
like synchrotrons:

AND

FIXED FIELD ALTERNATING GRADIENT

Fixed field in time
(Like cyclotron)

Strong focusing
(Like synchrotron)

＋

＋
Fixed rf frequency acceleration

FFAG satisfies three necessary conditions to realize 
high-intensity and rapid-acceleration scheme.

 Fixed Field Alternating Gradient (FFAG) Accelerators



Features of FFAGs

 Features

scaling FFAG non-linear magnetic field  
(B ∝ rk) Constant betatron tune

non-scaling FFAG Linear magnetic filed Betatron tune is not constant 

・scaling FFAG
・non-scaling FFAGFFAGs

Category of FFAGs

Fixed rf frequency acceleration scheme in FFAGs
Accelerators Acceleration scheme Energy 

scaling FFAG Stationary bucket acceleration
Relativistic energy (β~1) 

beam is suitable.  non-scaling FFAG Serpentine acceleration
Relativistic energy (β~1) 

beam is suitable.  
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Purpose of the study

Fixed rf frequency acceleration scheme is required 
Non-relativistic (β<1) energy region 

Energy Requirements

Low energy muon acceleration
non-relativistic energy region

Rapid acceleration

Proton driver for ADS
non-relativistic energy region

High-intensity proton beam

Beam acceleration in non-relativistic energy region
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Serpentine acceleration is applied in scaling FFAG 

The purpose of this study is to examine a serpentine acceleration 
scheme in scaling FFAG both theoretically and practically, allowing 
fixed rf frequency acceleration in non-relativistic energy region.
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Serpentine acceleration in scaling FFAG
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scaling FFAG

Longitudinal phase space 

Minimum rf voltage to make a serpentine channel

Total energy gain and phase acceptance in serpentine 

acceleration

Square rf voltage wave form in serpentine acceleration
Experiments for demonstration of serpentine acceleration with electron scaling FFAG
Application of using a serpentine acceleration scheme
Summary and Conclusion
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Longitudinal hamiltonian for fixed rf 
frequency in scaling FFAG
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CHAPTER 3. SERPENTINE ACCELERATION IN SCALING FFAG

ACCELERATOR

3.1 Longitudinal hamiltonian in scaling

FFAG with fixed rf acceleration

In Chapter 2, we have already discussed the particle motions in the linear

approximation and derive the longitudinal hamiltonian to the first order in

momentum deviation from the synchronous particle. However the aim of this

section is to study the exact particle motions using rigid conditions between

particle momentum and revolution period.

In scaling FFAG, the relation between the equivalent mean radius R and

the momentum P is exactly given by

R = R0

�
P

P0

� 1
k+1

, (3.1)

where R0 is the equivalent mean radius at the momentum P0, and k is the

geometrical field index.

In longitudinal particle dynamics with constant rf frequency, the phase

differences per revolution ∆φ of a non-synchronous particle is written as

∆φ = 2π(frf · T − h), (3.2)

where h is the integer called harmonic number, frf is the rf frequency and T

is the revolution period of the non-synchronous particle. With the equation

Ts = h · Trf , Eq. 3.2 becomes

∆φ

2π
=

hT

Ts
− h, (3.3)

where Ts is the revolution period of the synchronous particle. Equation 3.3

can be also expressed with another description based on Eq. 3.2 as follows

T

Ts
= 1 +

∆φ

2πh
=

�
R

Rs

��
P/E

Ps/Es

=

�
P

Ps

�α Ps

Es

�
E2

E2 −m2

� 1
2

=

�
E2 −m2

P 2
s

�α
2 Ps

Es

�
E2

E2 −m2

� 1
2

= P 1−α
s

E

Es
(E2 −m2

)
α−1

2 ,

(3.4)
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The relation between the equivalent radius (R) and momentum (P) is exactly given by

3.3 scaling FFAG加速器におけるLongitudinal motion

3.3.1 Longitudinal Hamiltonianの導出
scaling FFAG加速器の特徴である、スケーリング則に基づくと、磁場と closed orbitの関係は以
下の通りとなる。

B = B0

(
R

R0

)k

(3.1)

ここで、kは Field indexである。(3.1)式から、直ちに closed orbitと運動量の関係式が導きだ
せる。

R = R0

(
P

P0

) 1
k+1

(3.2)

以上の関係式を考慮し、(2.14)式と同様に、一周ごとの非同期粒子と同期粒子との位相差について考
えていく。ここで、加速周波数の逆数をTrf とし、各粒子の周回時間をTrevとする。また、Trev = hTrf

の関係を満たす周回時間を Trev(s) とし、その様な粒子のことを、同期粒子と呼ぶこととする。hは
harmonic numberである。
非同期粒子の周回時間と、同期粒子の周回時間の関係は以下の通りとなる。

Trev

Trev(s)
= 1 +

∆φ

2πh
=

(
R

R0

)/
P/E

P0/E0
(3.3)

ここで、E0 は同期粒子のエネルギー、R0 は同期粒子の closed orbitとする。(3.3)式について、
(3.2)式を用いて式変形を行うと

Trev

Trev(s)
= 1 +

∆φ

2πh
=

(
R

Rs2

)/
P/E

Ps2/Es2

=
(

P

Ps2

) 1
k+1 Ps2

Es2

(
E

P

)

=
(

E2 − m2

P 2
s2

)α
2 Ps2

Es2

(
E2

E2 − m2

) 1
2

= P 1−α
s2

E

Es2
(E2 − m2)

α−1
2

(3.4)

となる。ここで、(3.4)式、第 3行目からの αは、α = 1
k+1 と置いて計算を行った。また、(3.4)式

より、Trev(s)と一致する周回時間をもつようなエネルギー Eが、E0の他にもう１つ存在する。つま
り、k値と、ある同期エネルギー E0 を決めると、もう一方の同期エネルギー Eも決まる。そして、
その Eは以下の式を満たす。

Es1P
α−1
s1 = Es2P

α−1
s2

非同期粒子が、リングを一周した後の同期粒子との位相差は、以下の様になる。

∆φ = 2πh

[
P 1−α

s2

Es2
E(E2 − m2)

α−1
2 − 1

]
(3.5)

上式の、一周における変差∆を、 1
frf

d
dt と近似する。すると、粒子の位相とエネルギーについて、

以下の関係式を得ることが出来る。





dφ
dt = 2πfrfh

[
P 1−α

s2
Es2

E(E2 − m2)
α−1

2 − 1
]

dE
dt = frfV0 sin φ

(3.6)

16

Solve the equation for ΔΦ
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∆φ
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where Ts is the revolution period of the synchronous particle. Equation 3.3

can be also expressed with another description based on Eq. 3.2 as follows
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Ts
= 1 +

∆φ

2πh
=
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P
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α : momentum compaction factor

α =
1

k + 1

Phase equation
Phase difference (ΔΦ) per turn at the cavity.

T : revolution period of no-synchronous particle
h : harmonic number frf : rf frequency
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3.1. LONGITUDINAL HAMILTONIAN IN SCALING FFAG WITH FIXED RF
ACCELERATION 23

where α = 1/(k+1) is the momentum compaction factor, Es is the stationary

energy, Rs is the equivalent mean radius of the synchronous particle, and m

is the rest mass. Combining Eqs. 3.3 and 3.4, the phase difference ∆φ is

∆φ = 2πh

�
(E

2
s −m

2
)

1−α
2

Es
E(E

2 −m
2
)

α−1
2 − 1

�
. (3.5)

Now we assume that the energy gain and phase deviation are small for

each passage in a rf cavity. It means that many rf cavities are considered to

be uniformly distributed in the ring. From this assumption, ∆φ/2π can be

approximated by dφ/dΘ to derive the phase equation of motion;

dφ

dΘ
= h

�
(E

2 −m
2
)

1−α
2

Es
E(E

2 −m
2
)

α−1
2 − 1

�
, (3.6)

where Θ is the equivalent azimuthal angle associated to the equivalent mean

radius R in the machine.

The energy gain ∆E per turn of a non-synchronous particle can be ex-

pressed as

∆E = eVrf sin φ, (3.7)

where Vrf is the rf gap peak voltage. Here also ∆E is exchanged by

dE/(2πdθ) to derive the energy equation of motion:

dE

dΘ
=

eVrf

2π
sin φ. (3.8)

We introduce the energy variable E canonically conjugate to the coordinate

variable φ. Then the longitudinal hamiltonian is derived with Eqs. 3.6 and

3.8 as:

H(E, φ; Θ) = h

�
1

α + 1

(E
2 −m

2
)

α+1
2

Es(E
2
s −m2)

α−1
2

− E

�
+

eVrf

2π
cos φ. (3.9)
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Longitudinal hamiltonian for fixed rf 
frequency in scaling FFAG

Phase equation

Energy equation

We assume that there are many rf cavity in a ring

Phase and energy differences are very small.

1 2 3

NN+1
N+2

Θ
∆φ

2π
↔ dφ

dΘ
∆E

2π
↔ dE

dΘ
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variable φ. Then the longitudinal hamiltonian is derived with Eqs. 3.6 and

3.8 as:

H(E, φ; Θ) = h

�
1

α + 1

(E
2 −m

2
)

α+1
2

Es(E
2
s −m2)

α−1
2

− E

�
+

eVrf

2π
cos φ. (3.9)
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where α = 1/(k+1) is the momentum compaction factor, Es is the stationary

energy, Rs is the equivalent mean radius of the synchronous particle, and m

is the rest mass. Combining Eqs. 3.3 and 3.4, the phase difference ∆φ is

∆φ = 2πh

�
(E

2
s −m

2
)

1−α
2

Es
E(E

2 −m
2
)

α−1
2 − 1

�
. (3.5)

Now we assume that the energy gain and phase deviation are small for

each passage in a rf cavity. It means that many rf cavities are considered to

be uniformly distributed in the ring. From this assumption, ∆φ/2π can be

approximated by dφ/dΘ to derive the phase equation of motion;

dφ

dΘ
= h

�
(E

2 −m
2
)

1−α
2

Es
E(E

2 −m
2
)

α−1
2 − 1

�
, (3.6)

where Θ is the equivalent azimuthal angle associated to the equivalent mean
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H(E, φ; Θ) = h

�
1

α + 1

(E2 −m
2)

α+1
2

Es(E
2
s −m2)

α−1
2

− E

�
+

eV0

2π
cos φ. (3.10)

3.2 Basic idea of serpentine acceleration

Below the transition energy, the velocity variation over compensates the

circumference variation. In this case the revolution frequency of non-

synchronous particle increases with energy. On the other hand, above the

transition energy, the velocity variation does not compensate the circumfer-

ence variation. Then the revolution frequency of non-synchronous particle

decreases with energy. Thus when the rf frequency is fixed, two stationary

energies are determined as presented in Fig. 3.1; one is below the transition

energy and the other one is above the transition energy. If both stationary

energies, i.e. stationary buckets, are close to each other, the channel called

serpentine channel appears between both stationary buckets. Injected beam

in the serpentine channel can be accelerated around both stationary buck-

ets. Therefore, total energy gain with serpentine acceleration is bigger than

the stationary bucket acceleration. Longitudinal phase space in serpentine

acceleration is shown later.

3.3 Longitudinal phase space

With the longitudinal hamiltonian contours expressed by Eq. 3.10, exact par-

ticle motions in longitudinal phase space can be expressed even with large

energy deviation per turn. In this section, the serpentine acceleration in

the longitudinal phase space are presented with hamiltonian contours. First

longitudinal phase space with the rf frequency fixed far away from the tran-

sition energy is shown. In this case, two stationary buckets are separated.

The longitudinal phase space with the rf frequency fixed near the transition

energy is represented later. In this case, two stationary buckets are close

to each other. Finally, longitudinal phase space with serpentine channels is

presented.

24

Longitudinal hamiltonian

We choose the energy variable E canonically conjugate to the coordinate variable φ.
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Figure 3.2: Longitudinal phase space with longitudinal hamiltonian contours.

γt is the transition energy. The blue contours are the separatrix above and

below the transition energy. The synchronous phase below the transition

energy is 2nπ (n is an integer) and unstable fixed points are (2n + 1)π (n is

an integer). On the other hand the synchronous phase above the transition

energy is (2n + 1)π (n is an integer) and unstable fixed points are 2nπ (n is

an integer) in this case.

3.3.3 Serpentine acceleration in non-relativistic en-

ergy region

Since injected beam passes through the transition energy with serpentine

acceleration, the sign of slippage factor needs to be changed during beam

acceleration. As defined in Eq. 2.15, the slippage factor is related to the

momentum compaction factor and beam energy. In scaling FFAG, the tran-

sition energy, i.e. momentum compaction factor, can be fixed not only in

relativistic energy region but also in non-relativistic energy region with the

appropriate selection of k-value. Thus non-relativistic particles can be also

accelerated with serpentine acceleration in scaling FFAG as shown in Fig. 3.6.

26
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Figure 3.5: Longitudinal phase space near the transition energy. Blue lines

indicate the separatrixes below and above the transition energy.
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Figure 3.6: Longitudinal phase space in non-relativistic energy region. Red

lines indicate separatrixes. Horizontal axis is rf phase, and γ is the Lorentz

factor.

28

Es2

Es1

Et

Serpentine acceleration can be achieved in non-relativistic 
energy region with appropriate selection of transition energy.

Revolution frequency

Energy

Rf frequency is fixed near the transition energy



Outline

Motivation and introduction

Serpentine acceleration in scaling FFAG
Longitudinal hamiltonian for fixed rf frequency in 

scaling FFAG

Longitudinal phase space 

Minimum rf voltage to make a serpentine channel

Total energy gain and phase acceptance in serpentine 

acceleration

Square rf voltage wave form in serpentine acceleration
Experiments for demonstration of serpentine acceleration with electron scaling FFAG
Application of a serpentine acceleration
Summary and Conclusion

14



15

Minimum rf voltage3.3. LONGITUDINAL PHASE SPACE 27

Figure 3.3: Longitudinal phase space near the transition energy. γt is the

transition energy. Blue line indicates separatrix.

Figure 3.4: Longitudinal phase space near the transition energy. Blue lines

indicate the separatrixes below and above the transition energy.
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H(Es1,π)

H(Es2, 0)

Limit condition of making serpentine channel
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H(Es1, π) = H(Es2, 0), (3.13)

where Es1 is the stationary energy below the transition energy and Es2 is the

stationary energy above the transition energy. From Eqs. 3.12 and 3.13, the

minimum rf voltage Vmin to make a serpentine channel can be obtained as

Vmin = πh

�
1

α + 1

�
(E2

s1 −m
2)

Es1
− (E2

s2 −m
2)

Es2

�
+(Es2 − Es1)

�
. (3.14)

Equation 3.14 shows that once the k-value, the harmonic number h and

the stationary energy Es1 or Es2 are given, the minimum rf voltage to make

a serpentine channel can be obtained. Figure 3.8 shows that the correlation

between minimum rf voltage and energy difference between Es1 and Es2 with

fixed harmonic number and momentum compaction factor. From this figure,

the larger energy differences between Es1 and Es2, the larger minimum rf

voltage is needed.
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Figure 3.8: Correlation between minimum rf voltage to make serpentine chan-

nel and energy deviation ∆γs between γs1 and γs2. γs1 and γs2 correspond

to Es1 and Es2. In this figure, k-value is 3, and h is 1.
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Relation between minimum rf voltage and energy 
difference of stationary energies Δγs

( k-value & h are fixed )

Minimum rf voltage becomes big with 
difference of stationary energies (Δγs).
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H(Es1, π) = H(Es2, 0), (3.13)

where Es1 is the stationary energy below the transition energy and Es2 is the

stationary energy above the transition energy. From Eqs. 3.12 and 3.13, the

minimum rf voltage Vmin to make a serpentine channel can be obtained as

Vmin = πh
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Equation 3.14 shows that once the k-value, the harmonic number h and

the stationary energy Es1 or Es2 are given, the minimum rf voltage to make

a serpentine channel can be obtained. Figure 3.8 shows that the correlation

between minimum rf voltage and energy difference between Es1 and Es2 with

fixed harmonic number and momentum compaction factor. From this figure,

the larger energy differences between Es1 and Es2, the larger minimum rf

voltage is needed.
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Lowest limit of rf voltage to make a serpentine channel
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H(Es1, π) = H(Es2, 0), (3.13)

where Es1 is the stationary energy below the transition energy and Es2 is the
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minimum rf voltage Vmin to make a serpentine channel can be obtained as

Vmin = πh

�
1

α + 1

�
(E2

s1 −m
2)

Es1
− (E2

s2 −m
2)

Es2

�
+(Es2 − Es1)

�
. (3.14)

Equation 3.14 shows that once the k-value, the harmonic number h and

the stationary energy Es1 or Es2 are given, the minimum rf voltage to make

a serpentine channel can be obtained. Figure 3.8 shows that the correlation

between minimum rf voltage and energy difference between Es1 and Es2 with

fixed harmonic number and momentum compaction factor. From this figure,

the larger energy differences between Es1 and Es2, the larger minimum rf

voltage is needed.
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Both stationary buckets are just connected.

Separatrix satisfies the equation : 



Maximum energy gain of serpentine 
acceleration
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3.4.3 Total energy gain of serpentine channel

Total energy gain ∆Eacc from injection to extraction in serpentine accelera-

tion is determined by the energy range of the serpentine channel. The total

energy range of serpentine channel is given by the minimum energy Emin and

maximum energy Emax of serpentine channel as presented in Fig. 3.9.

Figure 3.9: Longitudinal phase space with the definition of maximum energy

Emax and minimum energy Emin of serpentine channel. Emin and Emax re-

spectively represent a minimum and maximum energy of separatrixes. Blue

line indicates separatrixes, and Es1 and Es2 are stationary energies. The

total energy gain ∆Eacc is defined by the energy deviation between Emin and

Emax.

From Fig. 3.9, maximum energy Emax passes the unstable fixed point

H(Es2, 0). On the other hand, minimum energy Emin passes the unstable

fixed point H(Es1, π). Then we can get the relation written as





H(Emax, π) = H(Es2, 0),

H(Emin, 0) = H(Es1, π).

(3.15)

From Eqs. 3.9, 3.12 and 3.15, Emax and Emin can be described as

32
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




1

1 + α

�
E2

max −m2
(α+1)

Es1

�
E2

s1 −m2
(α−1)

− Emax =

�
1

1 + α

(E2
s2 −m2)

Es2
− Es2

�
+

eVrf

πh
,

1

1 + α

�
E2

min −m2
(α+1)

Es1

�
E2

s1 −m2
(α−1)

− Emin =

�
1

1 + α

(E2
s1 −m2)

Es1
− Es1

�
−eVrf

πh
,

(3.16)

where α is the momentum compaction factor, h is the harmonic number and

Vrf is the rf voltage. The total energy gain ∆Eacc can be obtained by solving

Eq. 3.16 numerically.

For simplicity, let us focus on the relation between total energy gain ∆Eacc

and the rf voltage Vrf with fixed harmonic number h, k-value and stationary

energies Es1 and Es2 in Eq. 3.16.
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Figure 3.10: Total energy gain ∆Eacc and rf voltage Vrf normalized by the

fixed minimum rf voltage Vmin. Total energy gain Eacc is expressed by γmax−
γmin. γmax and γmin correspond to Emax and Emin respectively.

Since the bucket height becomes large when the rf voltage is increased,

the maximum energy of serpentine channel is increased and minimum energy

33

Maximum energy gain

Separatrices for Minimum energy Emin and 

Maximum energy Emax satisfy these equations:

(Stationary energies, harmonic number and 
k-value are fixed.)

Relation between maximum energy gain ΔE 
and rf voltage Vrf

Maximum energy gain becomes large with rf voltage.

Maximum energy range is determined by minimum 
and maximum energy on serpentine channel.
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3.4.3 Total energy gain of serpentine channel

Total energy gain ∆Eacc from injection to extraction in serpentine accelera-

tion is determined by the energy range of the serpentine channel. The total

energy range of serpentine channel is given by the minimum energy Emin and

maximum energy Emax of serpentine channel as presented in Fig. 3.9.

Figure 3.9: Longitudinal phase space with the definition of maximum energy

Emax and minimum energy Emin of serpentine channel. Emin and Emax re-

spectively represent a minimum and maximum energy of separatrixes. Blue

line indicates separatrixes, and Es1 and Es2 are stationary energies. The

total energy gain ∆Eacc is defined by the energy deviation between Emin and

Emax.

From Fig. 3.9, maximum energy Emax passes the unstable fixed point

H(Es2, 0). On the other hand, minimum energy Emin passes the unstable

fixed point H(Es1, π). Then we can get the relation written as





H(Emax, π) = H(Es2, 0),

H(Emin, 0) = H(Es1, π).

(3.15)

From Eqs. 3.9, 3.12 and 3.15, Emax and Emin can be described as
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Phase acceptance
Phase acceptance of serpentine channel at stationary energy 

below transition
Separatrix for minimum phase (Φmin) of phase acceptance 

satisfies the equation:

Phase acceptance ΔΦacc
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Figure 3.11: Longitudinal phase space with the definition of phase acceptance

∆φacc. Blue line indicates separatrixes. The phase acceptance ∆φacc at the

stationary energy Es1 is represented here.
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Figure 3.12: Phase acceptance ∆φacc at stationary energy Es1. Radio fre-

quency voltage Vrf is normalized by the minimum rf voltage Vmin. Vmin is

kept constant while Vrf is increased.

35

Relation between phase acceptance ΔΦ and rf voltage Vrf

( Stationary energies, harmonic number and k-value are fixed. )

Phase acceptance becomes large with rf voltage.
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Figure 3.11: Longitudinal phase space with the definition of phase acceptance

∆φacc. Blue line indicates separatrixes. The phase acceptance ∆φacc at the

stationary energy Es1 is represented here.
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Figure 3.12: Phase acceptance ∆φacc at stationary energy Es1. Radio fre-

quency voltage Vrf is normalized by the minimum rf voltage Vmin. Vmin is

kept constant while Vrf is increased.
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Square rf voltage wave form in 
serpentine acceleration

Energy spread at extraction with sinusoidal rf voltage wave
Vrf = eV0 sinφ

Φ

Vrf
V0

-V0

π
2π
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Figure 3.16: Longitudinal phase space with fundamental, third, fifth and

infinity harmonics of square rf voltage wave. γ is the lorenz factor. Stepwise

longitudinal tracking results at injection and 60 turns are indicated by red

markers. In these cases, phase range of injection beam is from 85 degrees to

130 degrees.

42

Extraction energy

Injected energy
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Square rf voltage wave form is applied to obtain a mono-energetic extraction beam.

Hamiltonian

3.5. SERPENTINE ACCELERATION WITH SQUARE RF WAVE 37

dE

dΘ
=






eV0

2π
: 0 < φ � π,

−eV0

2π
: π < φ � 2π,

(3.21)

where E is the particle energy and Θ is the azimuthal angle of the ring. With

phase equation and energy equation of motion, longitudinal hamiltonian with

square rf voltage wave can be derived analytically,

H(E, φ; Θ) =






h

�
1

1 + α

(E2 −m
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1+α
2

Es(E2
s −m2)

α−1
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− E

�
−V0

2π
φ : 0 < φ � π,

h

�
1

1 + α

(E2 −m
2)

1+α
2

Es(E2
s −m2)

α−1
2

− E

�
+

V0

2π
φ− V0 : π < φ � 2π,

(3.22)

where h is the harmonic number, α is the momentum compaction factor and

Es is the stationary energy. With longitudinal hamiltonian written in 3.22,

longitudinal phase space near the transition energy is shown in Fig. 3.13.

From Fig. 3.13, even if we use square rf voltage wave, serpentine channel is

arose even near the transition energy.

Minimum rf voltage Vmin to make a serpentine channel can be also derived

from Eq. 3.22 as in the same method written in Chapter 3.

Vmin = 2h

�
1

α + 1

�
P

2
s1

Es1
− P

2
s2

Es2

�
+(ES2 − Es1)

�
, (3.23)

where Es1,s2 and Ps1,s2 are stationary energies and momenta below and above

the transition energy respectively.
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3.5 Serpentine acceleration with square rf

wave

The sinusoidal rf voltage wave form has been used for modern accelerators.

For the serpentine acceleration with sinusoidal rf wave, however, beam en-

ergy spread after several turns becomes large. Then in order to keep mono-

energetic beam after several turns, we propose to use square rf wave form

instead of sinusoidal one for beam acceleration.

A square rf wave acceleration scheme so-called flat-top beam accelera-

tion [35, 36, 37, 38] has been developed in cyclotron so far. The square rf

voltage is generated by a superimposition of the fundamental frequency and

higher-order harmonic frequency.

In this section, first the longitudinal hamiltonian with square rf voltage

wave is derived analytically in scaling FFAG. Then longitudinal phase space

near the transition energy are shown. The energy spread after several turns

with square rf voltage wave in serpentine acceleration is evaluated later.

3.5.1 Longitudinal phase space

Using Fourier expansion with rf phase φ, we can write an ideal square rf

voltage wave form at a cavity gap as an infinite series of the form

Vrf =
4V0

π

∞�

n=1

sin[(2n− 1)φ]

2n− 1
, (3.19)

where Vrf is the rf voltage, V0 is the peak rf voltage, n is an integer and φ

is the rf phase. Now we focus on an infinity harmonics in Eq. 3.19. In this

case, rf voltage Vrf can be written as

Vrf =





V0 : −0 < φ � π,

−V0 : π < φ � 2π.
(3.20)

Energy equation of motion corresponding to phase ranges can be obtained

as follows

36
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Square rf voltage wave form in 
serpentine acceleration
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Figure 3.16: Longitudinal phase space with fundamental, third, fifth and

infinity harmonics of square rf voltage wave. γ is the lorenz factor. Stepwise

longitudinal tracking results at injection and 60 turns are indicated by red

markers. In these cases, phase range of injection beam is from 85 degrees to

130 degrees.
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Figure 3.16: Longitudinal phase space with fundamental, third, fifth and

infinity harmonics of square rf voltage wave. γ is the lorenz factor. Stepwise

longitudinal tracking results at injection and 60 turns are indicated by red

markers. In these cases, phase range of injection beam is from 85 degrees to

130 degrees.

42

Extraction energy

Injected energy
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square rf voltage wave
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acceleration



Only particles accelerated in serpentine channel can be measured by the 
Faraday cup.

Demonstration of serpentine 
acceleration

Measurement conditions
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Figure 4.4: Hamiltonian contours in the longitudinal phase space. Blue lines

indicate the separatrixes.

4.2.2 Experimental data analysis for demonstration of

serpentine acceleration

Numerical calculation is done with single particle tracking. In the calcula-

tion, when the particle reaches 8.5 MeV, we estimate that the current at

the Faraday cup is equivalent to the maximum measured current. On the

contrary, if the particle does not reach 8.5 MeV, the current is set to zero.

The experimental results are shown in Fig. 4.5 with longitudinal numerical

calculation results.

Measurement of the phase range demonstrates the serpentine acceleration

principle in scaling FFAG. However, from Fig. 4.5, distribution of calculation

results is narrower than the measured one. This discrepancy is caused by

the fact that longitudinal numerical calculation is done with single particle,

while, injected beam has a phase distribution.

As mentioned before, it is difficult to estimate the exact phase distribution

of injected beam. Then, we estimate that phase distribution of injected beam

follows a sinusoidal wave form, defined by 40 degrees of the full width of

50

Es1

Injected energy 160 keV 

Stationary energy (Es1) 205 keV

Injected beam phase < 20% of rf period

Rf voltage 705 kV/gap

Injected beam parameters

- Beam current in the ring is measured by Faraday cup

Faraday cup is fixed at 8 MeV closed orbit

8 MeV

Particles injected in the stationary bucket below transition cannot be detected 
by the Faraday cup.

Beam cannot be injected in the stationary bucket above transition.

- Central phase of injected beam is changed with respect to the rf phase at the cavity. 
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Single particle longitudinal tracking has been done.
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Figure 4.5: Beam current at Faraday cup Vs initial phase at injector. Blue

squares indicate measurement results, and red circles indicate calculation

results. Error bars of measurement data are estimated by the erratic reading

error of beam current 0.01 µA.
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There is a discrepancy due to the phase range of 
injected beam.

22

When the particle reaches 8 MeV, 
current is set to the maximum measured value.
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Experiments for demonstration of serpentine acceleration 
with electron FFAG  

Purpose of experiments
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Motivation and introduction
Serpentine acceleration in scaling FFAG

Application of serpentine acceleration
Summary and Conclusion

1. Demonstration of serpentine acceleration in scaling FFAG

2. Phase acceptance study with rf voltage in serpentine 
acceleration



Phase acceptance measurement

Phase acceptance becomes large with rf voltage

23
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Figure 4.8: Hamiltonian contours in the longitudinal phase space with dif-

ferent rf voltages. Blue lines indicate the separatrixes.
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Injected beam parameters

Measurement conditions
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- Beam current in the ring is measured by Faraday cup

Faraday cup is fixed at 8 MeV closed orbit

- Central phase of injected beam is changed with respect to the rf phase at the cavity. 

Only particles accelerated in serpentine channel can be measured by the 
Faraday cup.

Particles injected in the stationary bucket below transition cannot be 
detected by the Faraday cup.

Beam cannot be injected in the stationary bucket above transition.

Injected energy 200 keV

Stationary energy (Es1) 205 keV

Injected beam phase < 20% of rf period

Rf voltage 420 to 660 kV/gap

Phase acceptance measurement



Results

56 CHAPTER 4. EXPERIMENT

4.2.4 Result analysis for phase acceptance experiment

Accelerating efficiency is given by the beam current at 635 mm normalized

using the injected beam intensity at the beam shutter. The experimental

results are shown in Fig. 4.9.
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Figure 4.9: Acceleration efficiency Vs rf voltage.

Phase acceptance analysis

To analyze the measured phase acceptance of serpentine channel with re-

spect to rf voltage, longitudinal numerical calculation is carried out with

single particle. Acceleration efficiency in longitudinal numerical calculation

is determined by the number of particles at 8 MeV normalized by the number

of injection particles.

Measured phase acceptance are simply determined by the phase discrep-

ancies at 20% of acceleration efficiency. To determine the phase at 20% of

acceleration efficiency, we pick two data points below and above neighbor-

hood of 20% of acceleration efficiency, and linearize the two data points.

56
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Simulations

4.2. MEASUREMENT 57

From the linear function, we can obtain the phase at 20% of acceleration ef-

ficiency. While, in the numerical longitudinal calculation, phase acceptance

is determined by the phase differences between rising and falling edges of

acceleration efficiency. Measured and calculated results of phase acceptance

with rf voltage are presented in Fig. 4.10.
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Figure 4.10: Phase acceptance ∆φ of serpentine channel with gap rf voltage.

Red circles indicate the calculation results. Blue squares indicate experimen-

tal results. The error bars of measurement data are due to the phase and

acceleration efficiency errors calculated with error propagation. The errors

of phase and acceleration efficiency are estimated to be 5 degrees and 20%

respectively. Details of the calculation is described in Appendix E.

As shown in Fig. 4.10, measured phase acceptance becomes bigger with

rf voltage. The tendency of measurement results agree with the longitudinal

numerical calculation results.

57

Single particle longitudinal tracking has been done.

Tendency of measurement results agree with the 
simulations.

Phase acceptance measurement
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Application of serpentine acceleration
64 CHAPTER 6. DISCUSSION AND CONCLUSION

Table 6.1: Longitudinal parameters for ADS proton driver

k-value 1.45

Equivalent mean radius at 200 MeV [m] 3

Equivalent mean radius at 1 GeV [m] 5.9

Stationary kinetic energy below transition [MeV] 360

rf voltage [MV/turn] 15 (h=1)

rf frequancy [MHz] 9.6(h=1)
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Figure 6.1: Longitudinal phase space with hamiltonian contours. Red circles

indicate beam trajectories every 10 turns. Injected beam energy is 200 MeV

and maximum beam energy is 1.05 GeV. Injection phases are from 0 to 20

degree. The momentum range from injection to extraction ∆P/Pin is 2.7.
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Proton driver for ADS
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64 CHAPTER 6. DISCUSSION AND CONCLUSION

Table 6.1: Longitudinal parameters for ADS proton driver

k-value 1.45

Equivalent mean radius at 200 MeV [m] 3

Equivalent mean radius at 1 GeV [m] 5.9

Stationary kinetic energy below transition [MeV] 360

rf voltage [MV/turn] 15 (h=1)

rf frequancy [MHz] 9.6(h=1)
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Figure 6.1: Longitudinal phase space with hamiltonian contours. Red circles

indicate beam trajectories every 10 turns. Injected beam energy is 200 MeV

and maximum beam energy is 1.05 GeV. Injection phases are from 0 to 20

degree. The momentum range from injection to extraction ∆P/Pin is 2.7.
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Summary and Conclusion
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A new type of fixed rf acceleration in scaling FFAG 
has been developed analytically.

Proof of principle has been conducted experimentally 
with electron machine.

Application of serpentine acceleration has been 
proposed with longitudinal design of proton driver for ADS

This success also opens new possibilities for 
neutrino factory.




