
Introduction Electromagnetic form factors Weak FFs Moments of pdfs and gpds

Recent progress in lattice QCD

V. Drach
NIC, DESY Zeuthen
ETM Collaboration

International Workshop on Hadron Structure and

Spectroscopy, Erlangen 2013

July 23th, 2013 1 / 38



Introduction Electromagnetic form factors Weak FFs Moments of pdfs and gpds

Outline

Introduction

Electromagnetic form factors
Definition and techniques
Results

Weak FFs
Definition
Axial charge puzzle
Form factors

Moments of pdfs and gpds
PDF
GPDs

2 / 38



Introduction Electromagnetic form factors Weak FFs Moments of pdfs and gpds

Quantum ChromoDynamics (QCD)

LQCD = −
1

4
FµνF

µν

︸ ︷︷ ︸

gauge part : gluon fields

+
∑

q=u,d,s,c,b,t

ψq (ı 6D −mq)ψq
︸ ︷︷ ︸

fermionic part : quark fields

,

Main properties

• Asymptotic freedom : the coupling constant vanish at large energy

• Confinement emerging at low energy : quarks bound into hadrons

 rich hadron structure

Lattice QCD

Non perturbative definition of QCD that allows to compute observables from

first principle with a finite list of systematics effects.
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Low lying spectrum
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Determination of the standard model parameters
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...

Other success

• Flavour physics

• Hadronic contribution to gµ − 2

• Determination of low energy constant of effective theories

This talk

• Report on various hadron (mostly Nucleon) structure observables

•  why are they more complicated ?

•  what are the recent progress ?

BUT before that I have to describe the different steps of our calculation !
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QCD on a Lattice
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ψ(x)

x x + aµ̂

x + aν̂

a

Uµ(x)

• Discretize the QCD action on hypercubic lattice of lattice spacing a, and Volume

V = L3 × T
• The fermionic part can be written : Sfermion =

∑
x ψ(x)Dψ(x)• Many possible choice for the Dirac operator D

Systematics

• Discretization effects : O(a) or O(a2) effects
 continuum extrapolation ⇐⇒ a → 0

• Finite volume : finite L and T effects
 infinite volume extrapolation ⇐⇒ V → ∞
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Path integral formulation of QCD
• QCD in Euclidean space :

〈O[ψ,ψ, U]〉 =

∫
DψDψDU e

−S[ψ,ψ,U]
O[ψ,ψ, U]

exact integration of the fermionic fields

 〈O[ψ,ψ, U]〉 =

∫
DU P[U]O[D−1, U]

where P[U] = e−Sgluon [U]detD[U]

• Use a supercomputer to generate {U1, . . . , UN} such that :

〈O[ψ,ψ, U]〉 =
1

N

∑

i

O[D−1[Ui ], Ui ] + O(1/
√

N)

(Molecular dynamics + Monte Carlo = Hybrid Monte Carlo algorithm)

Remarks

• detD[U] : highly non local objects that depends on the number of flavours Nf used in the
simulation and of quark masses mq .
( quenched simulation ⇐⇒ Nf = 0 or detD[U] = 1)

• Statistical errors : finite statistics of O(1000) samples (!!) used : error scaling like 1/
√

N
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Our laboratory
BlueGene/Q :Juqueen@Juelich (Germany): 458,752 cores

(7th biggest computer in the world in June 2013).

to solve the (classical) equations of motion of the Molecular Dynamics

( Nd.o.f ∼ 12× V ∼ 108).
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Cost
Example of simulation cost : Csim ∝

(
300 MeV

mπ

)cm (
L

2 fm

)cL

(
0.1 fm

a

)ca [
Jansen,2009

]

Remarks

• Physical pseudoscalar meson mass limit (or chiral extrapolation) : Up to very recently it
was impossible to have at the same time mPS → mπ ∼ 135 MeV.

Due to algorithm progress and to the increase of computing power :

Most collaboration are now running directly with mPS = mπ ∼ 135 MeV ! 10 / 38
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Asymptotic behaviour of correlators

Strategy

Extract observable from asymptotic behaviour of suitable combination of correlation function.

J : interpolating field of a hadron X with definite quantum numbers
Masses :

C
X
2pts(t) =

∑

~x

〈J(x)J†(0)〉 ∝ e
−MX t + O(e−∆Mt)

︸ ︷︷ ︸
Excited states contamination

 meff(t) = log
CX (t)

CX (t+1)
= MX + . . . with ∆M = MX∗ − MX

Matrix elements :

R(t, ts) =

∑
~x,~y〈J(x)O(y)J†(0)〉

CX
2pts(ts)

= 〈X|O(0)|X〉 + O(e−∆MX (t−ts )) + O(e−∆MX ts )
︸ ︷︷ ︸

Excited states contamination
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Source of errors

• Needs control over statistical errors :

⋆ Finite statistics : σ ∼ 1/
√
N

• Needs control over systematic errors :

⋆ Finite Size effects : V −→ ∞
⋆ Finite lattice spacing effects : a −→ 0

⋆ “Chiral” limit : mq −→ m
phys
q ∼ 0 or equivalently

mPS → mπ ∼ 135 MeV
⋆ Excited states contamination : extrapolation of one or

several euclidean time scale to reach the asymptotic
regime and to have ground state dominance

• Most of the configuration used degenerate light quark masses and assume mu = md

(isospin symmetry)

• Dynamical simulation with strange quark are now common (Nf = 2 + 1)

• First simulations with a doublet of non strange and charm quarks (Nf = 2 + 1 + 1)

 One issue with nucleon physics on the lattice is to identify a regime in which,

we can afford to perform simulation, and for which the systematics are small.
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Form factors and related observables
.

Goal : describe the effective γN vertex.( jµ = ūγµu − d̄γmud : vector current )

〈 N(p′, s′) |jµ| N(p, s)〉 ∼ γµF1(q
2) +

iσµνqν

2mN

F2(q
2), q2 = (p′ − p)2 (1)

Or : GE(q
2) = F1(q

2) + q2

(2mN)
2 F2(q

2) and GM(q2) = F1(q
2) + F2(q

2)

F1(0) : nucleon charge, F2(0) : anomalous magnetic moment

radii : < r2
i
>= − 6

Fi (Q
2)

dFi (Q
2)

dQ2 |Q2=0 i = 1, 2

Isovector operator : GE,M = G
p−n
E,M

(using isospin symmetry)

Motivations

• Benchmark quantities for lattice calculation in the range :

Q2 ∼ [0.2, 2] GeV2

• Experimental discrepancy of the squared radius

• Debate on the large Q2 behaviour of G
p
E
/Gp

M
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Electric Sachs form factor

Momentum : [0.2,1.4] GeV2

Pion mass : ∼ 300 MeV - good agreement of the lattice determination

Mild dependence as a function of mπ
[
ETM, 1302.597

]

Dashed line : Parametrization of the experimental data
[
J.J. Kelly, Phys. Rev. C70 068202 (2004)

]
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Magnetic Sachs form factor

Pion mass : ∼ 300 MeV - good agreement of the lattice determination

Mild dependence as a function of mπ
[
ETM, 1303.5979

]

Dashed line : Parametrization of the experimental data
[
J.J. Kelly, Phys. Rev. C70 068202 (2004)

]
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Charge radius

Systematic effects under control for mπ > 270 MeV

Chiral extrapolation rely heavily on Heavy baryon chiral perturbation theory

(HBχPT) and singular in the chiral limit.
 extrapolation need to be checked with simulation at lower pion mass 16 / 38
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Charge radius

Systematic effects under control for mπ > 300 MeV

Chiral extrapolation rely heavily on Heavy baryon chiral perturbation theory

(HBχPT) and singular in the chiral limit.
 extrapolation need to be checked with simulation at lower pion mass
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Magnetic moment

Systematic effects under control for mπ > 300 MeV

Chiral extrapolation rely heavily on Heavy baryon chiral perturbation theory

(HBχPT) and singular in the chiral limit.
 extrapolation need to be checked with simulation at lower pion mass 18 / 38
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NEW !
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Computation at the phyical point : statistic is too small to conclude...
[
ETM,lattice 2013

]
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Summary

Results

• Qualitative agreement

• systematic effects (V, a, excited states ) : good control for mπ > 300 MeV

• Comparison with experiment relies so far on delicate extrapolation

BUT simulation at the physical point are now performed

Perspectives

• Large q2

• Twisted boundary condition to improve resolution at low q2 (magnetic

moment determination, radii)

• Lower pion masses

• singlet form factor : proton and neutron electromagnetic FFs (including

disconnected contribution)
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Definitions

.

Matrix element that describes β-decay :

〈N(p′, s′)|A3
µ|N(p, s)〉 ∼

[

GA(q
2)γµγ5 +

qµγ5
2mN

Gp(q
2)

]

(2)

where:

Aa
µ(x)=ψ̄(x)γµγ5

τa

2
ψ(x) (3)

τ3  : NO disconnected contributions

GA(q
2) : axial form factor (GA(0) = gA)

GP(q
2) : induced pseudoscalar form factor

Similarly to the EM case, one can define axial radii.
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Axial charge puzzle

[
1303.5979

]
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GA

Mild dependence as a function of mπ
[
ETM,1303.5979

]
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GP

Mild dependence as a function of mπ
[
ETM,1303.5979

]
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NEW !
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Preleminary encouraging results at the physical point.

[
ETM,Lattice 2013
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Parton Distribution Functions (PDF)

• Deep inelastic scattering (DIS ) : l(k)N(p) −→ l(k ′)X

Q2 = −q2

x = Q2/2p · q






























































X

l(k)

h(p)

l(k′)

q = k − k′

• factorization :

⋆ dσ(lN)

d3k′ (p,q) ∼
∫ 1

0
dξ

∑
q

dσ(lq)

d3k′ (ξp,q)q(ξ)

⋆ lepton-parton cross section is perturbative for large Q2

⋆ q(ξ) encodes non perturbative dynamics
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Parton Distribution Functions (PDF)

• Definition (unpolarized PDFs)

q(x , µ) =

∫
dλ

2π
eixp·λn〈p, s|q̄

(

−
λ

2
n

)

6nWn(−
λ

2
n,
λ

2
n)q

(
λ

2
n

)

|p, s〉

∣
∣
∣
∣
∣
µ2

with

Wn(−
λ

2
n,
λ

2
n) = Pexp

(

ig

∫ λ/2

−λ/2
dα A(αn) · n

)

.

• PDFs involve quark and gluon fields seperated along the light-cone

 difficult to construct explicitly in Euclidean space
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Moments of PDF
• Definition :

〈xn〉q,µ2 =

∫ 1

−1

dx xnq(x , µ2) =

∫ 1

0

dx xn
{

q(x , µ2)− (−1)nq̄(x , µ2)
}

• Forward matrix elements of twist-two operators :

〈p, s|q̄(0)γ{µ1 iDµ2 · · · iDµn}q(0)|p, s〉

∣
∣
∣
∣
∣
µ2

= 2〈xn〉q,µ2p
{µ1 · · ·pµn}

T{µ1···µn} : symmetrization and substraction of the traces

Dµ : covariant derivative

• Moments are related to local operators that can be calculated in

Eucliean space.

• Benchmark quantity :

〈p, s|ψ̄γ{µiDν}τ3ψ|p, s〉

∣
∣
∣
∣
µ2

= 2〈x〉u−d,µ2p
{µpν}, with ψ =




u

d




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A long-standing puzzle

〈x〉u−d (MS-scheme µ = 2 GeV)

• very good general agreement

• First calculations close to the physical points !
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〈x〉∆q,µ2 : polarized pdfs

[
ETM, 1104.1600

]
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GPDs

2

p p ’

The GPDs parametrize the matrix elements of the operators

OΓ(x) =

∫
dλ

4π
e
iλx

q(
−λn
2

)ΓPe
−ig

∫λ/2

−λ/2
dα n·A(αn)

q(
λn

2
) . (4)

x is the momentum fraction, ∆ ≡ P′ − P,t = ∆2 and ξ = −n · ∆/2.

Γ = /n  (H, E), Γ = /nγ5  (H̃, Ẽ), Γ = nµσ
µj
 (HT , ET ) and (H̃T , ẼT ). (5)

For Γ
.
= /n, the ‘unpolarized’ case

〈
P
′,Λ′

∣∣∣O 6n(x, µ) |P,Λ〉 = 〈〈/n〉〉H(x, ξ, t, µ) + nµ∆ν

2m
〈〈iσµν〉〉E(x, ξ, t, µ) , (6)

GPDs determine the distribution of partons and their helicities in impact parameter space [?],

q(x, b⊥) =
∫ d2b⊥

(2π)2
e
−i∆⊥·b⊥ H(x, ξ = 0,−∆2

⊥) , ∆q(x, b⊥) =
∫ d2b⊥

(2π)2
e
−i∆⊥·b⊥ H̃(x, ξ = 0,−∆2

⊥) .

Mellin-moments of the GPDs, Hn(ξ, t) ≡
∫

1
−1

dx xn−1H(x, ξ, t),

Hn=1(ξ, t) = A10(t), En=1(ξ, t) = B10(t),

Hn=2(ξ, t) = A20(t) + (2ξ)2C20(t), En=2(ξ, t) = B20(t)− (2ξ)2C20(t),
(7)
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Generalized form factors

Oµ1...µn

V = ψ̄γ{µ1 i
↔
D
µ2 . . . i

↔
D
µn}ψ (8)

Oµ1...µn

A = ψ̄γ{µ1 i
↔
D
µ2 . . . i

↔
D
µn}γ5ψ . (9)

〈N(p′, s′)|Oµν
/n

|N(p, s)〉 = ūN (p
′, s′)

[
A20(q

2) γ{µ
P
ν}+B20(q

2)
iσ{µαqαP

ν}

2m
+C20(q

2)
1

m
q
{µ

q
ν}

]
uN(p, s

〈N(p′, s′)|Oµν
/nγ5

|N(p, s)〉 = ūN(p
′, s′)

[
Ã20(q

2) γ{µ
P
ν}γ5 + B̃20(q

2)
q{µPν}

2m
γ5

]
uN (p, s)
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A20, Ã20

0.1

0.2

0.3
A

20

Clover (Nf =2)   : 350MeV

0 0.5 1 1.5
Q 2  (GeV 2)

-0.1

0

0.1

0.2

0.3

0.4

A
20

~ 

TMF (Nf =2)        : 377MeV
TMF (Nf =2+1+1): 354MeV
Hybrid (Nf =2+1) : 356MeV

[
ETM, 1303.5979
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B20 and C20
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ETM, 1303.5979

]
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B̃20
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Proton spin
Quenched results
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χQCD,unpublished - from PoS 2011, 1203.6388

]
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∆Σ
q

Unquenched but neglect disconnected insertion
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Physical points are from the HERMES 2007 analysis.
[

ETM, 1303.5979
]
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Conclusion

Results

• Promising !

• Very good control of the techniques presented

• Computations at the physical start to be available

Other observables

• σ-terms and the strangeness of the nucleon

• Disconnected insertions are now studied

• 〈x〉g

• Access to the x dependence of the pdfs ?
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