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@ Review of flat space quantum spacetime,VSL etc

® VWhy this does not work ...
== \/Vhy there is gravity!

=@ ||lustrates rigidity of even a small amount
of ‘quantum’ noncommutavity; can explain
things otherwise unconnected in physics

@ hice example of quantum Riemannian geometry



Review of quantum spacetime

@ next-to-classical emergent geometry should appear as O()\)
‘quantum’ corrections to spacetime, )\ =Planck scale

Classical Quantum diffl
itv???
geometr)/ * geometry * Quantum GraV|t)’...

@ avoids the continuum problem’ (fuzzy below the planck scale)

@ most-studied 1994 Majid-Ruegg’ bicrossproduct model

zi, t] =\, |z, 2] =0

space, time not simultaneously measurable

== quantum Poincare symmetry H = U(so(1, 3))D<(C[RD<R3]
| 1 = 2 |
[p', Njl = —%5} (1 i +Aﬁ2) +1Ap'p;, cf SM 1988
cf. Lukierski et al 91




=l wave operator on plane waves %P ,itPo

2
p|3 = e — = (cosh(Ap°) — 1)

22
== variable Speed Light
8p0 B _)\po

L
Ar ~ AA o— ~ 107%**s x 100 MeV x 1010y ~ 1 ms, ;
C j"v?_ﬂuii'_ ‘4' b ' -i.-
® differential arrival time of gamma-ray bursts is experimentally

testable by Fermi-Glast satellite (SM+GAC‘2000)

@ momentum space (given by product of plane waves) is a
nonabelian group or curved’

Position Momentum
Gravity Curved Noncommutative
= Cogravity Noncommutative Curved
Quantum Gravity Both Both

Quantum gravity restores "quantum Born reciprocity’ (SM ’88)




@ space of 1-forms,i.e. differentials dx’

0Ol a((db)c)=(a(db))c "bimodule’
d: A— Ol d(ab)=(da)b+a(db) ‘Leibniz rule’
{adb} = O kerd = C.1 connectedness(optional)

()= (A, Ql>/ = ©, "

@ For bicrossproduct model A is |Zi,t] = tAz; algebra and
Q! = A{dx;,dt}
dxi, ;] = 0= [da,t], [(),dt] =Ad()

of - fxit) = f(g, t —))
oz, dz; + (O f)dt, Oof = Y

O — Z(; )* == nc plane waves === VSL as before
i SM+GAC 00

()



Quantum Riemannian Geometry

Al 1 1 1
bimodule connection V : 0l — 0! % Qf o0:Q %Q — () %Q
(Michor, Dubois-Violette)

V(fw)=df ®w+ fVw Vwf)=clwedf)+ (Vw)f

action on 2-tensor
weneQ @O Viwen) =Vwen+ (0 ®id)(w® Vn)
A

metric g € O @ QL A =0 Vg =0
(,): Qe — A4 ((, )®id)g = (id®(, ))g=id: Q' — Q'
A
to be able to contract/
curvature Ry : Q' - Q2@ 0! ‘raise/lower’ via metric
A

we need it to be central
i.e. (,) a bimodule map
to have well defined
contraction

Ry = (d®id — (A®id)(id® V))V
v =(d®id - (A®id){id® V))

torsion To : Q' - Q? Ty =AV-—-d



| +] dimensional model

Look at |+1 bicrossproduct model
r,t] = Ar r,dt] = Adr,  [t,dt] = Adt

Theorem: this has up to normalisation a |-parameter moduli of
quantum metrics, beR, b#0

g=drdr+bv" v+ Adrv—v*®dr))
v = rdt — tdr. v* = (dt)r — tdr

(mainly get this from [g,7] =0, [g,t] =0 and some implicit reality)

=@ for fixed b lets solve for the quantum Levi-Civita
connection

== and compute its Ricci curvature



@ moduli of real metric-compatible V form a line + conic

0

4 L« T =10
T=0¢e¢
'Y \
T =0
/TU
(a) b>0 (b) ;
b<0 : ’

0

@ black parts have classical limitas A — 0

@ red parts blow upas A\ — 0 so not visible classically

@ in each case a unique Levi-Civita point’ where torsion T=0



® formulae for unique Levi-Civita soln with classical limit

| Adr 8 12b)
vdr=_ (v B 7) < ((4 T’ 7b>\2)dr>

2
Ricct = <4+7b>\ > 92
7/.

4 — 9b)\?

o 1 o _2—|—b)\2
RlCCl—(’)(g)S:O, S = (, )Ricci (7)(9)_1+b)\2

== quantum Einstein’=0

quantum dimension

== ‘“ysual Einstein’ Ricci — —S =oAL+ o)

272
nonconstant vacuum energy??
Aside: Ricci = ((, )®id)(id ® i ® id)((id ® R)(g)
where i:Q? - Q! ®Ql is uniquely determined by Ai =id and

requirement that Ricci has same symmetry and reality as the
metric



® formulae for unique Levi-Civita soln without classical limit

Vdr = b% ® ((1 —|—1b)\2)v — (%)dr) + (r(21—|—_|—bb>;\2))dr® <—(%)v + (g)dr>

blows up as A — 0 and its entangled

(4 + 3bA?)(—2 + bA?)
20202 (1 4+ bA?)

Ricci = —3 (v Qv+ Adr®v—v* ®@dr)

(1+0A%) (14 + 3b2?)

dr @ d
b(—2 1+ bA2) r®dr)

_|_
nothing like the metric

It all works in |+las toy model of "quantum’
Riemannian geometry, but the metric can’t be flat
and there is a second non-perturbative solution

for the Levi-Civita connection




3+1 dimensional model [z;,t] =Az;, [z5,75] =0

Theorem: no central metrics exist at all on this differential algebra

but can solve restricted to functions in r = |T|, ¢
=> 2-parameter family a,b€R

g=r?dQ+adr @ dr +b(v* © v+ A(dr @ v —v* @ dr))

=> Forced classically to (L-1)p fesbet o
(a=1)bt  —a?—bt*a+5a+bt?
G.. = R.—18q. = ar a2 0 0
S 0 0 i
0 0 0 4sin2(p)

id 87TG ii . 9
o => A=t p=1/2n7Gr?), p=0
TV = pg? +(p+p)u' v a="3: p=-1/(67Cr?), p=1/3nGr?)

(cf quintessence at £ = =
0

=> null geodesics spiral out of r=0 to r=0 / r=infinity respectively.
=> metric conformal scaling of flat R">metric in new coordinates.



