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Review of flat space quantum spacetime, VSL etc  

Why this does not work ...

Why there is gravity!

Illustrates rigidity of even a small amount
of `quantum’ noncommutavity; can explain 
things otherwise unconnected in physics

nice example of quantum Riemannian geometry



Review of quantum spacetime

Quantum Gravity???
Classical 
geometry

Quantum diffl
 geometry

next-to-classical emergent geometry should appear as O(  ) 
`quantum’ corrections to spacetime,    =Planck scale

λ
λ

avoids the `continuum problem’ (fuzzy below the planck scale) 

[xi, t] = ıλxi, [xi, xj ] = 0

most-studied 1994 `Majid-Ruegg’ bicrossproduct model 

space, time not simultaneously measurable

quantum Poincare symmetry H = U(so(1, 3))!!C[R!<R
3]

[pi , N j ] = − ı
2
δi

j

(
1 − e−2λp0

λ
+ λ "p2

)

+ ıλpi p j , cf SM 1988
cf. Lukierski et al ’91



!T ∼ λ!p0
L
c

∼ 10−44 s × 100 MeV × 1010 y ∼ 1 ms,

variable Speed Light

 differential arrival time of gamma-ray bursts is experimentally 
testable by Fermi-Glast satellite (SM+GAC‘2000)

wave operator on plane waves e
i!x·!p

e
itp0

|
∂p0

∂pi
| = e−λp0

||p||2λ = !p2e−λp0

−
2

λ2
(cosh(λp0) − 1)

momentum space (given by product of plane waves) is a 
nonabelian group or `curved’ 

Quantum gravity restores `quantum Born reciprocity’ (SM ’88)



Ω
1 a((db)c)=(a(db))c `bimodule’

d : A → Ω
1 d(ab)=(da)b+a(db) `Leibniz rule’

{adb} = Ω
1

ker d = C.1 connectedness(optional)

space of 1-forms, i.e. `differentials dx’

For bicrossproduct model      is                         algebra and  A [xi, t] = ıλxi

[dxi, xj ] = 0 = [dxi, t], [( ),dt] = ıλd( )

Ω
1

= A.{dxi,dt}

df(xi, t) =
∂f

∂xi

dxi + (∂0f)dt, ∂0f =
f(xi, t) − f(xi, t − ıλ)

ıλ

∂
2

0 −

∑

i

(
∂

∂xi

)2 nc plane waves VSL as before
SM+GAC ’00

Ω = 〈A,Ω1〉/... = ⊕nΩ
n



Quantum Riemannian Geometry

R∇ = (d⊗
A

id − (∧⊗
A

id)(id⊗
A

∇))∇

curvature

torsion

action on 2-tensor

T∇ = ∧∇− d

∇(fω) = df ⊗ω + f∇ω

∇(ω⊗ η) = ∇ω⊗ η + (σ⊗ id)(ω⊗∇η)

σ : Ω
1
⊗
A

Ω
1
→ Ω

1
⊗
A

Ω
1

bimodule connection

∇(ωf) = σ(ω⊗df) + (∇ω)f

(Michor, Dubois-Violette)

∇ : Ω
1 → Ω

1 ⊗
A

Ω
1

R∇ : Ω
1
→ Ω

2
⊗
A

Ω
1

metric g ∈ Ω
1
⊗
A

Ω
1

ω⊗ η ∈ Ω
1
⊗
A

Ω
1

( , ) : Ω1
⊗
A

Ω1
→ A (( , )⊗ id)g = (id⊗( , ))g = id : Ω1

→ Ω1

to be able to contract/ 
`raise/lower’ via metric 
we need it to be central 
i.e. ( , ) a bimodule map 
to have well defined 
contractionT∇ : Ω

1
→ Ω

2

∧(g) = 0 ∇g = 0



Theorem:  this has up to normalisation a 1-parameter moduli of 
quantum metrics,        ,                           
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formalism of noncommutative Riemannian geometry. We then weaken this by re-

quiring only that g commutes with functions of the radius r =
�

x2

1
+ x2

2
+ x2

3
and

t and in this case we find a reasonable 2-parameter family of quantum metrics

(1.3) g = r2dΩ+ adr ⊗⊗dr + b (v∗ ⊗ v + λ(dr ⊗ v − v∗ ⊗ dr))

in polar coordinates, where the parameters a, b �= 0 are real and v = rdt − tdr,
v∗ = (dt)r − (dr)t. The first term of g is the angular part of the metric as for flat

spacetime.

We will not actually develop the quantum geometry of such metrics in this paper,

rather we first want to understand their classical limit λ → 0. We find that the

geometry in this limit is curved and for critical values a = 1 and a = −3 we find

that the Einstein tensor matches Einstein’s equation for a perfect fluid of a certain

pressure ad density depending on b. This gives a physical interpretation as the

Universe being filled with one of these two (albeit not very physical) types of fluid

as a plausible necessity of the existence of noncommutative geometry.

We also find that the classical metric is, after a change of variables afforded by

our geodesic flows, a conformal rescaling of a flat metric. Although we regard the

model here as a toy model or ‘proof of concept’ we believe the rigidity phenomenon

uncovered here to be a generic feature of quantum spacetimes.

As a small application back to noncommutative geometry, the geodesic coordinates

suggest new variables for the quantum algebra and its calculus, and we describe

them in Section 4.

2. Moduli of quantum metrics

We shall use polar coordinates for the bicrossproduct model spacetime[?] where we
replace dxi by ωi = eijdxj where eij = δij − xixj

r2 is projection to the sphere of

constant radius at any point and r2 = xixi. One has xiωi = 0. The angular part

of the metric above is ωi ⊗ ωi. The polar coordinate relations become

[f(r), t] = λrf �
(r), [

xi

r
, t] = 0, [f(t), r] = (f(t)− f(t+ λ))r

for the algebra, for any function f , and

[ωi, t] = [ωi, r] = [dr, t] = [dr, r] = 0

[f(r), dt] = λf �
(r)dr, [f(t), dt] = (f(t)− f(t− λ))dt.

The relations between 1-forms in the exterior algebra are as classically [?]

{ωi,ωj} = {ωi, dr} = {ωi, dt} = {dt, dr} = (dr)2 = (dt)2 = 0.

Working with this polar coordinate description one can verify the following lemma.

Since commutation with t entails a shift by λ, functions of t that are invariant

under such a shift will automatically be central, we call them ‘periodic’ (depending

on the precise formulation of the algebra completion there may not be any).

Lemma 2.1. In the radial-time sector and up to functions periodic in t, the central
1-forms are linear combinations of dr and v = rdt− tdr.

[g, r] = 0, [g, t] = 0

[r, t] = λr

(mainly get this from                                and some implicit reality)                         

1+1 dimensional model
Look at 1+1 bicrossproduct model                 

g = dr⊗dr + b(v∗ ⊗ v + λ(dr⊗ v − v∗ ⊗dr))

b ∈ R

v
∗ = (dt)r − tdr

[r, dt] = λdr, [t, dt] = λdt

for fixed b lets solve for the quantum Levi-Civita 
connection

and compute its Ricci curvature

b != 0



b > 0

b < 0

moduli of real metric-compatible     form a line +  conic∇

black parts have classical limit as λ → 0

red parts blow up as              so not visible classicallyλ → 0

in each case a unique `Levi-Civita point’ where torsion T=0



∇dr =
1

r

(

v −
λdr

2

)

⊗

(

(
8b

4 + 7bλ2
)v − (

12bλ

4 + 7bλ2
)dr

)

formulae for unique Levi-Civita soln with classical limit 
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and the Ricci tensor

Ricci =
2− k

r2(k − 1)2αλ2
g(6.37)

which we find is always proportional to the metric.

The zero torsion point α = 8b/(4 + 7bλ2
) (and k = 2(4− bλ2

)/(4 + 7bλ2
)) has

Ricci =

�
4 + 7bλ2

4− 9bλ2

�
g

r2
.(6.38)

By Corollary 6.2, this is the Ricci curvature of the unique quantum-Levi-Civita

connection deforming the classical one for our metric.

We also consider the noncommutative Einstein tensor and we suppose that this

should be defined so as to be conserved. If we consider expressions of the form

Einstein = Ricci− µSg

then the value of µ for the entire conic family (6.37) is determined uniquely by the

conservation requirement and necessarily leads to

µ =
1 + bλ2

2 + bλ2
, Einstein = 0.

Thus it seems reasonable to conclude that the noncommutative geometry remains

a ‘vacuum’ on the quantum spacetime for the conic part of the moduli space.

Alternatively, we could use the standard definition of the Einstein tensor. In this

case the above at the torsion free ‘Levi-Civita’ point appears as a correction

Einsteinusual = Ricci−Sg

2
= (1− (2 + bλ2

)

2(1 + bλ2)
)

�
4 + 7bλ2

4− 9bλ2

�
g

r2
=

bλ2

2r2
(g0+λg1)+O(λ4

)

where g0 is the classical metric and g1 is the first order correction. How the lat-

ter looks, as typical in noncommutative geometry, depends on the ordering before

identification with classical variables. For example if we use (6.34) as the basis for

identification then g1 = −bv ⊗ dr. The main correction, at order λ2
is propor-

tional to the classical metric hence could be viewed as a non-constant ‘dark energy’

cosmological term. Such non-constant terms are not conserved but nevertheless

could have a dynamic or ‘interacting vacuum’ cosmological interpretation[6]. The

order λ3
terms is a further correction and could conceivably appear as some kind

of induced matter term. An issue here is that this term is typically non-symmetric

so that its significance is unclear. Also it then matters on which side we take the

divergence; for example if we take the divergence by contraction with the second

tensor factor then it is in fact conserved (in coordinates ∇ν
(g1)µν = 0 if we take

g1 = −bv ⊗ dr). The merit of such an approach to dark energy would be that

corrections at order λ2
or λ3

could go some way towards the required value of

many many orders below the Planck density. A similar effect of a possible ‘vacuum

energy’ arising as an O(λ2
) correction from quantum spacetime was also found in

[14], in a different model.

`quantum Einstein’=0                            

`usual Einstein’ Ricci −
1

2
S = bλ2

g

2r2
+ O(λ3)

Aside: 
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Finally, we settle an issue which has no classical analogue: one could ask when the

associated σ of the bimodule connection obeys the braid relations. If λ = 0 then

this holds for all connections with σ the flip map. However, if λ �= 0 and α �= 0

(say) then we find that connections of the form (6.1)-(6.2) obey the braid relations

if α,β, γ are otherwise free (so a 3 complex dimensional parameter space) and

δ =
βγ

α
, α�

= −1 + λβ

λ
, β�

= −β(1 + λβ)

αλ
,

γ�
= −γ(1 + λβ)

αλ
, δ� = −βγ(1 + λβ)

α2λ
.

These are non-perturbative and have no intersection with ‘real’ ∗-preserving connec-
tions obeying (6.3)-(6.6) nor with the ∗-preserving metric compatible connections

in Proposition 6.1, at least for generic bλ2
.

6.2. Ricci curvature. Write the Riemann curvature in the following form,

R(dr) =− 1

r2
v ∧ dr ⊗ (c1 v + c2 dr)

R(v) =− 1

r2
v ∧ dr ⊗ (c3 v + c4 dr) .(6.27)

where c1, c2, c3, c4 are calculated from the coefficients in (6.1)-(6.2),

c1 = α (λα�
+ βλ+ γ� − δ + 1) + γ (β − α�

) ,
c2 = αλβ�

+ αδ� + β2λ− γβ�
+ β ,

c3 = λ (α�
)
2
+ α�

+ β�
(αλ+ γ)− αδ� ,

c4 = β�
(λα�

+ βλ− γ�
+ δ + 1) + δ� (α� − β) .(6.28)

If we impose the reality constraints (6.16) then we find

(6.29) c1, c4 ∈ R, c2, c3 ∈ iR

and whenever this happens we say that the curvature coefficients are ‘real’.

Following the same line and methods as at order λ, we again define Ricci as

Ricci = (( , )⊗ id)(id⊗ i⊗ id)((id⊗R)(g)

via a lifting map i : Ω2 → Ω1 ⊗Ω1
and our next result is that this map is uniquely

determined by the required symmetry and reality properties of Ricci. This is not

quite as in classical geometry, where i is defined independently, but the upshot is

the same. We work always with our fixed metric (5.2). As with our analysis for

the connection, we assume a linear form where i(v ∧ dr) is a linear combination of

tensor products of v, dr.

Proposition 6.4. Let ci be ‘real’ curvature coefficients for the Riemann tensor of
a connection. There is a unique skew-hermitian lift i such that the Ricci tensor has
the same ‘hermitian’ and quantum symmetry properties as the metric. In this case

Ricci =−
�
1 + bλ2

�
(c2c3 − c1c4)

2r2(c4 − λ(c2 − c3 + c1λ))

�
v∗ ⊗ v + λ(dr ⊗ v − v∗ ⊗ dr)

+
λ
��
1 + bλ2

�
(c1λ− c3) + c2

�
2 + bλ2

��
− c4

c1 + c3bλ
dr ⊗ dr

�
.

We assume that the ci are such that the denominators do not vanish.

i : Ω
2
→ Ω

1
⊗
A

Ω
1where                            is uniquely determined by            and 

requirement that Ricci has same symmetry and reality as the 
metric

∧i = id

nonconstant vacuum energy??
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One can equivalently compute this directly using i and ( , ). Then ∧Ricci = 0
gives the equation

2λ (λx c3 + p c1)− (y c3 + λ q c1) + (λx c4 + p c2) = 0 .

Finally, imposing ‘reality’ in the equivalent form on (�⊗ id)(Ricci) and ∧Ricci = 0
gives the following values, on the assumption that the denominators do not vanish:

n1 =
bc3λ2 + bc4λ+ c1λ+ c2

2 (1 + bλ2) (c4 − λ(c2 − c3 + c1λ))
,

n2 =
1

2
,

n3 =−1

2
+ λn1

n4 =− (c3 − λc1)(c4 + λ(c3 − (c2 + λc1)(2 + bλ2)))

2(c1 + bc3λ) (c4 − λ(c2 − c3 + c1λ))
.(6.35)

Hence i is determined by the symmetry and reality properties of Ricci. We then
write the resulting Ricci tensor, as stated. �

From the Ricci tensor we can of course define the Ricci scalar as before by evaluation
with ( , ) to obtain

S = −
(c2c3 − c1c4)

�
c1

�
1 + bλ2

�2
+ b

�
−c4 + c2λ

�
2 + bλ2

���

2r2b(c1 + bc3λ)(c4 − λ(c2 − c3 + c1λ))
.(6.36)

We also note that

( , )(g) =
2 + bλ2

1 + bλ2

plays the role of the ‘quantum dimension’ of our geometry as a kind of trace.

6.2.1. Example: The decomposable conic family in Proposition 6.1. The conic fam-
ily (i.e. the decomposable connections according to Corollary 6.3) has Riemann
curvature coefficients computed from (6.28):

c1 = α (k − 1)

c2 =−
4α2λ2 + b

�
3α2λ4 − αλ2 + αkλ2 + k − 2

�

2bλ

c3 =−
4α2λ2 + b

�
3α2λ4 + αλ2 − αkλ2 + k − 2

�

2bλ

c4 =−
α(k − 1)

�
bλ2 + 1

�

b
,

where

k = ±
�
4− α2λ2

b
(4 + 3bλ2) .

Here + corresponds to deformation case of the -ve branch in (6.22).

This gives lifting map i with

n1 =
4α2λ2 + b

�
3α2λ4 − αλ2 + αkλ2 + k − 2

�

4α(k − 1)λ (1 + bλ2)
,

n2 =
1

2
, n3 = −1

2
+ λn1, n4 = n1

(1 + λ2 b)

b

Ricci −
1

( , )(g)
S = 0, S = ( , )Ricci

quantum dimension



formulae for unique Levi-Civita soln without classical limit 

∇dr =
bv

r
⊗

(

(
1

1 + bλ2
)v − (

2

λ
)dr

)

+ (
2 + bλ2

r(1 + bλ2)
)dr⊗

(

−(
1

λ
)v + (

3

2
)dr

)

blows up as            and its entangledλ → 0
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6.2.2. Example: The nonperturbative line of connections in Proposition 6.1. The
family (2) of Proposition 6.1, with no classical limit, has Riemann curvature coef-
ficients computed from (6.28) are

c1 =−b(2 + bλ2 + δ(1 + bλ2))

(1 + bλ2)2

c2 =
(2− δ)(2 + bλ2)

λ(1 + bλ2)

c3 =
−bλ2(3 + 2bλ2) + δ(2 + bλ2)(1 + bλ2)

λ(1 + bλ2)2

c4 =
(2− δ)(3 + 2bλ2)

1 + bλ2
.

The lifting map i comes out as

n1 =− (δ − 2)(2 + bλ2)

2λ(2 + bλ2 + δ(1 + bλ2))

n2 =
1

2

n3 =−1

2
+ λn1

n4 =− (2δ(1 + bλ2)− bλ2)(δ(3 + 2bλ2)− (2 + bλ2))

2b(δ − 2)(2 + bλ2 + δ(1 + bλ2))

and the Ricci tensor and scalar come out as

Ricci =
(δ − 2)δ(1 + bλ2)(4 + 3bλ2)

r22λ2(2 + bλ2 + δ(1 + bλ2))
(v∗ ⊗ v + λ(dr ⊗ v − v∗ ⊗ dr)

+
2 + 3bλ2 − 3δ(1 + bλ2)

b(δ − 2)
dr ⊗ dr)(6.39)

S =−δ(4 + 3bλ2)(2δ(1 + bλ2)− bλ2)

r22bλ2(2 + bλ2 + δ(1 + bλ2))
.(6.40)

In this family only the point δ = 1, where it intersects with the preceding decom-
posable family, has nontrivial Ricci proportional to the metric.

The zero torsion point in this family is at δ = (6+3bλ∧2)/(2(1+ bλ2) and does not
particularly simplify. For example, the Ricci tensor and scalar come out as

Ricci =−3
(4 + 3bλ2)(−2 + bλ2)

20r2λ2 (1 + bλ2)
(v∗ ⊗ v + λ(dr ⊗ v − v∗ ⊗ dr)

+

�
1 + bλ2

� �
14 + 3bλ2

�

b (−2 + bλ2)
dr ⊗ dr)(6.41)

S =−
3
�
3 + bλ2

� �
4 + 3bλ2

�

5r2bλ2 (1 + bλ2)
.(6.42)

After some computation, we find that there is no linear combination of the form
Ricci − µSg that is conserved with respect to the quantum covariant derivative,
suggesting that another approach to the Einstein tensor may still be needed to
cover such far from classical examples.

nothing like the metric  

It all works in 1+1as toy model of `quantum’ 
Riemannian geometry, but the metric can’t be flat 
and there is a second non-perturbative solution 
for the Levi-Civita connection
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4. The interpretation of the stress-energy tensor

Einstein’s equation is

Gij
=

8πG

c4
T ij ,(4.1)

where G is the gravitational constant, T ij
is the stress-energy tensor, and c is the

speed of light. (In the earlier analysis we have already taken c = 1.) We consider

the energy-momentum tensor of a perfect fluid (see [23]), which is

T ij
= p gij + (p+ ρ)ui uj .(4.2)

Here u is the normalised 4-velocity of the fluid (i.e. gij ui uj
= −1 as we have

spacelike coordinates with metric sign +1), p is the pressure, and ρ is the energy

density. If the energy-momentum tensor has this form, then we need Gij − s gij to

be a degenerate matrix (determinant zero), and this gives three choices for s:

s =
4

a r2
, Gij − s gij =





−a2
+bt2a+3a−bt2

a2br4 − (a−1)t
a2r3 0 0

− (a−1)t
a2r3 − a−1

a2r2 0 0

0 0 0 0

0 0 0 0





s =
5− a

a r2
, Gij − s gij =





− 4

abr4 0 0 0

0 0 0 0

0 0
a−1

ar4 0

0 0 0
(a−1) csc

2
(θ)

ar4





s =
1− a

a r2
, Gij − s gij =





4t2

a2r4
4t

a2r3 0 0
4t

a2r3
4

a2r2 0 0

0 0
a+3

ar4 0

0 0 0
(a+3) csc

2
(θ)

ar4



(4.3)

A quick look at the second and third cases of (4.3) shows that the matrix Gij−s gij

is not of rank one (i.e. the product of a column and row vector) unless a = 1 (for

the second case) or a = −3 (for the third case). This means that the second and

third cases for a rank one matrix are special cases of the first case. But considering

the first case, the matrix Gij − s gij is of rank one only when a = 1 or a = −3. For

the sign of b, remember that a b is negative for gij to have signature −+++ (take

the determinant of gij to see this).

Accordingly, we have found two cases where G matches a perfect fluid:

Case 4.1. We take a = 1, in which case b = −β2
for some real β. If we set

u = (1/(βr), 0, 0, 0), then gij ui uj
= −1 and

Gij
=

4

r2
gij +

4

r2
ui uj , p = 1/(2πGr2), ρ = 0.(4.4)

Case 4.2. We take a = −3, in which case b = β2
for some real β. If we set

u = (t/r, 1, 0, 0)/
√
3, then gij ui uj

= −1 and

Gij
= − 4

3 r2
gij +

4

3 r2
ui uj , p = −1/(6πGr2), ρ = 1/(3πGr2)(4.5)
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Case 4.1. We take a = 1, in which case b = −β2
for some real β. If we set

u = (1/(βr), 0, 0, 0), then gij ui uj
= −1 and

Gij
=

4

r2
gij +

4

r2
ui uj , p = 1/(2πGr2), ρ = 0.(4.4)

Case 4.2. We take a = −3, in which case b = β2
for some real β. If we set

u = (t/r, 1, 0, 0)/
√
3, then gij ui uj

= −1 and

Gij
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3 r2
gij +

4

3 r2
ui uj , p = −1/(6πGr2), ρ = 1/(3πGr2)(4.5)
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4

a r2
, Gij − s gij =
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

−a2
+bt2a+3a−bt2

a2br4 − (a−1)t
a2r3 0 0

− (a−1)t
a2r3 − a−1

a2r2 0 0

0 0 0 0

0 0 0 0





s =
5− a

a r2
, Gij − s gij =





− 4

abr4 0 0 0

0 0 0 0

0 0
a−1

ar4 0

0 0 0
(a−1) csc

2
(θ)

ar4





s =
1− a

a r2
, Gij − s gij =





4t2

a2r4
4t

a2r3 0 0
4t

a2r3
4

a2r2 0 0

0 0
a+3

ar4 0

0 0 0
(a+3) csc

2
(θ)

ar4



(4.3)
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a=1:
a=-3:} =>

3+1 dimensional model

Theorem: no central metrics exist at all on this differential algebra

but can solve restricted to functions in
=> 2-parameter family 

r = |!x|, t

2 SHAHN MAJID & EJB

formalism of noncommutative Riemannian geometry. We then weaken this by re-

quiring only that g commutes with functions of the radius r =
�

x2

1
+ x2

2
+ x2

3
and

t and in this case we find a reasonable 2-parameter family of quantum metrics

(1.3) g = r2dΩ+ adr ⊗ dr + b (v∗ ⊗ v + λ(dr ⊗ v − v∗ ⊗ dr))

in polar coordinates, where the parameters a, b �= 0 are real and v = rdt − tdr,
v∗ = (dt)r − (dr)t. The first term of g is the angular part of the metric as for flat

spacetime.

We will not actually develop the quantum geometry of such metrics in this paper,

rather we first want to understand their classical limit λ → 0. We find that the

geometry in this limit is curved and for critical values a = 1 and a = −3 we find

that the Einstein tensor matches Einstein’s equation for a perfect fluid of a certain

pressure ad density depending on b. This gives a physical interpretation as the

Universe being filled with one of these two (albeit not very physical) types of fluid

as a plausible necessity of the existence of noncommutative geometry.

We also find that the classical metric is, after a change of variables afforded by

our geodesic flows, a conformal rescaling of a flat metric. Although we regard the

model here as a toy model or ‘proof of concept’ we believe the rigidity phenomenon

uncovered here to be a generic feature of quantum spacetimes.

As a small application back to noncommutative geometry, the geodesic coordinates

suggest new variables for the quantum algebra and its calculus, and we describe

them in Section 4.

2. Moduli of quantum metrics

We shall use polar coordinates for the bicrossproduct model spacetime[18] where

we replace dxi by ωi = eijdxj where eij = δij − xixj

r2 is projection to the sphere of

constant radius at any point and r2 = xixi. One has xiωi = 0. The angular part

of the metric above is ωi ⊗ ωi. The polar coordinate relations become

[f(r), t] = λrf �
(r), [

xi

r
, t] = 0, [f(t), r] = (f(t)− f(t+ λ))r

for the algebra, for any function f , and

[ωi, t] = [ωi, r] = [dr, t] = [dr, r] = 0

[f(r), dt] = λf �
(r)dr, [f(t), dt] = (f(t)− f(t− λ))dt.

The relations between 1-forms in the exterior algebra are as classically [18]

{ωi,ωj} = {ωi, dr} = {ωi, dt} = {dt, dr} = (dr)2 = (dt)2 = 0.

Working with this polar coordinate description one can verify the following lemma.

Since commutation with t entails a shift by λ, functions of t that are invariant

under such a shift will automatically be central, we call them ‘periodic’ (depending

on the precise formulation of the algebra completion there may not be any).

Lemma 2.1. In the radial-time sector and up to functions periodic in t, the central
1-forms are linear combinations of dr and v = rdt− tdr.

a, b ∈ R

=> null geodesics spiral out of r=0 to r=0 / r=infinity respectively. 
=> metric conformal scaling of flat       metric in new coordinates.

(cf quintessence at             )p

ρ
= −

1

2

[xi, t] = ıλxi, [xi, xj ] = 0

R
1,3
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= g21(2 ∂rg12 − ∂tg22) + g22(∂rg22)

We are now ready to obtain all the following Christoffel symbols Γk
ij , written as

matrices with row i and column j,

Γ1

•• =





− 2bt
a

a+2bt2

ar 0 0
a+2bt2

ar − 2t(a+bt2)
ar2 0 0

0 0 − t
a 0

0 0 0 − t sin2
(θ)

a





Γ2

•• =





− 2br
a

2bt
a 0 0

2bt
a − 2bt2

ar 0 0
0 0 − r

a 0

0 0 0 − r sin
2
(θ)

a





Γ3

•• =





0 0 0 0
0 0 1

r 0
0 1

r 0 0
0 0 0 − sin(θ) cos(θ)





Γ4

•• =





0 0 0 0
0 0 0 1

r
0 0 0 cot(θ)
0 1

r cot(θ) 0



 .(3.1)

The Ricci tensor and scalar S computed from these are

Rij =
1

a





−6b 6bt
r 0 0

6bt
r − 2(3bt2+a)

r2 0 0
0 0 a− 3 0
0 0 0 (a− 3) sin2(θ)




, S =

2(a− 7)

a r2
.(3.2)

and these give Einstein tensor

Gij = Rij − 1

2
S gij =





�
1

a − 1
�
b (a−1)bt

ar 0 0
(a−1)bt

ar
−a2−bt2a+5a+bt2

ar2 0 0
0 0 4

a 0

0 0 0 4 sin
2
(p)

a




(3.3)

The corresponding upstairs index version is

Gij =





−a2−bt2a+a+5bt2

a2br4 − (a−5)t
a2r3 0 0

− (a−5)t
a2r3

5−a
a2r2 0 0

0 0 4

ar4 0

0 0 0 4 csc
2
(θ)

ar4




(3.4)

The upstairs metric is

gij =





bt2+a
abr2

t
ar 0 0

t
ar

1

a 0 0
0 0 1

r2 0

0 0 0 csc
2
(θ)

r2






