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Need	
  for	
  new	
  geometry	
  
•  The	
  large	
  scale	
  global	
  picture	
  of	
  space-­‐@me	
  is	
  well	
  

described	
  in	
  terms	
  of	
  Riemannian	
  geometry,	
  but	
  this	
  
picture	
  breaks	
  down	
  in	
  the	
  high	
  energy	
  scales	
  where	
  the	
  
quantum	
  picture	
  	
  takes	
  	
  over.	
  

•  	
  It	
  is	
  thus	
  natural	
  to	
  look	
  for	
  a	
  paradigm	
  of	
  geometry	
  which	
  
starts	
  from	
  the	
  quantum	
  framework,	
  where	
  the	
  role	
  of	
  real	
  
variables	
  is	
  played	
  by	
  self-­‐	
  adjoint	
  operators	
  in	
  Hilbert	
  
space.	
  	
  

•  Such	
  a	
  framework	
  	
  for	
  geometry	
  has	
  been	
  slowly	
  emerging	
  
under	
  	
  the	
  	
  name	
  	
  of	
  noncommuta@ve	
  geometry.	
  	
  One	
  of	
  its	
  
key	
  features,	
  	
  besides	
  the	
  ability	
  to	
  handle	
  spaces	
  for	
  which	
  
coordinates	
  no	
  longer	
  commute	
  with	
  each	
  other,	
  is	
  that	
  
this	
  new	
  geometry	
  is	
  spectral.	
  	
  	
  



Need	
  for	
  new	
  geometry	
  

•  This	
  is	
  in	
  agreement	
  with	
  physics	
  in	
  which	
  
most	
  of	
  the	
  data	
  we	
  have,	
  either	
  about	
  the	
  far	
  
distant	
  parts	
  of	
  the	
  universe	
  or	
  about	
  high	
  
energy	
  physics,	
  are	
  also	
  of	
  spectral	
  nature.	
  
The	
  red	
  shi\ed	
  spectra	
  of	
  distant	
  galaxies	
  or	
  
the	
  momentum	
  eigenstates	
  of	
  outgoing	
  
par@cles	
  	
  in	
  high	
  energy	
  experiments	
  both	
  
point	
  towards	
  a	
  prevalence	
  of	
  spectral	
  	
  
nature.	
  	
  	
  



Need	
  for	
  new	
  geometry	
  

•  From	
  	
  the	
  mathema@cal	
  standpoint	
  	
  it	
  	
  takes	
  	
  some	
  
doing	
  to	
  obtain	
  a	
  purely	
  spectral	
  (Hilbert	
  space	
  
theore@cal)	
  counterpart	
  of	
  Riemannian	
  geometry.	
  One	
  
reason	
  for	
  the	
  difficulty	
  of	
  this	
  task	
  is	
  that,	
  as	
  is	
  well	
  
known	
  since	
  the	
  	
  examples	
  of	
  J.	
  Milnor,	
  	
  non-­‐isometric	
  
Riemannian	
  spaces	
  exist	
  	
  which	
  have	
  the	
  same	
  spectra	
  	
  
(for	
  the	
  	
  Dirac	
  	
  or	
  Laplacian	
  operators).	
  	
  Another	
  
reason	
  is	
  that	
  the	
  condi@ons	
  	
  for	
  a	
  (compact)	
  space	
  to	
  
be	
  a	
  smooth	
  	
  manifold	
  	
  are	
  given	
  in	
  terms	
  	
  of	
  the	
  local	
  
charts,	
  	
  whose	
  existence	
  and	
  compa@bility	
  is	
  assumed,	
  
but	
  whose	
  intrinsic	
  meaning	
  is	
  more	
  elusive.	
  



Need	
  for	
  new	
  geometry	
  
•  The	
  laws	
  of	
  physics	
  at	
  low	
  energies	
  of	
  order	
  of	
  
100	
  Gev	
  are	
  well	
  encoded	
  by	
  the	
  	
  Standard	
  
Model	
  ac@on	
  (with	
  massive	
  neutrinos)	
  and	
  the	
  
Einstein-­‐Hilbert	
  ac@on.	
  The	
  fields	
  in	
  the	
  	
  standard	
  
model	
  are	
  the	
  quarks,	
  leptons,	
  gauge	
  fields	
  and	
  a	
  
Higgs	
  field.	
  These	
  fields	
  have	
  different	
  status	
  than	
  
the	
  gravita@onal	
  field	
  which	
  depends	
  only	
  on	
  the	
  
geometry	
  of	
  a	
  Riemannian	
  manifold	
  M.	
  The	
  
natural	
  group	
  of	
  invariance	
  of	
  this	
  theory	
  is	
  the	
  
semidirect	
  product	
  of	
  the	
  gauge	
  transforma@ons	
  
of	
  U	
  (l)	
  x	
  SU(2)	
  x	
  SU	
  (3)	
  and	
  Diff	
  (M)	
  



Need	
  for	
  new	
  geometry	
  
•  Many	
  ques@ons	
  in	
  the	
  Standard	
  Model	
  are	
  begging	
  for	
  

answers,	
  such	
  as:	
  Why	
  the	
  above	
  gauge	
  	
  group?	
  Why	
  16	
  
fermions	
  per	
  genera@on?	
  Why	
  the	
  par@cular	
  
representa@ons	
  of	
  fermions?	
  Why	
  three	
  genera@ons?	
  Why	
  
the	
  par@cular	
  Yukawa	
  	
  couplings	
  	
  and	
  	
  the	
  huge	
  hierarchy	
  in	
  
the	
  masses	
  ranging	
  from	
  the	
  neutrino	
  masses	
  to	
  the	
  top	
  
quark	
  mass?	
  Why	
  the	
  Higgs	
  mechanism	
  and	
  spontaneous	
  
symmetry	
  breaking?	
  Is	
  there	
  gauge	
  couplings	
  unifica@on?	
  
What	
  determines	
  the	
  Higgs	
  couplings?	
  What	
  	
  is	
  protec@ng	
  
the	
  Higgs	
  mass	
  from	
  the	
  quadra@c	
  divergencies	
  in	
  what	
  	
  is	
  
known	
  as	
  the	
  hierarchy	
  	
  problem.	
  

•  At	
  present	
  there	
  are	
  no	
  compelling	
  answers	
  to	
  most	
  of	
  
these	
  ques@ons	
  



Need	
  for	
  new	
  geometry	
  
•  The	
  group	
  G	
  of	
  symmetries	
  of	
  the	
  Lagrangian	
  of	
  
gravity	
  coupled	
  with	
  mafer	
  is	
  handed	
  to	
  us	
  by	
  
physics.	
  	
  It	
  is	
  the	
  semi-­‐direct	
  product	
  of	
  the	
  group	
  
Map(	
  M,	
  G)	
  of	
  gauge	
  transforma@ons	
  of	
  second	
  	
  
kind	
  	
  by	
  	
  the	
  	
  symmetry	
  group	
  of	
  gravity,	
  namely	
  
the	
  	
  group	
  Diff(	
  M)	
  of	
  diffeomorphisms	
  of	
  
ordinary	
  space-­‐@me	
  M:	
  	
  G	
  =	
  Map(	
  M,	
  G)	
  t>	
  
Diff(	
  M).	
  Now	
  for	
  gravity	
  coupled	
  with	
  	
  mafer	
  to	
  
be	
  pure	
  	
  gravity	
  on	
  a	
  new	
  	
  space	
  	
  N	
  the	
  most	
  	
  
obvious	
  requirement	
  is	
  to	
  find	
  the	
  manifold	
  N	
  in	
  
such	
  a	
  way	
  that	
  Diff	
  (N)	
  =	
  G	
  

	
  



Need	
  for	
  new	
  geometry	
  

There	
  is	
  a	
  general	
  mathema@cal	
  result	
  	
  which	
  
asserts	
  	
  that	
  the	
  connected	
  component	
  of	
  iden@ty	
  
in	
  Diff	
  (N)	
  is	
  a	
  simple	
  group	
  for	
  any	
  manifold	
  N.	
  
Thus,	
  since	
  G	
  has	
  the	
  non-­‐trivial	
  normal	
  subgroup	
  
Map(	
  M,	
  G)	
  there	
  is	
  no	
  way	
  one	
  can	
  solve	
  the	
  above	
  
equa@on	
  using	
  	
  ordinary	
  manifolds	
  N.	
  One	
  can	
  
show	
  	
  that	
  there	
  is	
  a	
  solu@on,	
  provided	
  one	
  
searches	
  for	
  noncommuta@ve	
  solu@ons.	
  i.e.	
  that	
  
the	
  group	
  G	
  is	
  indeed	
  the	
  group	
  of	
  diffeomorphisms	
  
of	
  a	
  new	
  space	
  N.	
  



Noncommuta@ve	
  Geometry	
  
•  The	
  	
  basic	
  	
  data	
  	
  is	
  that	
  	
  of	
  a	
  spectral	
  triple	
  	
  (A,	
  H,	
  D)	
  
which	
  	
  gives	
  	
  a	
  representa@on	
  in	
  Hilbert	
  space	
  	
  H	
  of	
  
both	
  	
  the	
  algebra	
  	
  A	
  of	
  coordinates	
  and	
  	
  of	
  the	
  inverse	
  
line	
  element	
  	
  D.	
  	
  

•  Given	
  	
  a	
  von	
  	
  Neumann	
  algebra	
  	
  A	
  	
  of	
  operators	
  in	
  
Hilbert	
  space	
  	
  H	
  one	
  can	
  always	
  	
  find	
  	
  an	
  	
  an@-­‐unitary	
  
isometry	
  J	
  	
  such	
  	
  that	
  	
  the	
  	
  following	
  commutators	
  
vanish	
  :	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  [x,	
  Jy∗	
  J−1	
  ]	
  =	
  0	
  	
  	
  	
  	
  	
  ∀x,	
  y	
  ∈	
  A	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
The	
  basic	
  rules	
  are	
  	
  
	
  	
  J2	
  	
  =	
  ε	
  ,	
  	
  	
  	
  DJ	
  =	
  ε	
  JD,	
  	
  	
  	
  J	
  γ	
  =	
  ε’	
  	
  γ	
  J, 	
  	
  	
  Dγ	
  =	
  −γD	
  
	
  

	
  
	
  



Noncommuta@ve	
  Geometry	
  
	
  where	
  γ	
  is	
  the	
  Z/2	
  grading	
  operator.	
  The	
  KO-­‐theory	
  
comes	
  	
  in	
  8	
  different	
  versions	
  which	
  just	
  depend	
  
upon	
  the	
  dimension	
  of	
  the	
  geometry	
  modulo	
  8.	
  	
  
They	
  are	
  dis@nguished	
  by	
  the	
  three	
  	
  possible	
  	
  signs	
  	
  
ε	
  	
  ∈	
  ±1	
  which	
  	
  govern	
  the	
  algebraic	
  rules	
  	
  and	
  	
  
whose	
  	
  values	
  	
  are	
  according	
  to	
  the	
  dimension	
  
modulo	
  8.	
  
In	
  physics	
  	
  terms	
  	
  these	
  data	
  	
  have	
  the	
  following	
  
names	
  	
  and	
  meaning:	
  
•  	
  	
  H:	
  one	
  par@cle	
  	
  Euclidean	
  Fermions.	
  
•  	
  	
  D:	
  inverse	
  propagator.	
  



Noncommuta@ve	
  Geometry	
  

•  	
  	
  J:	
  charge	
  	
  conjuga@on.	
  
•  	
  	
  γ:	
  	
  chirality.	
  	
  
Thus	
  	
  the	
  new	
  	
  formalism	
  for	
  geometry	
  keeps	
  	
  a	
  
very	
  close	
  contact	
  with	
  	
  physics.	
  Exactly	
  as	
  the	
  
inner	
  	
  automorphisms	
  form	
  an	
  “internal”	
  part	
  of	
  
the	
  group	
  of	
  geometric	
  symmetries,	
  the	
  metric	
  	
  
admits	
  “inner	
  	
  fluctua@ons”.	
  
	
  
	
  



Geometry	
  of	
  Space-­‐Time	
  
•  Space-­‐@me	
  could	
  	
  be	
  approximated	
  by	
  a	
  noncommuta@ve	
  space	
  	
  

which	
  	
  is	
  a	
  product	
  of	
  a	
  con@nuous	
  four-­‐dimensional	
  	
  Riemannian	
  
manifold	
  @mes	
  	
  a	
  finite	
  	
  dimensional	
  space	
  	
  .	
  This	
  space	
  	
  is	
  almost	
  	
  
commuta@ve	
  with	
  	
  the	
  noncommuta@vity	
  arising	
  	
  from	
  	
  the	
  matrix	
  	
  
structure	
  of	
  the	
  discrete	
  space	
  F.	
  

	
  
•  The	
  main	
  intrinsic	
  reason	
  	
  for	
  crossing	
  by	
  a	
  finite	
  geometry	
  F	
  	
  has	
  to	
  

do	
  with	
  	
  the	
  value	
  	
  of	
  the	
  dimension	
  of	
  space-­‐@me	
  modulo	
  8.	
  	
  We	
  
needed	
  this	
  	
  KO-­‐dimension	
  to	
  be	
  2	
  modulo	
  8	
  (or	
  equivalently	
  10)	
  to	
  
define	
  	
  the	
  Fermionic	
  ac@on,	
  since	
  this	
  eliminates	
  the	
  doubling	
  of	
  
fermions	
  in	
  the	
  Euclidean	
  framework.	
  In	
  other	
  	
  words	
  the	
  need	
  	
  for	
  
crossing	
  by	
  F	
  is	
  to	
  shi\	
  the	
  KO-­‐dimension	
  from	
  4	
  to	
  2	
  (modulo	
  8)	
  .	
  
This	
  finite	
  geometry	
  were	
  	
  derived	
  from	
  first	
  principles	
  through	
  the	
  
following	
  steps	
  :	
  



Geometry	
  of	
  Space-­‐Time	
  

•  	
  Classified	
  the	
  irreducible	
  triplets	
  (A,	
  H,	
  J).	
  
•  	
  Studied	
  the	
  Z/2-­‐gradings	
  γ	
  on	
  H.	
  
•  Classified	
  the	
  subalgebras	
  AF	
  	
  ⊂	
  A	
  which	
  
allow	
  for	
  an	
  operator	
  D	
  that	
  does	
  not	
  
commute	
  with	
  the	
  center	
  of	
  A	
  but	
  fulfills	
  the	
  
“order	
  one”	
  condi@on	
  [[D,	
  a],	
  b0	
  ]	
  =	
  0	
  	
  

	
  	
  	
  	
  which	
  guarantees	
  the	
  linearity	
  of	
  the	
  	
  	
  	
  	
  
connec@on.	
  
	
  



Classifica@on	
  of	
  finite	
  spaces	
  

•  The	
  classifica@on	
  in	
  the	
  first	
  step	
  	
  shows	
  	
  that	
  	
  
the	
  solu@ons	
  fall	
  in	
  two	
  classes	
  the	
  first	
  of	
  
which	
  	
  is	
  inconsistent	
  with	
  	
  KO-­‐dimension	
  6.	
  	
  
For	
  the	
  	
  second	
  	
  class,	
  	
  we	
  	
  have	
  	
  shown	
  that	
  	
  
among	
  the	
  very	
  few	
  choices	
  of	
  lowest	
  	
  
dimension	
  we	
  obtain	
  	
  the	
  case	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  A	
  =M2	
  (H)	
  ⊕	
  M4	
  (C)	
  	
  
	
  where	
  H	
  is	
  the	
  skew	
  	
  field	
  of	
  quaternions.	
  Note	
  	
  
that	
  	
  this	
  determines	
  the	
  number	
  of	
  fermions	
  to	
  
be	
  42	
  	
  =	
  16.	
  Our	
  	
  main	
  	
  result	
  	
  then	
  	
  is	
  that	
  	
  there	
  	
  
exists	
  up	
  to	
  isomorphism	
  a	
  unique	
  involu@ve	
  
subalgebra	
  of	
  maximal	
  dimension	
  AF	
  	
  
isomorphic	
  to	
  C	
  ⊕	
  H	
  ⊕	
  M3	
  (C)	
  and	
  	
  together	
  with	
  	
  
its	
  representa@on	
  in	
  (H,	
  J,	
  γ)	
  gives	
  	
  the	
  
noncommuta@ve	
  geometry	
  F	
  that	
  recovers	
  the	
  
Standard	
  Model	
  coupled	
  to	
  gravity	
  using	
  	
  the	
  
spectral	
  ac@on	
  



Classifica@on	
  of	
  finite	
  spaces	
  
•  This	
  	
  result	
  	
  is	
  remarkable	
  because	
  	
  the	
  	
  input	
  that	
  	
  was	
  	
  
used	
  	
  is	
  minimal	
  and	
  	
  the	
  	
  first	
  possibility	
  obtained	
  
consistent	
  with	
  	
  the	
  axioms	
  	
  of	
  noncommuta@ve	
  
geometry,	
  a\er	
  	
  im-­‐	
  posing	
  the	
  symplec@c-­‐unitary	
  
symmetry	
  condi@on	
  on	
  the	
  algebra,	
  is	
  the	
  algebra	
  	
  of	
  
the	
  standard	
  model	
  	
  with	
  	
  fermions	
  in	
  the	
  correct	
  	
  
representa@on.	
  All	
  the	
  arbitrariness	
  that	
  	
  is	
  usually	
  
encountered	
  in	
  the	
  construc@on	
  of	
  the	
  standard	
  model	
  	
  
whether	
  in	
  the	
  choice	
  of	
  the	
  SU(3)	
  ×	
  SU(2)	
  ×	
  U(1)	
  gauge	
  
group,	
  the	
  fermionic	
  representa@ons,	
  or	
  the	
  Higgs	
  
struc-­‐	
  ture	
  and	
  the	
  electroweak	
  spontaneous	
  breaking	
  
mechanism	
  disappear.	
  	
  



Classifica@on	
  of	
  finite	
  spaces	
  

•  The	
  standard	
  model	
  	
  becomes	
  	
  completely	
  
determined.	
  	
  In	
  this	
  respect	
  	
  we	
  see	
  that	
  	
  there	
  	
  is	
  
a	
  geometrical	
  structure	
  responsible	
  for	
  all	
  the	
  
details	
  	
  of	
  the	
  standard	
  model.	
  	
  Geometrically	
  we	
  
see	
  that	
  	
  the	
  underlying	
  algebra	
  	
  is	
  a	
  direct	
  	
  sum	
  	
  
of	
  two	
  	
  algebras.	
  The	
  first	
  	
  algebra	
  	
  is	
  
quaternionic	
  	
  M2	
  (H),	
  broken	
  to	
  (C	
  ⊕	
  C)R	
  	
  ⊕	
  HL	
  ,	
  
decomposes	
  by	
  the	
  	
  chirality	
  operator	
  into	
  	
  a	
  

	
  	
  	
  	
  le\-­‐handed	
  and	
  	
  right-­‐handed	
  sectors.	
  	
  The	
  	
  
second	
  	
  algebra	
  	
  M4	
  (C)	
  is	
  broken	
  by	
  the	
  



Classifica@on	
  of	
  finite	
  spaces	
  

Majorana	
  	
  mass	
  	
  for	
  right-­‐handed	
  neutrino	
  into	
  
	
  C	
  ⊕	
  M3	
  (C)	
  and	
  	
  corresponds	
  to	
  the	
  splirng	
  
of	
  the	
  	
  leptons	
  and	
  	
  quarks.	
  	
  The	
  fermions	
  follow	
  	
  
the	
  	
  product	
  representa@on	
  of	
  the	
  	
  two	
  
algebras.	
  



The	
  Spectrum	
  

•  The	
  spectrum	
  of	
  the	
  fermionic	
  par@cles,	
  which	
  	
  is	
  
the	
  number	
  of	
  states	
  	
  in	
  the	
  Hilbert	
  space	
  per	
  
family	
  is	
  predicted	
  to	
  be	
  42	
  =	
  16.	
  	
  

•  The	
  16	
  spinors	
  get	
  the	
  correct	
  quantum	
  number	
  
with	
  respect	
  	
  to	
  the	
  standard	
  model	
  	
  gauge	
  	
  
group	
  which	
  	
  follow	
  the	
  decomposi@on:	
  

	
  	
  	
  	
  	
  	
  (4,	
  4)	
  →	
  (	
  1R	
  +	
  1R	
  +	
  2L	
  ,1	
  +	
  3)	
  =	
  	
  
	
  	
  	
  	
  	
  	
  	
  	
  (1R	
  ,	
  1)	
  +	
  (	
  1R	
  ,	
  1)	
  	
  +	
  (2L	
  ,	
  1)+	
  (1R	
  ,	
  3	
  	
  )	
  +	
  	
  (1R	
  ,	
  3)	
  	
  +	
  
(2L	
  ,	
  3)	
  



The	
  Spectrum	
  
•  These	
  spinors	
  correspond	
  to	
  	
  νR	
  ,	
  eR	
  ,	
  lL	
  ,	
  uR	
  ,	
  dR	
  ,	
  qL	
  respec@vely,	
  

where	
  lL	
  is	
  the	
  le\-­‐handed	
  neutrino-­‐electron	
  doublet	
  and	
  	
  qL	
  is	
  the	
  
le\-­‐handed	
  up-­‐down	
  quark	
  doublet.	
  	
  

•  In	
  addi@on	
  to	
  the	
  	
  gauge	
  	
  bosons	
  	
  of	
  SU(3)	
  ×	
  SU(2)	
  ×	
  U(1)	
  	
  which	
  	
  are	
  	
  
the	
  	
  inner	
  	
  fluctua@ons	
  of	
  the	
  metric	
  	
  along	
  	
  con@nuous	
  direc@ons,	
  
we	
  also	
  have	
  	
  a	
  Higgs	
  	
  doublet	
  which	
  	
  corresponds	
  to	
  the	
  inner	
  	
  
fluctua@ons	
  of	
  the	
  metric	
  	
  along	
  	
  the	
  discrete	
  direc@ons.	
  

•  A	
  singlet	
  Scalar	
  field	
  whose	
  vev	
  gives	
  Majorana	
  mass	
  to	
  the	
  right-­‐
handed	
  neutrinos.	
  

•  	
  What	
  	
  is	
  peculiar	
  about	
  the	
  	
  Higgs	
  	
  doublet,	
  is	
  that	
  	
  its	
  mass	
  	
  term	
  	
  
as	
  determined	
  from	
  	
  the	
  	
  spectral	
  ac@on	
  	
  comes	
  with	
  	
  a	
  nega@ve	
  
sign	
  and	
  a	
  quar@c	
  term	
  with	
  	
  a	
  plus	
  sign,	
  thus	
  	
  predic@ng	
  the	
  
phenomena	
  of	
  spontaneous	
  breakdown	
  of	
  the	
  electroweak	
  
symmetry.	
  



Spectral	
  Ac@on	
  

•  The	
  fermionic	
  ac@on	
  takes	
  the	
  simple	
  form	
  	
  
	
  (Ψ,	
  DAΨ)	
  where	
  	
  	
  
	
  
	
  with	
  	
  	
  	
  	
  	
  being	
  the	
  16	
  dim	
  spinor	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  the	
  
conjugate	
  spinor	
  so	
  that	
  Ψ	
  sa@sfies	
  both	
  Majorana	
  
and	
  Weyl	
  condi@on	
  JΨ=Ψ	
  and	
  	
  	
  γΨ=Ψ.	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  DA=D+A+JA*J-­‐1	
  	
  	
  

A	
  containes	
  all	
  the	
  gauge	
  fields,	
  Higgs	
  doublet	
  and	
  
the	
  neutrino	
  singlet.	
  
	
  

	
  

Ψ =
ψ
ψ c

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

ψ ψ c



Spectral	
  Ac@on	
  
•  The	
  missing	
  ingredient,	
  in	
  the	
  	
  above	
  	
  descrip@on	
  
of	
  the	
  	
  Standard	
  Model	
  	
  coupled	
  to	
  gravity,	
  is	
  
provided	
  by	
  a	
  simple	
  	
  ac@on	
  	
  principle—the	
  
spectral	
  ac@on	
  	
  principle,	
  that	
  	
  has	
  the	
  geometric	
  
meaning	
  of	
  “pure	
  gravity”	
  and	
  	
  delivers	
  the	
  
ac@on	
  	
  func@onal	
  of	
  the	
  Standard	
  Model	
  	
  coupled	
  
to	
  gravity	
  when	
  	
  evaluated	
  on	
  M	
  ×	
  F.	
  The	
  spectral	
  
ac@on	
  	
  principle	
  is	
  the	
  	
  simple	
  	
  statement	
  that	
  	
  
the	
  	
  physical	
  ac@on	
  	
  is	
  determined	
  by	
  the	
  	
  
spectrum	
  of	
  the	
  Dirac	
  	
  operator	
  D.	
  	
  The	
  spectral	
  
data	
  	
  are	
  available	
  in	
  localized	
  form	
  	
  anywhere,	
  
and	
  	
  are	
  (asympto@cally)	
  of	
  the	
  addi@ve	
  form	
  	
  



Spectral	
  Ac@on	
  

	
  Trace	
  (	
  f	
  (D/Λ)).	
  The	
  detailed	
  form	
  of	
  the	
  
func@on	
  	
  f	
  is	
  largely	
  	
  irrelevant	
  since	
  the	
  spectral	
  
ac@on	
  	
  can	
  be	
  expanded	
  in	
  decreasing	
  powers	
  of	
  
the	
  scale	
  Λ	
  and	
  the	
  func@on	
  f	
  only	
  appears	
  
through	
  the	
  scalars	
  	
  
	
   fk = f y( )

0

∞

∫ yk−1dy



Spectral	
  Ac@on	
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and

Sb =
24
π2

F4Λ4

∫
d4x

√
g (5.49)

− 2
π2

F2Λ2

∫
d4x

√
g

(
R +

1
2
aHH +

1
4
cσ2

)

+
1

2π2
F0

∫
d4x

√
g

[
1
30

(
−18C2

µνρσ + 11R∗R∗
)

+
5
3
g2
1B

2
µν + g2

2

(
Wα

µν

)2
+ g2

3

(
V m

µν

)2

+
1
6
aRHH + b

(
HH

)2
+ a

∣∣∇µHa

∣∣2 + 2eHH σ2 +
1
2

dσ4 +
1
12

cRσ2 +
1
2
c
(
∂µσ

)2
]

+ F−2Λ−2a6 + · · ·

It is worth to also summarize the the fermionic action

Sf = ν∗Rγ
µDµνR (5.50)

+ e∗Rγ
µ
(
Dµ + ig1Bµ

)
eR

+ la∗L γµ

((
Dµ +

i

2
g1Bµ

)
δb
a − i

2
g2W

α
µ (σα)b

a

)
lbL

+ ui∗
R γµ

((
Dµ − 2i

3
g1Bµ

)
δj
i −

i

2
g3V

m
µ (λm)j

i

)
ujR

+ di∗
Rγ

µ

((
Dµ +

i

3
g1Bµ

)
δj
i − i

2
g3V

m
µ (λm)j

i

)
djR

+ qia∗
L γµ

((
Dµ − i

6
g1Bµ

)
δb
aδ

j
i − i

2
g2W

α
µ (σα)b

a δ
j
i − i

2
g3V

m
µ (λm)j

i δ
b
a

)
qjbL

+ ν∗Rγ5k
∗νεabHblaL + e∗Rγ5k

∗eH
a
laL

+ ui∗
R γ5k

∗uεabHbδ
j
i qjaL + di∗

Rγ5k
∗dH

a
δj
i qjaL + ν∗Rγ5k

∗νRσ (ν∗R)c + h.c

Our strategy is to use the spectral action as an effective action at a fixed scale, of the order of the unification
scale, and to impose the additional relations between the independent parameters of the Standard Model
coupled to gravity as a boundary condition at that scale. One can then let these parameters run down using
the RG equations to their value at ordinary scale. As a first example one has the unification of the three
gauge couplings in the form

g2
3 = g2

2 =
5
3

g2
1 (5.51)

In applying the above strategy we have limited ourselves to the first three terms in the expansion of the
spectral action, the reason being that the natural spectral functions F (D2/Λ2) used in the spectral action
are meant to count the number of eigenvalues of D2 which are less than Λ2. These functions are “cutoff”
functions which are completely flat near 0 and thus have all their Taylor coefficients F (n)(0) vanishing
except F (0). The question of whether we should ignore the higher order terms will be dealt with in Part II.

6 QFT analysis: zeroth order

As we have seen in the previous section, the spectral action gives a well defined form for all interactions.
We shall take the Wilsonian point of view where the geometrical action is considered as an effective theory
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Our strategy is to use the spectral action as an effective action at a fixed scale, of the order of the unification
scale, and to impose the additional relations between the independent parameters of the Standard Model
coupled to gravity as a boundary condition at that scale. One can then let these parameters run down using
the RG equations to their value at ordinary scale. As a first example one has the unification of the three
gauge couplings in the form

g2
3 = g2

2 =
5
3

g2
1 (5.51)

In applying the above strategy we have limited ourselves to the first three terms in the expansion of the
spectral action, the reason being that the natural spectral functions F (D2/Λ2) used in the spectral action
are meant to count the number of eigenvalues of D2 which are less than Λ2. These functions are “cutoff”
functions which are completely flat near 0 and thus have all their Taylor coefficients F (n)(0) vanishing
except F (0). The question of whether we should ignore the higher order terms will be dealt with in Part II.

6 QFT analysis: zeroth order

As we have seen in the previous section, the spectral action gives a well defined form for all interactions.
We shall take the Wilsonian point of view where the geometrical action is considered as an effective theory
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Singlet	
  Role	
  

•  The	
  presence	
  of	
  the	
  singlet	
  insures	
  that	
  the	
  
Higgs	
  coupling	
  does	
  not	
  turn	
  nega@ve	
  at	
  high	
  
energies.	
  The	
  poten@al	
  takes	
  the	
  form,	
  a\er	
  
rescaling	
  

J
H
E
P
0
9
(
2
0
1
2
)
1
0
4

The gauge fields kinetic terms are normalized by setting the coefficient f0 to be f0
2π2 = 1

4g2
.

The scalar fields kinetic terms are then normalized by rescaling

h → h

√

2

n+ 3
g (2.10)

σ → 2σg (2.11)

so that the Higgs-singlet potential reduces to

V =
1

4

(

λhh
4
+ 2λhσh

2
σ2 + λσσ

4
)

−
2g2

π2
f2Λ

2
(

h
2
+ σ2

)

(2.12)

where

λh =
n2 + 3

(n+ 3)2
(

4g2
)

(2.13)

λhσ =
2n

n+ 3

(

4g2
)

(2.14)

λσ = 2
(

4g2
)

(2.15)

The singlet has a strong coupling λσ = 8g2. The coupling λhσ vanishes for n = 0 and

increases to 8g2 as n → ∞. The coupling λh decreases from 4
3
g2 to g2 for n varying from

0 to 1 and increases again to 4g2 for n → ∞.

3 Running the initial conditions for the model with cutoff function

Writing the RG equations for the top quark, neutrino, Higgs and singlet quartic couplings

we have [8–12]

dkt

dt
=

kt

32π2

(

−
(

17

6
g21 +

9

2
g22 + 16g23

)

+ 9
(

kt
)2

+ 2 (kν)2
)

(3.1)

dkν

dt
=

kν

32π2
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−
(

3

2
g21 +

9

2
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)

+ 6
(

kt
)2

+ 5 (kν)2
)

(3.2)
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1
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(
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12
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+ 4 (kν)2 −
(
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(
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3
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(
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2
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(
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)4 − (kν)4
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(3.3)
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=

λhσ

16π2
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1

2
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12
(

kt
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+ 4 (kν)2 − 3g21 − 9g22
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(

3λh +
3

2
λσ + 2λhσ

))

(3.4)

dλσ

dt
=

1

16π2

(

8λ2
hσ + 18λ2

σ

)

(3.5)

To run these equations, we have to run first the gauge couplings α1,α2 and α3

βgi = (4π)−2 bi g
3
i , with b = (

41

6
,−

19

6
,−7),

– 3 –



Predic@on	
  of	
  the	
  Spectral	
  SM	
  
•  	
  We	
  have	
  classified	
  all	
  noncommuta@ve	
  spaces	
  formed	
  as	
  a	
  product	
  

of	
  a	
  con@nuous	
  four	
  dimensional	
  space	
  @mes	
  a	
  discrete	
  space	
  
consistent	
  with	
  the	
  axioms	
  of	
  noncommuta@ve	
  geometry.	
  	
  

	
  
•  	
  Under	
  the	
  very	
  weak	
  physical	
  assump@ons	
  that	
  there	
  are	
  no	
  mirror	
  

fermions	
  in	
  nature	
  and	
  the	
  existence	
  of	
  a	
  fermionic	
  Majorana	
  mass,	
  
we	
  have	
  determined	
  uniquely	
  that	
  the	
  resul@ng	
  noncommuta@ve	
  
space	
  corresponds	
  to	
  the	
  spectrum	
  of	
  the	
  Standard	
  Model	
  of	
  
par@cle	
  interac@ons	
  in	
  addi@on	
  to	
  right-­‐handed	
  neutrinos	
  and	
  an	
  
extra	
  singlet	
  scalar	
  field.	
  

•  	
  We	
  have	
  predicted	
  that	
  the	
  number	
  of	
  fermions	
  per	
  family	
  is	
  16	
  
with	
  the	
  correct	
  representa@ons	
  under	
  the	
  symmetry	
  
U(1)xSU(2)xSU(3).	
  



Predic@on	
  of	
  the	
  Spectral	
  SM	
  
•  	
  Explained	
  the	
  extremely	
  small	
  mass	
  of	
  the	
  neutrino	
  

through	
  the	
  see-­‐saw	
  mechanism.	
  	
  
•  	
  Determined	
  the	
  existence	
  of	
  a	
  Higgs	
  doublet	
  as	
  the	
  

fluctua@on	
  of	
  the	
  metric	
  (Dirac	
  operator)	
  along	
  discrete	
  
direc@ons,	
  and	
  the	
  spontaneous	
  symmetry	
  breaking	
  
mechanism.	
  	
  

•  	
  The	
  existence	
  of	
  a	
  new	
  scalar	
  field,	
  whose	
  vev	
  gives	
  a	
  
Majorana	
  mass	
  to	
  the	
  right-­‐handed	
  neutrinos,	
  and	
  which	
  is	
  
essen@al	
  in	
  protec@ng	
  the	
  Higgs	
  coupling	
  from	
  turning	
  to	
  
nega@ve	
  at	
  energies	
  of	
  order	
  1011Gev.	
  This	
  paves	
  the	
  way	
  
for	
  the	
  Standard	
  Model	
  to	
  hold	
  all	
  the	
  way	
  up	
  to	
  very	
  high	
  
energies.	
  

	
  	
  



Predic@on	
  of	
  the	
  Spectral	
  SM	
  
•  Predicted	
  the	
  top	
  quark	
  mass	
  to	
  be	
  of	
  the	
  order	
  
of	
  170	
  Gev.	
  

•  Provided	
  a	
  geometrical	
  framework	
  for	
  the	
  
unifica@on	
  of	
  all	
  par@cle	
  interac@ons	
  including	
  
gravity	
  valid	
  up	
  to	
  very	
  high	
  energies.	
  

•  	
  	
  Replaced	
  diffeomorphism	
  invariance	
  in	
  general	
  
rela@vity	
  and	
  gauge	
  symmetry	
  of	
  vector	
  bosons	
  
with	
  outer	
  and	
  inner	
  automorphisms	
  of	
  the	
  
algebra	
  defining	
  the	
  noncommuta@ve	
  space.	
  



Predic@on	
  of	
  the	
  Spectral	
  SM	
  
•  	
  	
  	
  Euclidean	
  formula@on	
  of	
  quantum	
  gravity	
  
requires	
  the	
  addi@on	
  of	
  the	
  Hawking-­‐Gibbons	
  
boundary	
  term	
  to	
  teh	
  Einstein	
  ac@on.	
  The	
  
spectral	
  ac@on	
  contains	
  the	
  Hawking-­‐Gibbons	
  
term	
  automa@cally,	
  reflec@ng	
  the	
  fact	
  that	
  
noncommuta@ve	
  geometry	
  being	
  dependent	
  on	
  
the	
  Dirac	
  operator,	
  which	
  is	
  the	
  inverse	
  of	
  the	
  
fermion	
  propagator,	
  contains	
  informa@on	
  
about	
  quantum	
  gravity.	
  



Beyond	
  SM	
  

•  	
  	
  Removing	
  one	
  of	
  the	
  axioms	
  of	
  noncommuta@ve	
  geometry	
  which	
  
guarantees	
  the	
  linearity	
  of	
  the	
  connec@on	
  allows	
  for	
  inner	
  
fluctua@ons	
  which	
  contains	
  a	
  quadra@c	
  dependence.	
  These	
  
fluctua@ons	
  have	
  the	
  very	
  interes@ng	
  property	
  of	
  forming	
  a	
  semi-­‐
group	
  (i.e.	
  containing	
  non-­‐inver@ble	
  elements).	
  	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  DA=D+A+JA*J-­‐1+A(2)	
  
•  The	
  underlying	
  symmetry	
  in	
  this	
  case	
  is	
  then	
  extended	
  to	
  the	
  Pa@-­‐

Salam	
  unifica@on	
  group	
  SU(2)RxSU(2)LxSU(4)	
  where	
  the	
  lepton	
  
number	
  is	
  the	
  fourth	
  color.	
  

•  The	
  A(2)	
  part	
  of	
  the	
  connec@on	
  depend	
  on	
  scalar	
  fields,	
  the	
  Higgs	
  
fields	
  that	
  break	
  the	
  high	
  energy	
  sector	
  that	
  breaks	
  both	
  
SU(2)RxSU(4)	
  to	
  U(1)xSU(3).	
  	
  



Beyond	
  SM	
  
•  Depending	
  on	
  the	
  ini@al	
  structure	
  of	
  D	
  without	
  fluctua@ons	
  

the	
  Higgs	
  fields	
  could	
  contain	
  parts	
  depending	
  quadra@cally	
  
on	
  the	
  fundamental	
  Higgs	
  fields	
  or	
  contain	
  fields	
  in	
  the	
  
product	
  representa@ons.	
  	
  

•  The	
  simplest	
  Higgs	
  fields	
  structure	
  is	
  
(2,2,1)+(2,1,4)+(1,1,1+15).	
  

•  The	
  Higgs	
  poten@al	
  and	
  interac@ons	
  are	
  fixed	
  
unambiguously.	
  	
  

•  	
  The	
  Standard	
  Model	
  con@nues	
  to	
  hold	
  experimentally	
  to	
  a	
  
very	
  high	
  degree	
  of	
  precision.	
  	
  

•  In	
  the	
  noncommuta@ve	
  serng,	
  any	
  devia@on	
  from	
  the	
  
Standard	
  Model	
  can	
  only	
  be	
  consistent	
  with	
  the	
  Pa@-­‐Salam	
  
model	
  with	
  a	
  connec@on	
  containing	
  quadra@c	
  dependence.	
  



Conclusions	
  

•  Noncommuta@ve	
  geometry	
  as	
  developed	
  by	
  
Alain	
  Connes	
  provides	
  an	
  afrac@ve	
  geometric	
  
serng	
  for	
  the	
  unifica@on	
  of	
  all	
  fundamental	
  
interac@ons	
  including	
  gravity.	
  	
  

•  For	
  finite	
  spaces	
  consistent	
  with	
  the	
  linearity	
  
of	
  the	
  connec@on,	
  the	
  SM	
  is	
  singled	
  out	
  in	
  a	
  
unique	
  way,	
  extended	
  by	
  right-­‐handed	
  
neutrinos	
  and	
  a	
  singlet.	
  	
  

	
  



Conclusions	
  

•  It	
  provides	
  explana@ons	
  to	
  many	
  of	
  the	
  
ques@ons	
  that	
  have	
  no	
  answers	
  in	
  the	
  SM.	
  

•  Any	
  future	
  devia@ons	
  from	
  the	
  SM	
  can	
  only	
  be	
  
due	
  to	
  a	
  Pa@-­‐Salam	
  unifica@on	
  with	
  a	
  very	
  
well	
  defined	
  structure.	
  

•  Many	
  interes@ng	
  developments	
  are	
  s@ll	
  
needed	
  such	
  as	
  a	
  quan@zing	
  scheme	
  that	
  
takes	
  the	
  noncommuta@ve	
  geometric	
  
constraints	
  into	
  account.	
  	
  


