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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =






√
ZV

2EV

√
ZB

2EB

∑

s

εj(p′, s) 〈V
(
p′, ε(p′, s)

)
| J |B(p)〉, F = V,

√
ZP

2EP

√
ZB

2EB
〈P

(
p′

)
| J |B(p)〉, F = P

(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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Figure 8.23: Contractions for the three-point functions with point sources.

8.8.3 Heavy-light meson three-point functions

In terms of the standard Dirac propagators, the point-source three-point function at τ =

|x0 − y0|, T = |x0 − z0| is given by

CFJB(τ, T, p, p′) =
∑

y,z

e−ip′·xe−i(p−p′)·yeip·z Tr
[
ΓF Gq(x, y) ΓJ Gb(y, z) γ̂5 Gq′(z, x)

]
,

(8.72)

where ΓF = γ̂5 for F = P and ΓF = γ̂j for F = V . See Fig. 8.23 for a diagram showing

the contractions. In (8.72) we used the simple form of the heavy-light current J = q̄ ΓJb.

When replacing the b quark propagator by the lattice mNRQCD propagator, the current

has to be replaced by the lattice current derived in Sec. 8.5. It is convenient to compute

and fit the three-point functions for the various terms in the lattice current individually.

Inserting the lattice current, the three-point function becomes

CFJB(τ, T, k, p′) =
1
γ

∑

y,z

e−ip′·xe−i(k−p′)·yeik·z Tr

[
G†

χq
(y, x) F (x) Ω†(y) γ̂5

× J

(
Gψv(y, z) 0

0 0

)
S(Λ) γ̂5 Ω(z) Gχq′ (z, x)

]
(8.73)

(for x0 > y0 > z0). In (8.73), we have F (x) = 1 for a pseudoscalar meson in the final

state and F (x) = (−1)xj γ̂j for a vector meson in the final state. The symbol J in (8.73)

denotes the gamma matrix / derivative operator content of the heavy-light current:

J ∈
{

ΓS+(Λ), ΓS−(Λ), Γ (−iγ̂0v + iγ̂ ± iv/γ) · ∆(±)S+(Λ)
}

. (8.74)

The three-point function (8.73) can be computed by using the spectator-quark (q′) prop-

agator as a source for the heavy-quark propagator, so that only the sum over y remains

ΦV = ūγjs

Interpolating operators

ΦB = ūγ5b
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In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =






√
ZV

2EV

√
ZB

2EB

∑

s

εj(p′, s) 〈V
(
p′, ε(p′, s)

)
| J |B(p)〉, F = V,

√
ZP

2EP

√
ZB

2EB
〈P

(
p′

)
| J |B(p)〉, F = P

(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.

Large Euclidean-time behavior



LQCD Results



Unquenched LQCD calculation

2

〈V (p′, ε)|q̄γ̂µb|B(p)〉 =
2iV (q2)

mB + mV
εµνρσε∗νp′ρpσ (2)

〈V (p′, ε)|q̄γ̂µγ̂5b|B(p)〉 = 2mV A0(q
2)

ε∗ · q
q2

qµ + (mB + mV )A1(q
2)

(

ε∗µ −
ε∗ · q
q2

qµ

)

−A2(q
2)

ε∗ · q
mB + mV

(

(p + p′)µ −
m2

B − m2
V

q2
qµ

)

(3)

qν〈V (p′, ε)|q̄σ̂µνb|B(p)〉 = 2T1(q
2)εµρτσε∗ρpτp′σ (4)

qν〈V (p′, ε)|q̄σ̂µν γ̂5b|B(p)〉 = iT2(q
2)[ε∗µ(m2

B − m2
V ) − (ε∗ · q)(p + p′)µ]

+iT3(q
2)(ε∗ · q)

[

qµ −
q2

m2
B − m2

V

(p + p′)µ

]

(5)

TABLE I: Parameters of the MILC 2+1 asqtad gauge field
configurations used in this work. r1/a values come from [24].
We take r1 = 0.3133(23) fm from [25].

label # N3
x × Nt amsea

! /amsea
s r1/a 1/a (GeV)

c007 2109 203
× 64 0.007/0.05 2.625(3) 1.660(12)

c02 2052 203
× 64 0.02/0.05 2.644(3) 1.665(12)

f0062 1910 283
× 96 0.0062/0.031 3.699(3) 2.330(17)

III. MONTE CARLO DETAILS

A. Gauge field configurations

We used a subset of the MILC collaboration configu-
rations [24, 26]. The action used by MILC is the 1-loop
improved Symanzik-improved gauge action [27, 28] and
include the effects of 2 + 1 flavors of dynamical fermions
using the O(a2) tadpole-improved (AsqTad) staggered
quark action [29–33] making use of the fourth-root pro-
cedure to account for the multiple tastes present in stag-
gered fermion formulations (e.g. see [34, 35]).

We chose these the subset listed in Table I in order to
vary both the up/down sea quark mass msea

% and the lat-
tice spacing a: we chose 2 “coarse” lattices (c007 and
c02) on which to test quark mass dependence, and 1
“fine” lattice (f0062) with approximately the same Gold-
stone pion mass as on c007. (Results for meson masses
will be discussed below and in Table III.) The mass de-
noted by msea

s is only approximately tuned to the phys-
ical strange quark mass. (Precise tuning must be done
self-consistently and requires a great deal of computa-
tional effort, especially for the first set of ensembles with
a particular action.)

A calculation of B → π&ν form factors on a similar

TABLE II: Valence quark parameters.

config # amval
! /amval

s uP amb n uL

c007 16872 0.007/0.04 2.8 2

c02 16416 0.02/0.04 2.8 2

f0062 15280 0.0062/0.031 1.95 2

subset of MILC lattices [36] found very mild quark mass
dependence and no statistically significant dependence on
the lattice spacing. Since the signal-to-noise ratio is much
worse for correlation functions involving vector mesons in
place of pseudoscalar mesons, we chose to invest compu-
tational effort in obtaining a large statistical sample on
these 3 ensembles. As will be shown in the results sec-
tion, this set of configurations is sufficient given the other
sources of uncertainties.

B. Correlation functions

We use the same action for the light and strange va-
lence quarks as was used in the configuration generation.

For the heavy quark, we use lattice NRQCD [37]. The
specific form of the action is the same as was used in
earlier work by the HPQCD collaboration (e.g. [36]).

SORT OUT UPPER/LOWER INDICES: We use local
interpolating operators ΦB ∼ q̄′γ̂5b and ΦV ∼ q̄′γ̂jq to
annihilate B and V mesons, respectively. We compute
the following 3-point correlation functions for J = q̄Γb,
Γ ∈ {γ̂µ, γ̂µγ̂5, σ̂µν}: 〈ΦV (x)J(y)Φ†

B(z)〉.
Paragraph about identities satisfied for correlation

functions which use 2-component heavy quarks.
In fact we analyze correlation functions which project

4

TABLE III: Meson masses (statistical error only). Physical values ignore isospin splittings.

ensemble mB (GeV) mBs
(GeV) mπ (MeV) mK (MeV) mηs

(MeV) mρ (MeV) mK∗ (MeV) mφ (MeV)

c007 5.5439(32) 5.6233(7) 313.4(1) 563.1(1) 731.9(1) 892(28) 1045(6) 1142(3)

c02 5.5903(44) 5.6344(15) 519.2(1) 633.4(1) 730.6(1) 1050(7) 1106(4) 1162(3)

f0062 5.5785(22) 5.6629(13) 344.3(1) 589.3(2) 762.0(1) 971(7) 1035(4) 1134(2)

“physical” 5.279 5.366 140 495 686 775 892 1020

2. Bayesian fits

Our Bayesian approach to fitting correlation functions
follows Refs. [38, 39]. The number of exponentials in-
cluded in the fit functions is increased so that we can
fit data closer to the meson sources and sinks. Gaussian
priors are introduced in order to constrain those fit pa-
rameters which are unconstrained by the numerical data.

3. Results

Paragraph about agreement between fitting methods.
Since we make use of an effective field theory to treat

the b quark, the net energy of a B meson is obtained by
adding the renormalized b quark mass to the energy of
the B meson in the Monte Carlo calculation Esim. For a
B meson with spatial momentum k relative to the lattice
rest frame

E(k) = Esim(k) + Cv . (10)

The additional term is renormalized by interactions:

Cv = Zm(amb) + aE0 . (11)

(At tree level, Zm = 1 and E0 = 0.) The multiplica-
tive and additive renormalization constants have been
computed perturbatively [40]; however, we can determine
them directly from Monte Carlo calculations of hadron
dispersion relations using [41]

Cv =
a2k2 − a2[E2(k) − E2(0)]

2nQa[E(k) − E(0)]
(12)

where nQ is the number of heavy quarks in the hadron.
Since Cv only depends on the heavy quark and gluon ac-
tions, the shift in hadron energies does not depend on
the hadronic state. We can compute the energy of the
1S ηb most precisely, so we determine Cv using with the
ηb momentum |k| = 2π/(aNx). We find consistent re-
sults if we use |k| = 4π/(aNx) and both agree with the
perturbative determination. Within the 0.15% statisti-
cal uncertainties, we find no dependence on the sea quark
mass. Central values for the coarse and fine lattices are
given in Table IV.

We must match the currents involving NRQCD b
quarks to the continuum currents of interest. The re-
sults presented in this paper use the matching performed

TABLE IV: Heavy quark renormalization parameters (given
the heavy quark parameters as in Table II) [36, 40, 42].

ensemble Cv ρ(0) ρ(k) c(T0) c(Tj)

c 2.825 0.043 0.270 0.076 0.076

f 1.996 −0.058 0.332 0.320 0.320

at leading order in 1/mb. In the calculation of B → π
form factors on comparable lattices [36] the effects of in-
cluding next-to-leading order operators were O(1%) or
smaller. Neglecting these contributions will not lead to
a significant error in light of the other uncertainties in
the present calculation. Nevertheless the perturbative
matching has been completed to NLO [MUELLER] and
the code has been written to compute the relevant cor-
relation function [MEINEL??]. For the temporal µ = 0
and spatial components µ = k of the vector Γµ = γ̂µ and
axial vector currents Γµ = γ̂µγ̂5 we write

(q̄ΓV,A
µ b)|cont

.
= (1 + αsρ

(µ))(c̄ΓV,A
µ b)|latt (13)

where the
.
= symbol means that the operators on either

side of the relation have the same matrix elements up
to the stated accuracy. Since staggered fermions have
a remnant chiral symmetry, the perturbative expansions
are equal for vector and axial vector currents. Results
for ρ(0) [40] and ρ(k) [36] are reproduced in Table IV.

The tensor current matching coefficients are defined
through

(q̄σ̂µνb)
.
= (1 + αsc

(Tν))(ψ̄σ̂µνΨ) (14)

CHECK THIS EQUATION. STATEMENT ABOUT
SCALE DEPENDENCE OF TENSOR CURRENT.
EQUIVALENCE OF ν = 0 and ν = j.

Results for the coefficients c(Tµ), are given in Table IV,
reproduced from [42] and private communication from
those authors.

Obtaining the form factors from the fit parameters.

Some statements about quark mass and lattice spacing
dependence.

Horgan, Liu, Meinel, Wingate, in preparation

MILC lattices (2+1 asqtad staggered)



✤ Effective field theory, cutoff by lattice

✤ HQET power counting: requires working with low recoil

✤ Current matching

NRQCD b quarks 4

TABLE III: Meson masses (statistical error only). Physical values ignore isospin splittings.

ensemble mB (GeV) mBs
(GeV) mπ (MeV) mK (MeV) mηs

(MeV) mρ (MeV) mK∗ (MeV) mφ (MeV)

c007 5.5439(32) 5.6233(7) 313.4(1) 563.1(1) 731.9(1) 892(28) 1045(6) 1142(3)

c02 5.5903(44) 5.6344(15) 519.2(1) 633.4(1) 730.6(1) 1050(7) 1106(4) 1162(3)

f0062 5.5785(22) 5.6629(13) 344.3(1) 589.3(2) 762.0(1) 971(7) 1035(4) 1134(2)

“physical” 5.279 5.366 140 495 686 775 892 1020

2. Bayesian fits

Our Bayesian approach to fitting correlation functions
follows Refs. [38, 39]. The number of exponentials in-
cluded in the fit functions is increased so that we can
fit data closer to the meson sources and sinks. Gaussian
priors are introduced in order to constrain those fit pa-
rameters which are unconstrained by the numerical data.

3. Results

Paragraph about agreement between fitting methods.
Since we make use of an effective field theory to treat

the b quark, the net energy of a B meson is obtained by
adding the renormalized b quark mass to the energy of
the B meson in the Monte Carlo calculation Esim. For a
B meson with spatial momentum k relative to the lattice
rest frame

E(k) = Esim(k) + Cv . (10)

The additional term is renormalized by interactions:

Cv = Zm(amb) + aE0 . (11)

(At tree level, Zm = 1 and E0 = 0.) The multiplica-
tive and additive renormalization constants have been
computed perturbatively [40]; however, we can determine
them directly from Monte Carlo calculations of hadron
dispersion relations using [41]

Cv =
a2k2 − a2[E2(k) − E2(0)]

2nQa[E(k) − E(0)]
(12)

where nQ is the number of heavy quarks in the hadron.
Since Cv only depends on the heavy quark and gluon ac-
tions, the shift in hadron energies does not depend on
the hadronic state. We can compute the energy of the
1S ηb most precisely, so we determine Cv using with the
ηb momentum |k| = 2π/(aNx). We find consistent re-
sults if we use |k| = 4π/(aNx) and both agree with the
perturbative determination. Within the 0.15% statisti-
cal uncertainties, we find no dependence on the sea quark
mass. Central values for the coarse and fine lattices are
given in Table IV.

We must match the currents involving NRQCD b
quarks to the continuum currents of interest. The re-
sults presented in this paper use the matching performed

TABLE IV: Heavy quark renormalization parameters (given
the heavy quark parameters as in Table II) [36, 40, 42].

ensemble Cv ρ(0) ρ(k) c(T0) c(Tj)

c 2.825 0.043 0.270 0.076 0.076

f 1.996 −0.058 0.332 0.320 0.320

at leading order in 1/mb. In the calculation of B → π
form factors on comparable lattices [36] the effects of in-
cluding next-to-leading order operators were O(1%) or
smaller. Neglecting these contributions will not lead to
a significant error in light of the other uncertainties in
the present calculation. Nevertheless the perturbative
matching has been completed to NLO [MUELLER] and
the code has been written to compute the relevant cor-
relation function [MEINEL??]. For the temporal µ = 0
and spatial components µ = k of the vector Γµ = γ̂µ and
axial vector currents Γµ = γ̂µγ̂5 we write

(q̄ΓV,A
µ b)|cont

.
= (1 + αsρ

(µ))(c̄ΓV,A
µ b)|latt (13)

where the
.
= symbol means that the operators on either

side of the relation have the same matrix elements up
to the stated accuracy. Since staggered fermions have
a remnant chiral symmetry, the perturbative expansions
are equal for vector and axial vector currents. Results
for ρ(0) [40] and ρ(k) [36] are reproduced in Table IV.

The tensor current matching coefficients are defined
through

(q̄σ̂µνb)
.
= (1 + αsc

(Tν))(ψ̄σ̂µνΨ) (14)

CHECK THIS EQUATION. STATEMENT ABOUT
SCALE DEPENDENCE OF TENSOR CURRENT.
EQUIVALENCE OF ν = 0 and ν = j.

Results for the coefficients c(Tµ), are given in Table IV,
reproduced from [42] and private communication from
those authors.

Obtaining the form factors from the fit parameters.

Some statements about quark mass and lattice spacing
dependence.

Gulez et al., PRD69 (2003), PRD73 (2006); Mueller et al., PRD83 (2011)

(q̄ΓV,A
µ b)|cont

.= (1 + αsρ
(µ))(c̄ΓV,A

µ b)|latt

(q̄σ̂µνb)|cont
.= (1 + αsc

(T ν))(q̄σ̂µνb)|latt



Effective pole models

F (t) =
r1

1 − t/m2
R

+
r2

1 − t/m2
fit

+
r3

(1 − t/m2
fit)2

r1 = r3 = 0 for A1, T2

r1 = 0 for A2, T3

r3 = 0 for V, A0, T1

Becirevic & Kaidalov; 
Ball & Zwicky



Form factor shape

Series (z) expansion

z =
√

t+ − t − √
t+ − t0√

t+ − t +
√

t+ − t0

t± = (mB ± mF )2

t0 = 12 GeV2

t = q2

Choose, e.g.

z
branch cut

t = t+

1

t = t− t = 0

t > t+

Bourrely, Caprini, Lellouch PRD 79 (2009)
following Okubo; Bourrely, Machet, de Rafael; 
Boyd, Grinstein, Lebed; Boyd & Savage;     
Arneson et al.; FNAL/MILC lattice collab; ...

F (t) =
1

1 − t/m2
res

∑∑∑

n

anzn

Simplified series expansion



Kinematic-continuum-mass fits

HPQCD

F (t) =
1

1 − t/m2
res

[1 + b1(aEF )2 + . . .]
∑∑∑

n

andnzn

dn = 1 + cn1
m2

P

(4πf)2
+ . . .

discretization errors

quark mass dependence

≡ 1/P (t)



 B ➙K*, P(t)T1 & P(t)T2, vs. z
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 B ➙K*, V, A0, A1, vs. q2/q2max 
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Discretization errors
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LQCD form factors

✤ Now removed quenched uncertainty

✤ Calculation done with low recoil kinematics, compl. LCSR

✤ Reduced statistical error below systematic (except for B ➙ ρ)

✤ Dominant systematic is due to perturbative operator matching

✤ Caveat: effect of narrow width approximation?



LCSR



Light cone sum rules (LCSR)

✤ Light cone expansion: correlation functions factorized as 
nonperturbative distribution amplitudes convolved with 
perturbative amplitudes

✤ Valid for low q2, where EV ≫ ΛQCD

✤ Dispersion relations for correlation functions

✤ Quark-hadron duality to isolate B contribution



Light cone sum rule results
Ball & Zwicky, Phys. Rev. D71, 014029 (2005)

✤ 10% uncertainty, cannot reduce below 7%

✤ Uncertainty grows as one extrapolates to large q2

✤ Narrow width approximation



LCSR & LQCD



V comparison
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A1 comparison
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T1 & T2 comparisons
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A0 comparison
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Bs ➙φ 
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Combinations



Combined LCSR-LQCD fit

✤ LCSR and LQCD data, including correlations

✤ Series expansion or simplified series expansion

✤ Implement dispersive bounds (if possible: probably need A2 and T3)

Bharucha, Feldmann, Wick, JHEP 09 (2010) 090



Summary

✤ Unquenched LQCD at high q2, with statistics and other 
systematics also improved (RR Horgan, Z Liu, S Meinel, MW)

✤ LCSR at low q2 (P Ball & R Zwicky)

✤ To do: combined fit to LQCD & LCSR results, include dispersive 
bounds (as in Bharucha, Feldmann, Wick) if possible (may need A2, T3)

✤ Open question: errors due to narrow width approximation?     
Can we learn something by studying simpler matrix elements 
through threshold?



Quenched T1 & T2
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Figure 2: The form factors T1,2(q2) relevant for B → K∗γ∗ decay, obtained after extrapolating

(linearly and quadratically) our data at β = 6.45 in inverse heavy meson mass. Also shown are
the curves fitting the q2 dependence to the expressions given in eqs. (18,19).
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Bećirević-Lubicz-Mescia, Nucl. Phys. B769, 31 (2007)
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Quenched V, A0, A1, A2
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3. Results

In principle one could compute the form factors for any value of q2 from lattice QCD.
However, states with high spatial momentum are very noisy and thus difficult to measure
on the lattice. Thus we are restricted to the high q2 end of the range. In addition, the
procedures we have introduced to control the extrapolations, separating the q2 from the
quark mass dependence, have further restricted the range of q2 away from q2

max, in the
range

12.7GeV2 ≤ q2 ≤ 18.2GeV2 . (3.1)

Moreover, the relatively small number of momentum channels for which the form factors are
extracted, six for A1, five for A0 and A2, and four for V , coupled with the interpolation at
fixed q2 imply by naive counting of degrees of freedom that we have only four independent
data for A1 and worse, two independent data for V . Fitting the functional form of the q2

dependence of the form factors is thus rather hard. However, we are free to evaluate the
form factors, and thus the differential decay rate, at any value of q2 we choose without
introducing any extra model dependence as long as it is in the range of allowed q2. In
particular we can determine a partially integrated decay rate over this range.

Figure 4 shows the four form factors on both lattices. In this case we have chosen
nine values of q2. The form factor A1 which dominates at q2

max is well determined and
is in good agreement for both lattice spacings. The other form factors, which are phase-
space suppressed, have a much noisier signal, especially for the coarser lattice. This made
the extrapolations very difficult to control. For the coarse lattice only we introduced
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Figure 4: The form factors on both lattices. The vertical scale is different for each form factor.
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