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• Observe the correlation of Galaxies

• Information about Dark Energy,                                                                            
Non-Gauss, .....

 A well defined perturbation theory 
for LSS Surveys

Analogous of CMB peaks
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Exploring Inflation:
the Effective Field Theory of Inflation
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with C. Cheung, P. Creminelli, 
L. Fitzpatrick, J. Kaplan 
JHEP 0803:014,2008 

• Inflation as the Theory of a Goldstone Boson

• Unique Lagrangian for all possible models

• New Signatures: possible large interactions

– Ex: 3-point function

– Similar to Scattering Amplitude

• Large Scale Structure has                                                               possibly more 
information than CMB
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Figure 8: Top panel: 68%, 95% and 99.7% confidence regions in the single-field inflation param-
eters (cs, c̃3) from five-year WMAP data, obtained from an analysis which uses f equil.

NL and forthog.
NL

(eq. (81)). Bottom panel: Confidence regions obtained from an analysis using f equil.
NL alone (eq. (82)),

showing weaker constraints.
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• Limits on         ’s get translated into limits  on the universal parameters 

With Smith and Zaldarriaga, 
JCAP1001:028,2010

Very similar in spirit to
Peskin and Takeuchi 
PRD46:381,1992
(Complete Connection to 
Particle Physics)
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• Baryon Acoustic Oscillations scale is close to non-linear scale (factor of ~10)

• Fitted with damping and stochasticity

A well defined perturbation theory is needed
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• Baryon Acoustic Oscillations scale is close to non-linear scale (factor of ~10)

• It is very unclear if current perturbation theory is well defined (at 1% level ?!)

• Standard techniques

– perfect fluid 

– expand in 

• Equations break in the UV for two reasons

–  .

– no fluid

A well defined perturbation theory
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• A lucky help in our universe

• In a only dark matter universe, all standard Perturbation theories are doomed

– Accuracy depends on initial conditions. Unacceptable.

A well defined perturbation theory

with Carrasco, Foreman, Tassev and Zaldarriaga, in progress
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Idea of the
Effective Field Theory
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• How does our universe looks like?

• Non-linear on short scales

• Linear on large-scales

• Similar to QCD Chiral Lagrangian

• EFT is the best, historical time

Our universe
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• We will define a manifestly convergent perturbation theory

– where the ingredient is                                                                                                  
an imperfect stochastic fluid  with 

A well defined perturbation theory
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• 1.5 loops in EFT perturbation theory

• Percent agreement up to k~0.55 (data go as         )

Bottom line result
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Construction of the
Effective Field Theory:

from UV to IR
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• UV

• Dark Matter described by distribution

• Boltzmann equation

• and Newtonian gravity

• Smoothing the fields

• Smooth Boltzmann equation

• and take moments

• Boltzmann hierarchy perturbative by powers of 

From Dark Matter Particles to Cosmic Fluid

k

kNL

, kNL ⇠ vDMH�1 ⇠ 10�3H�1 (1)

 ⇠ ⇢v2

s , � ⇠ ⇢s�s (2)

h⌦|⇣3(t)|⌦i = h⌦|U�1

int (�1, t)⇣3(t)Uint(�1, t)⌦i = h0|U�1

int (�1+, t)⇣3(t)Uint(�1+, t)|0i (3)

|0i ! |⌦i (4)

�1+ = �1(1 + i✏) (5)

h⇣3(t)i = �2Re


�i

Z t

�1+

dt0 Hint(t
0)⇣3(t)

�
(6)

h⇣~k1
⇣~k2

⇣~k3
i = (2⇡3)�(3)(~k

1

+ ~k
2

+ ~k
3

)
1

k6

1

F

✓
k

2

k
1

,
k

3

k
1

◆
(7)

k/(aH) = �k⌘ � 1 (8)

⇣ = A
1

⇣
1

(⌘) + A
2

⇣
2

(⌘) (9)
⇣, P⇣ =

�L
�⇣̇

�
= i (10)
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• We get a fluid!

• First two moments:

• It is really the momentum that counts

• Short distance fluctuations appear as enhanced stress tensor for long modes

»                ~ kinetic + potential :

» So far, this theory still contains short distance fluctuations: 

» this is not yet a long wavelength, well defined, EFT.

From Dark Matter Particles to Cosmic Fluid
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Integrate out
UV modes
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• Integrate out short modes: i.e. solve equations of motion

• This is true realization by realization

• Good approximation:

– For effect on large scales                , take first two moments:

• .                   space-dependence from background long-mode

• .                                                  : random statistical fluctuations (check later)

• Taylor expand:

• Obtain generic fluid stress tensor + stochastic piece (could have been guessed)

• Now effective theory has only long-wavelength modes. We made it!

• Similar to Chiral Lagrangian          : UV physics in higher derivative terms

Integrating out UV modes
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Ḣ⇡̇2 (22)

Sunday, September 2, 12



• .

• What allows truncation of Boltzmann hierarchy?

• In a standard fluid, higher moments are suppressed by            

– fluid valid for 

• Here scaling is                              :

– there is a finite time for the particles to travel, 

– and since they are non-relativistic, we have a derivative expansion inside the 
horizon.

– Gravitational fluid!

• It turns out that

– very unusual fluid (it needs to damp oscillations)

– similar to melted Chocolate!

A peculiar fluid: its Chocolate!
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• .

• What allows truncation of Boltzmann hierarchy?

• In a standard fluid, higher moments are suppressed by            

– fluid valid for 

• Here scaling is                              :

– there is a finite time for the particles to travel, 

– and since they are non-relativistic, we have a derivative expansion inside the 
horizon.

– Gravitational fluid!

• It turns out that

– very unusual fluid (it needs to damp oscillations)

– similar to melted Chocolate!

A peculiar fluid: its Chocolate!
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Imposing [â, â†] = (2⇡)2�(3)(~k + ~k0) ) �a3

Ḣ
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• Look at homogeneous mode

• Renormalized density and pressure

• Virialized objects decouple! (each term is large... huge)

•              No large backreaction. 

– Small difference in equation of state

No Large Backreaction
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EFT for fluctuations
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• .

• EFT: UV physics is encoded in coefficients of higher-derivative operators

• Can extract them from the UV physics (N-body simulations)

• Look at particular correlation functions (not the usual stuff)

• Extract parameters

• (Very!) similar to measuring          from lattice QCD

Extracting the UV coefficients
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Ḣ gµ⌫@µ(t + ⇡)@⌫(t + ⇡) � M2

Pl
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Perturbation Theory
with the EFT
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• In the EFT we can solve iteratively (loop expansion) 

• Organization

– estimates

• Loop corrections:

• max       within theory 

• Pressure and viscosity terms

• we expect                                                      from virialization decoupling  
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scale and they are even smaller at larger distances. This means that we can reliably solve the
above non-linear equations iteratively around the linear solution. Such an iterative solution
is very similar to what is done in quantum field theory, where the solution to the quantum
non-linear equations is organized in Feynman diagrams. Indeed we can organize the various
perturbative terms around Feynman diagrams even in this case. The result is very similar to
what is computed in the in-in formalism, for example when computing quantum corrections
to inflationary correlation functions [26]. Indeed, the calculation we are going to do shares
many of the features that are present in normal quantum field theory computations: cuto↵,
renormalization, running, and so on are all concepts that will appear and prove useful as we
proceed. They have nothing to do with the word ‘quantum’ in ‘quantum field theory’, rather
they have to do with the ‘field theory’. Our calculation is for a classical field theory and
shares all these features.

3.1 Organization of the perturbation theory

The simplest way to organize our perturbation theory is to use the fact that to an order of
magnitude approximation, � is constant at all scale, of order 10�5, and that well inside the
horizon the Newtonian approximation holds. For length scales longer than the equality scale,
at linear level we therefore have

�l (�x ⇠ L) ⇠ v2

l (�x ⇠ L) ⇠ 10�5 , (33)

�l (�x ⇠ L) ⇠ 1

H2@2

�l (�x ⇠ L) ⇠ 10�5

1

H2L2

.

We see that as L! 0, �l grows and indeed becomes of order one at L ⇠ �NL
2. At distances

larger than the non-linear scale, we therefore expand in powers of �l, keeping in mind that
the additional fluctuations scale as in (33). Let us estimate the relative size of the terms.

Loop corrections: it is easy to estimate from the non linear structure of the equations
that @iv

i ⇠ H�l. Notice that in the power spectrum we need to take two non-linear corrections,
or alternatively look at the cubic corrections. The non-linear terms scale as

non� linear terms

Hubble friction
⇠ �lv
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l @jv
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l v
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Hvi
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l (34)

Loop corrections therefore scale as �2

l , peaked at the highest possible scale within the theory ⇤.
Pressure and Viscosity terms: these terms result from integrating out the modes

higher than the ⇤ scale. So, naively they should scale as the � at the extreme UV scales
beyond the e↵ective theory. Since the theory in the UV is strongly coupled, very large

2For the propose of estimating at order of magnitude level, we have assumed that the k modes under
consideration are longer than the equality scale keq ⇠ 0.01 Mpc�1 and taken �l to be k-independent. On
shorter scales �l decays, and the estimates need to be slightly modified. This subtlety will be important
for the actual numerical contribution of the various terms, and it will be properly accounted for, but is not
much relevant for order of magnitude estimates that control our power counting, and so we will ignore it for
simplicity’s sake.
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• Stochastic terms  

– Power spectrum contribution

– Poisson like on pixels

–  .

– 1.5 loops

Perturbation Theory within the EFT
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• Higher derivative terms

– .

–                 for finite 

• Cutoff (in)dependence and effective expansion parameter

– Naive

– Cutoff dependence in parameters                  , plus loops cutoff

– Sum of all must be     -independent: thanks to the 1-loop counterterms

• at finite      need also higher-derivative counterterms

– To  resolve with least effort, take limit                    by keeping result finite

• with counterterms

• Effective Expansion parameter (counting with the counterterms):

– .                               at scale of external mode

• Similar to Chiral Lagrangian

Perturbation Theory within the EFT
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Imposing [â, â†] = (2⇡)2�(3)(~k + ~k0) ) �a3

Ḣ

H2

M2

Pl

Im
h
⇣cl
k

?⇣̇cl
k

i
= 1 (17)

a~k|0i = 0 (18)

h⇣~k⇣~k0i⌘=0

= (2⇡)3�(3)(~k + ~k0)|⇣cl
k (⌘ = 0)| = (2⇡)3�(3)(~k + ~k0)

H2

4✏M2

Pl

(19)

⇣cl
k (⌘) =

1

(2✏)1/2M
Pl

1

(2k)3/2

(1� ik⌘)eik⌘ (20)

⇣cl
k (�k⌘ � 1) ⇠ �i

(2✏)1/2M
Pl

a3

1

(2k/a)1/2

eik⌘ (21)

0 =
�L

�⇣
=

d
⇣
a3 � ˙H

H2 ⇣̇
cl
k

⌘

dt
+

Ḣ
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• Higher derivative terms

– .

–                 for finite 

• Cutoff (in)dependence and effective expansion parameter

– Naive

– Cutoff dependence in parameters                  , plus loops cutoff

– Sum of all must be     -independent: thanks to the 1-loop counterterms

• at finite      need also higher-derivative counterterms

– To  resolve with least effort, take limit                    by keeping result finite

• with counterterms

• Effective Expansion parameter (counting with the counterterms):

– .                               at scale of external mode

• Similar to Chiral Lagrangian

Perturbation Theory within the EFT
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1.5-loop Calculation
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• Non-linear equations

• Iterative solutions

– where

– and

• This part similar to SPT done right, but with cutoff.

Perturbation Theory within the EFT
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• Counterterm

• One-loop power spectrum

• with

Perturbation Theory within the EFT

renormalization, running, and so on are all concepts that will appear and prove useful as we
proceed. They have nothing to do with the word ‘quantum’ in ‘quantum field theory’, rather
they have to do with the ‘field theory’. Our calculation is for a classical stochastic field theory
and shares all these features.

As shown in [], at the order in which we are working there is no generation of vorticity,
so that we can work directly in terms of ✓
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Let us explain some of these symbols, which were introduced in []. The h. . .i0 means that we
have removed a factor of (2⇡)3�(3)(~k +~q) from the expectation value. ?!?!?!?!??!?!!?!!?!?!??

I do not think we need to take the unsmoothed linear power spectrum anymore,

as we are taking ⇤ ! 1 ???!?!!??!?!??!!!?!?!?!?!??!!? �
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Figure 1: Diagrammatic representation of P
13

(top left), and P
13, c

2

comb

(top right), P
22

(bottom

left), P
22, stoch

(bottom right). Continuous green lines represent Green’s functions, red dashed lines

represent free fields, red crosses circled by a dotted blue line represent correlation among free fields,

and finally red crosses circled by a continuous blue line represent the counter terms.

In the power spectrum we therefore have
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The contribution to the power spectrum should therefore behave as
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has been measured from simulations in [] to be of
order 10�6c2, where c is the speed of light. This estimate teaches us that the k-dependence

6
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• One-loop power spectrum Perturbation Theory within the EFT
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renormalization, running, and so on are all concepts that will appear and prove useful as we
proceed. They have nothing to do with the word ‘quantum’ in ‘quantum field theory’, rather
they have to do with the ‘field theory’. Our calculation is for a classical stochastic field theory
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• Renormalization

• Choose                       to fit observation at                  , and then extrapolate to

• Running of

Perturbation Theory within the EFT
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• Renormalization

• Choose                       to fit observation at                  , and then extrapolate to

• Do it at low           to reduce higher derivative terms

Perturbation Theory within the EFT
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Parameters from 
small N-body simulations

(our UV theory, our QCD lattice)
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• .

• Plot

• This is melted chocolate viscosity!

• Agrees with fitting to power spectrum

– notice value and running

• Amazing agreement!!!

– with values obtained by fitting to obs.

Extract correlation functions
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Results
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• .

• Much better than SPT, RPT. Most importantly, it is well defined and manif. converg.

• More and more steep as higher order corrections added                     : ok!

• Values of parameters is both                                    : ok!

• Adding            does not change relevantly             : ok! 

Power Spectrum: z=0
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Ḣ

H2

M2

Pl

Im
h
⇣cl
k

?⇣̇cl
k

i
= 1 (19)

a~k|0i = 0 (20)

h⇣~k⇣~k0i⌘=0

= (2⇡)3�(3)(~k + ~k0)|⇣cl
k (⌘ = 0)| = (2⇡)3�(3)(~k + ~k0)

H2

4✏M2

Pl

(21)

⇣cl
k (⌘) =

1

(2✏)1/2M
Pl

1

(2k)3/2

(1� ik⌘)eik⌘ (22)

⇣cl
k (�k⌘ � 1) ⇠ �i

(2✏)1/2M
Pl

a3

1

(2k/a)1/2

eik⌘ (23)

0 =
�L

�⇣
=

d
⇣
a3 � ˙H

H2 ⇣̇
cl
k

⌘

dt
+

Ḣ

H2

ak2⇣cl
k = 0 (24)

c2

comb

⇠ c2

stoch

⇠ 10�6 (1)
✓

k

kNL

◆N

(2)

k3 (3)

) higher loops (4)

⇠ k�1

NL (5)

�l (6)

c2

s ⇠ �(kNL)�(kNL) ⇠ 10�5 (7)

F⇡ (8)

Al ⇠ @i@j[⌧
ij]l , ⇥ ⇠ @iv

i
l

H
(9)

k

kNL

, kNL ⇠ vDMH�1 ⇠ 10�3H�1 (10)

 ⇠ ⇢v2

s , � ⇠ ⇢s�s (11)

h⌦|⇣3(t)|⌦i = h⌦|U�1

int (�1, t)⇣3(t)Uint(�1, t)⌦i = h0|U�1

int (�1+, t)⇣3(t)Uint(�1+, t)|0i (12)

|0i ! |⌦i (13)

�1+ = �1(1 + i✏) (14)

h⇣3(t)i = �2Re


�i

Z t

�1+

dt0 Hint(t
0)⇣3(t)

�
(15)

h⇣~k1
⇣~k2

⇣~k3
i = (2⇡3)�(3)(~k

1

+ ~k
2

+ ~k
3

)
1

k6

1

F

✓
k

2

k
1

,
k

3

k
1

◆
(16)

k/(aH) = �k⌘ � 1 (17)

⇣ = A
1

⇣
1

(⌘) + A
2

⇣
2

(⌘) (18)
⇣, P⇣ =

�L
�⇣̇

�
= i (19)
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• .

• Large corrections in UV

• (this is only 1-loop)

Power Spectrum: z=0

Sunday, September 2, 12



• .

• Once we fix two parameters at two k’s, all the rest is predicted

• with consistently 2% dependence on renormalization scale. 

Power Spectrum: z=1

Sunday, September 2, 12



• .

• Preliminary

• Totally fixed by the matter power spectrum 

• Cutoff dependence cancels only for momentum

Momentum Power Spectrum: z=0
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• A convergent perturbation theory

– an effective fluid with

• pressure, anisotropic stress, and random fluctuations

– coeff. measured from simulation

• Extremely good results in PT 

Applications & Summary
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