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In high energy rings (CERN, KEK, RHIC, Los Alamos) unwanted electron clouds
density: nec = 1011 · · · 1012 m−3 (few % of beam charge)
GSI SIS18: 1.5 · · · 3.5 × 1011 m−3 (Rumolo et al. ECLOUD'04)
Protons: Generated by impact of protons on the pipe walls in the dipoles ...
Heavy ions: rest gas ionization (larger cross sections)

=⇒ Wake-�eld, fast head-tail
two-stream instability, linearized dispersion relation: mi

ω2
e

= me
ω2 + mi

(ω−kv0)2

dynamical friction, density enhancement behind ?

=⇒

Important for design of accelerators and electron coolers !

Are the EC's localized, lifetime, equilibrium,longitudinal � transverse ?
Are electrons trapped ?
e.g. transverse: K. Ohmi, F. Zimmermann, E. Perevedentsev 2001...
Collective response of free electrons ?
Here electron plasma frequency: ωec =

√
nece2
meε0
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Simple & solvable description via accessible quantity:

Longitudinal coupling impedance between beam and pipe (transverse ?)
from monopole excitation and linear response

Z||(ω) = 1
Q2

∫
Vbeam

d3x′ ~E(r′, ω) ~j∗(r′, ω)

=⇒ ωec < ω: EC reduces Z||(ω)
ωec ≈ ω: impedance goes to zero =⇒ May prevent longitudinal instabilities
Very high electron densities: ωec > ω:
=⇒ overdamped evanescent and surface-wave sustained modes
Exact solutions of model � no approximations !
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Homogeneous EC of density nec spreading all over the interior of the aperture
(radius b, conductivity S)
nec = 1011 · · · 1012 m−3 =⇒ fec = ωec/2π = 1· · ·10 MHz.
Charged particle beam (radius a, velocity ~υb = βcẑ)
EC acts like shielding the beam which, in turn, depletes the coupling impedance
=⇒ Effect is governed by the ratio ωec/ω (ω: excitation frequency)

Rotationally symmetric disc
Total (effective) current ~J and charge ρ(~r, t) : ~J(~r, t) = ~j0 + ~je, ρ = ρ0 + ρe

Mulsers oscillator model (P. Mulser, High Power Laser-Matter Interaction, 2006)
~j0 and ρ0 associated with the streaming motion of the beam particles
~je and ρe : collective current and charge densities due to the coupling between the
background electrons and the excited electric �elds in the cylindrical pipe.



Field equations

CERN-Workshop 3 Oct 2007 5 Al-Khateeb, Hasse, Boine-Frankenheim

Cold, collisionless, unmagnetized electron background
Electrons do not oscillate by �eld of beam → no equilibrium
Electron equation of motion in the effective electromagnetic �eld :

d~je

dt
=

e2n0ec

me

~E −
e

me

~je × ~B

Axially symmetric monopole solution

~je = iωe2n0ec
meω2

~E

Faraday's and Ampere's laws (Maxwells equations): =⇒

Er(r, ω) =
−i

kz (1 − β2εec)
dEz

dr
,

Bθ(r, ω) = −
iωµ0ε0εec

k2
z (1 − β2εec)

dEz

dr
,

Longitudinal dielectric function (kz =ω/v) : εec = 1 − ω2
ec

ω2

at β2εec =1 and not εec =1!
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Within the conducting wall of coductivity S:[
d2

dr2
+

1
r

d

dr
−

k2
z

γ2

]
Ez(r, ω) = 0 , b ≤ r < ∞,

Modi�ed relativistic factor due to the conductivity reads

γ =
γ0√

1 − iµ0ωSγ2
0/k2

z

Solution (Iν, Kν modi�ed cylindrical Bessel functions of 1st and 2nd kind).

Ez(r, ω) =


A1 r

−ν
Iν(σecr) − i

Q

πa2ε0εeckzβc
0≤r ≤a

A2 r−ν Iν(σecr) + A3 r−ν Kν(σecr) a≤r ≤b

A4 K0(σr) b≤r <∞

whith σ2
ec = k2

z
γ2
0

εec
1−α, σ = kz/γ, α = ω2

ec
ω2

1
1−β2εec

, order: ν = α/2
1−α

A1 · · · A4 constants determined from boundary conditions
Er(r, ω) similar



Coupling impedance
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Longitudinal coupling impedance for the beam monopole source term:

Z‖(ω) = −
2L

Qa2

∫ a

0
drr

[
A1

Iν(σecr)
rν

−i
Q

πa2ε0εeckzβc

]
Solve integral in closed form:

Z‖(ω) = −
2L

Qa2

A1

(
Iν−1(σeca)

σecaν−1
−

σν−2
ec

2ν−1Γ(ν)

)
− i

Q

πa2ε0εeckzβc

a2

2


For ωec = 0 one recovers: Z‖(ω) = i

nZ0
2βγ2

4γ2
0

k2
za2

[
1 − 2I2

1(σ0a)F
]

constants A1, F
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Real part of the longitudinal resistive wall
impedance on the excitation frequency for
fec =10 MHz ( nec =1012 m−3, KEKB LER).
Blue line: impedance without electron cloud
Red line: with EC
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Fraction of critical electron cloud frequency where the longitudinal resistive wall
impedance is half depleted as compared to the excitation frequency.
Dashed lines: measured values of electron cloud density of 1012 m−3 and 1011 m−3 in high
energy rings.
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Imaginary part
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Two parts: Resistive wall and the space charge Z||(ωec =0, S =∞)
Total: positive, EC is a capacitive medium for all frequencies ω > ωec.
Resistive part: negative, inductive.
ω < ωec EC will act as an inductive medium with negative imaginary part.
High energy rings: imaginary part is negative and turns capacitive only in the presence of
strong electron �elds.
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Imaginary part of the longitudinal resistive wall impedance (SIS18 left, high energy ring
right)
bottom to top: for n=1, 10, 100 (left) or 100, 50, 20, 10 (right) (normally plot Im Z||/n)



Evanescent & surface-wave-sustained modes
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ωec > ω :
Beam is completely shielded by the electromagnetic
�eld of the electron cloud
Electromagnetic waves cannot propagate in an over-
dense plasma
Waves are re�ected at conducting surface due to skin
effect and become evanescent
Penetration depth ≈ skin depth δs ≈ c√

ω2
ec−ω2

.

Instead of traversing the plasma, waves creep along
the plasma surface.



Evanescent & surface-wave-sustained modes...
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May give rise to heating a plasma rather than damping
Waves then do not travel any more in the radial direction but rather propagate along the
plasma surface.
The wave energy is transferred to the plasma by the evanescent wave
Wave enters the plasma perpendicular to its surface and decays exponentially with the
skin depth
Heating: real part of the impedance becomes negative (feedback).
This transfer mechanism allows to support over-dense plasmas
Alternative way of heating a plasma:
Wave energy is then transferred to the plasma by an evanescent wave
Wave enters the plasma perpendicular to its surface and decays exponentially with the
skin depth. Allows to generate over-dense plasmas with electron densities beyond the
critical density
Even higher excitation frequencies, ωec/ω >

√
2 :

Waves do not propagate any more along the surface but are rather overdamped in the
longitudinal direction.



ωec > ω
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Vertical line points to the lower limit of surface waves ωec/ω =
√

2
3 regions of a beam embedded in an over-damped plasmas:

• (i) No waves exist for 1 < ωec/ω
<∼ 1.05

• (ii) In the intermediate region of evanescent waves, 1.05 <∼ ωec/ω
<∼

√
2 the real

part of the impedance is negative (feedback) and the imaginary part is positive, thus
capacitive due to the strong magnetic �eld

• (iii) Overdamped surface waves ωec/ω >
√

2 with positive real part and negative
imaginary part exist for ωec/ω >

√
2 in analogy to the previous case of ω > ωcrit

ec

• The latter two regions are separated by a resonance transition.
• Presence of the weak beam shifts critical value

√
2 slightly.

More intense beams shift substantially



Epilogue, Summary and Outlook
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• Effect of shielding of a beam by a homogeneous electron cloud on the coupling
impedance has been calculated in dependence on electron cloud density

• β2
(

1 − ω2
ec

ω2

)
is decisive quantity

• Low energy rings: Depletion of the coupling impedance is complete at the excitation
frequency corresponding to the plasma frequency of the EC

• High energy rings: not as expected but already for much lower electron cloud densities.
• Theory does not yet account for resonance effects at the singularity at ω = ωec.
• Extend to include Joule heating by losses from the imaginary part of ω

• Extend to small excitation frequencies ω < ωec.
• Apply theory due to the presence of an electron cooler The electron beams of

present electron coolers generate amperes of current and, hence, shield the beam
substantially.
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