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Factoriza/on	
  

•  Both	
  Jet	
  and	
  Hard	
  func/ons	
  are	
  the	
  same	
  as	
  in	
  thrust	
  

•  So_	
  func/on	
  differs,	
  given	
  by:	
  

•  Anomalous	
  dimension	
  for	
  so_	
  func/on	
  same	
  as	
  thrust!	
  

–  Rela/ons	
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  large	
  logs	
  to	
  all	
  orders	
  in	
  	
  	
  	
  	
  	
  	
  	
   	
   	
   	
   	
   	
  
	
  (which	
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  nontrivial	
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So_	
  Func/on	
  

Diagrams	
  to	
  calculate	
  one	
  loop	
  
so_	
  func/on	
  

• In	
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  contains	
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Full	
  Cross	
  Sec/on	
  

• Singular	
  piece	
  calculated	
  from	
  factoriza/on	
  theorem	
  

• Nonsingular	
  piece	
  calculated	
  numerically	
  to	
  	
  
	
  
	
  
• Shape	
  func/on	
  gives	
  nonperturba/ve	
  correc/ons	
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Resumma/on	
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  large	
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Nonsingular	
  Distribu/ons	
  

•  Exact	
  at	
  one	
  loop	
  
•  Subtract	
  singular	
  from	
  

EVENT2	
  (	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  events)	
  	
  
and	
  EERAD3	
  data	
  
(Gehrmann)	
  

•  Use	
  norm	
  to	
  fit	
  for	
  

•  Fit	
  in	
  low	
  region	
  
•  Interpolate	
  in	
  tail	
  
•  Fit	
  around	
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at	
  
–  More	
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Nonsingular	
  Distribu/ons	
  

•  Nonsingular	
  is	
  smaller	
  up	
  to	
  

•  Singular	
  dominant	
  region	
  is	
  
larger	
  in	
  C-­‐parameter	
  than	
  
thrust	
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•  Peak:	
  

•  Tail:	
  
	
  
	
  
•  Far-­‐tail:	
  

Pick	
  scales	
  to	
  avoid	
  large	
  logs	
  

Profile	
  Func/ons	
  

Much	
  gentler	
  slope	
  than	
  for	
  thrust	
  

Q � 91.2 GeV ΜJ ΜS

Q
C

6

1�2
Q

C

6

ΜH

0.0 0.2 0.4 0.6 0.8 1.00
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C

Μi

Used	
  by	
  many	
  authors	
  

µS ∼ Q

µS ∼ ΛQCD

µH ∼ Q

µJ ∼
√

µSµH

µS ∼
QC

6



Shape	
  Func/on	
  

0 1 2 3 4

�1.0

�0.5

0.0

0.5

1.0

k

fn�k�

The	
  first	
  few	
  basis	
  func/ons	
  

•  Complete	
  basis	
  

•  First	
  moment	
  is	
  

•  Cannot	
  expand	
  in	
  peak	
  region	
  
•  Can	
  expand	
  in	
  tail	
  

•  Consider	
  two	
  renormaliza/on	
  schemes:	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  scheme:	
  
	
  Renormalon	
  free	
  gap	
  scheme:	
  	
  	
  	
  	
  	
  	
  	
  	
  
MS

Lige/,	
  Stewart,	
  
Tackmann	
  

δ(R,µS) = eγE R
�

k

αk
s (µS)δk(R,µS) ,

dσ̂

dC
= e

−
“

3πδ(R,µS)
Q

∂
∂C

”
dσ

dC

ΩC
1 = 3π ΩgC

1

F (k, λ, {ci}) =
1
λ

�
N�

n=0

cnfn

�
k

λ

��2

Ω̄gC
1

ΩgC
1 (R,µS) = Ω̄gC

1 − δ(R,µS)

FC(k,λ, {ci}, µ) = δ(k)− 3π Ω̄gC
1 (λ, {ci}, µ)δ�(k) + ...



Full	
  Distribu/ons	
  

Fixed	
  Order	
  

0.2 0.3 0.4 0.5 0.6 0.7

0.5

1.0

1.5

C

C
Σ

dΣ
dC

Fixed Order set up, Default Norm
Αs � 0.1139

Q � 91.2 GeV

O(αS)
O(α2

S)
O(α3

S)



Full	
  Distribu/ons	
  
Pure	
  Resumma/on	
  	
  

(no	
  nonperturba/ve	
  shape	
  func/on)	
  

0.2 0.3 0.4 0.5 0.6 0.70.2

0.3

0.4

0.5

0.6

0.7

C

C
Σ
dΣ
dC

No Power Corrections
Αs � 0.1139

Q � 91.2 GeV

NLL +O(αS)
NNLL +O(α2

S)
N3LL +O(α3

S)



0.2 0.3 0.4 0.5 0.6 0.70.2

0.3

0.4

0.5

0.6

0.7

C

C
Σ
dΣ
dC

No Gap set up
Αs � 0.1139
�1
gC� 0.33 GeV

Q � 91.2 GeV

Full	
  Distribu/ons	
  
Resumma/on	
  and	
  shape	
  func/on	
  

Ω̄gC
1

NLL +O(αS)
NNLL +O(α2

S)
N3LL +O(α3

S)



Full	
  Distribu/ons	
  
Full	
  result:	
  Resumma/on,	
  Shape	
  func/on	
  and	
  

renormalon	
  free	
  scheme	
  
	
  ΩgC

1 (R,µS)

0.2 0.3 0.4 0.5 0.6 0.70.2

0.3

0.4

0.5

0.6

0.7

C

C
Σ
dΣ
dC

C�Gap set up
Αs � 0.1139
�1
gC� 0.33 GeV

Q � 91.2 GeV

NLL +O(αS)
NNLL +O(α2

S)
N3LL +O(α3

S)



Data	
  

•  Six	
  experiments:	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
ALEPH,	
  DELPHI,	
  OPAL	
  ,	
  	
  	
  	
  	
  	
  
L3,	
  SLD	
  and	
  JADE	
  

•  Center	
  of	
  mass	
  energies:	
  	
  	
  	
  
Q	
  =	
  35	
  GeV	
  –	
  207	
  GeV	
  

•  Default	
  fit	
  range:	
  

•  404	
  bins	
  in	
  default	
  fit	
  region	
  

Q � 91.2 GeV

0.0 0.2 0.4 0.6 0.8 1.0
0

1

2

3

4

C

1
Σ0

dΣ
dC

Q � 200 GeV

0.0 0.2 0.4 0.6 0.8

0

1

2

3

4

5

C

1
Σ0

dΣ
dC

Fit	
  Range	
  

Fit	
  Range	
  

25 GeV
Q

≤ C ≤ 0.7



Fit	
  in	
  the	
  tail	
  
Fit	
  for	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  and	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  simultaneously	
  

	
  	
  

χ2

d.o.f.
= 0.97

0.112 0.113 0.114 0.115
0.5

0.6

0.7

0.8

Αs�mZ �

2�1�GeV�

C�parameter

(Preliminary)	
  

0.2 0.3 0.4 0.5 0.6 0.7
0.15

0.20

0.25

0.30

0.35

0.40

0.45

0.50

C

C
Σ

dΣ
dC

Q � mZ

Fit at �3LL for Αs�mZ� and �1
theory scan error

DELPHI
ALEPH
OPAL
L3
SLD

ΩgC
1 αs(mZ)

αs(mz) = 0.1133± 0.0016

ΩgC
1 = 0.34± 0.06 GeV



Thrust	
  (with	
  QED	
  and	
  	
  	
  	
  	
  	
  	
  	
  )	
  

Comparison	
  with	
  Thrust	
  Results	
  

C-­‐Parameter	
  (pure	
  QCD)	
  

Thrust	
  (pure	
  QCD,	
  Abbate	
  et	
  al.)	
  

Even	
  including	
  hadron	
  mass	
  
effects,	
  
	
  
	
  
(Salam	
  and	
  Wicke;	
  
	
  Mateu,	
  Stewart,	
  Thaler)	
  

mb

ΩgC
1 = Ωgτ

1 +O(10%)

Ωgτ
1 = 0.33± 0.05 GeV

Ωgτ
1 = 0.32± 0.05 GeV

αs(mz) = 0.1135± 0.0011

αs(mz) = 0.1140± 0.0011

0.112 0.113 0.114 0.115
0.5

0.6

0.7

0.8

Αs�mZ �

2�1�GeV�

C�parameter
thrust

αs(mz) = 0.1133± 0.0016

ΩgC
1 = 0.34± 0.06 GeV



Shoulder	
  Region	
  

•  Treat	
  to	
  order	
  	
  

•  Smear	
  with	
  	
  

•  No	
  subtrac/ons	
  

•  This	
  region	
  is	
  not	
  in	
  fit	
  

•  Proper	
  treatment	
  needs	
  
another	
  resumma/on	
  

(NLL	
  exists,	
  Catani	
  and	
  Webber)	
  

α3
s EVENT2	
  

0.70 0.75 0.80 0.85 0.90 0.95 1.00
0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

C

1
Σ0

dΣ
dC

Q�91.2

∼ αs

�
αs ln2

�
C − 3

4

�
+ ...

�

F



Conclusions	
  
•  Have	
  used	
  factoriza/on	
  for	
  C-­‐parameter	
  to	
  obtain	
  

–  N3LL	
  +	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  result	
  
–  Field	
  theory	
  treatment	
  of	
  power	
  correc/ons	
  with	
  renormalon	
  
subtrac/ons	
  

–  Valid	
  treatment	
  of	
  all	
  kinema/c	
  regions	
  
•  Global	
  fit	
  gives	
  values	
  

•  Agrees	
  with	
  earlier	
  thrust	
  results	
  

O(α3
s)

0.112 0.113 0.114 0.115
0.5

0.6

0.7

0.8

Αs�mZ �

2�1�GeV�

C�parameter
thrust

αs(mz) = 0.1133± 0.0016

ΩgC
1 = 0.34± 0.06 GeV
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ΜH
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C

ΜS

Q�91.2 GeV

Profile	
  Func/ons	
  

Flat	
   Quadra/c	
   Linear	
  

Quadra/c	
  

Quadra/c	
  (Opposite	
  
Curvature)	
  

Flat	
  

Parameter	
   Default	
  Value	
  

t0

t0

t1 t2 t3

t1

t2

t3

ts

ts

eH =
µH

Q

r

µ0 1.1 GeV
1
6

0.7

0.8
0.95

1

14 GeV
Q

25 GeV
Q

Parameters	
  varied	
  to	
  
get	
  the	
  perturba/ve	
  

uncertainty	
  



Profile	
  Varia/on	
  for	
  Fits	
  

0.0 0.2 0.4 0.6 0.8 1.0
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40
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C

Μi

Varia/on	
  of	
  the	
  so_	
  (blue)	
  and	
  jet	
  (red)	
  scales	
  at	
  Q=91.2	
  GeV	
  

Plus	
  there	
  is	
  an	
  addi/onal	
  up	
  &	
  down	
  varia/on	
  of	
  all	
  scales	
  by	
  factor	
  of	
  2	
  &	
  ½	
  	
  



Theory	
  Error	
  
Vary	
  parameters	
  in	
  profile	
  and	
  model	
  to	
  es/mate	
  theory	
  error	
  

Preliminary	
  

n1
t2

t3
ts

eH
eJ

eS
s2

j3
Ε2
low
Ε2
high
Ε3
low

Ε3
high
�3
cusp

ns

�0.0006 �0.0004 �0.0002 0.0000 0.0002 0.0004 0.0006 0.0008

5

10

15

�Αs�mZ�
n1

t2
t3
ts

eH
eJ

eS
s2

j3
Ε2
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Ε2
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Ε3
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Ε3
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�3
cusp

ns

�0.06 �0.04 �0.02 0.00 0.02 0.04 0.06
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15

��1
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