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Event Shapes e+ e� ! jets

Event shapes characterize in a geometrical way the 
distribution of hadrons in the final state

Thrust is the most commonly studied event shape variable

Continuous transition from 2-jet to 3-jet, ... multi-jet events

They are theoretically more friendly than a Jet algorithm
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Event Shapes e+ e� ! jets

study power corrections 
and hadron mass effects 
in tail region, where an 
OPE is well defined
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• Event shapes have been extensively used to determine 

• Power Corrections play an essential role in that determination

• Also important effects in Jet Substructure

• Important in hadronization and underlying event at the LHC
[Feige, Schwartz, Stewart, Thaler 2012]

Motivations

arXiv:1006.3080
arXiv:1204.5746
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Αs!mZ" from global thrust fits
" # perturbative error

O!Αs3" fixed$order
Dissertori et al
0.1274 " 0.0042

0.1300 " 0.0047

% N LL3

summation
0.1194 " 0.0028

B & S
0.1172 " 0.0012

% multijet boundary
0.1245 " 0.0034

% Power Corrections
0.1152 " 0.0021 % R$scheme

0.1140 " 0.0009 % b$mass & QED
0.1135 " 0.0009

All errors: Αs!mZ " & 0.1135 " 0.0012
[Abbate, Fickinger, Hoang, VM, Stewart]

↵s(mZ)

[Boost 2012 proceedings]
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Motivations

arXiv:1006.3080
arXiv:1204.5746
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• Event shapes have been extensively used to determine 

• Power Corrections play an essential role in that determination

• Also important effects in Jet Substructure

• Important in hadronization and underlying event at the LHC
[Feige, Schwartz, Stewart, Thaler 2012]
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[Boost 2012 proceedings]
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Most common Event shapes

• Thrust

• Angularities

• Jet Masses

• Jet Broadening

• C-parameter

• 2-Jettiness

⌧(a) =
1

Q

X

i

Ei (sin ✓i)
a
(1� | cos ✓i|)1�a

B =

P
i |~pi ⇥ ~n|P

i |~pi|

[E. Farhi]

[Berger, Kucs, Sterman]

[Parisi]
[Donoghue, Low, Pi]

[Clavelli]
[Chandramohan Clavelli]

[Catani,  Turnock, Webber]

⌧2 = 1�max

~n

P
i |~pi · ~n|
Q

[Stewart, Tackmann, 
Waalewijn]
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• Thrust

• Angularities

• Jet Masses

• Jet Broadening

• C-parameter

• 2-Jettiness

⌧(a) =
1

Q

X

i

Ei (sin ✓i)
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(1� | cos ✓i|)1�a
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P
i |~pi ⇥ ~n|P

i |~pi|

⌧2 = 1�max

~n

P
i |~pi · ~n|
Q

2-jet event 
shapes

e ! 0

dijet configuration

Most common Event shapes
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• Thrust

• Angularities

• Jet Masses

• Jet Broadening

• C-parameter

• 2-Jettiness
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P
i |~pi ⇥ ~n|P

i |~pi|

⌧2 = 1�max

~n

P
i |~pi · ~n|
Q

Depend on a 
continuous 
parameter

Most common Event shapes

Thursday, March 14, 13



• Thrust

• Angularities

• Jet Masses

• Jet Broadening

• C-parameter

• 2-Jettiness
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B =

P
i |~pi ⇥ ~n|P

i |~pi|

⌧2 = 1�max

~n

P
i |~pi · ~n|
Q

Recoil sensitive

Most common Event shapes

Our results do not 
apply in this case
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• Thrust

• Angularities

• Jet Masses

• Jet Broadening

• C-parameter

• 2-Jettiness

⌧(a) =
1

Q

X

i

Ei (sin ✓i)
a
(1� | cos ✓i|)1�a

B =

P
i |~pi ⇥ ~n|P

i |~pi|

⌧2 = 1�max

~n

P
i |~pi · ~n|
Q

does not 
require 

minimization 
procedure

Most common Event shapes

double sum
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Factorization theorem for event shape distributions

e = ec + es + e⇤

In the dijet limit, event shape decomposes in collinear, soft and nonperturbative 
modes. This translates into a factorization theorem for differential distributions.

(

O
 
⇤QCD

Q

!

� ⇤QCD

Q

1

�0

d�

de
= HQ ⇥ Je ⌦ Se +O

⇣
e0,

⇤QCD

Q

⌘

Universal Wilson 
Coefficient

Jet function Soft function

Nonsingular terms, 
power corrections(

Calculable in perturbation theory

(

Perturbative and 
nonperturbative components

O
⇣1
e

⌘

[Bauer, Fleming, Lee, Sterman]

[Berger, Kucs, Sterman]

[Korchemsky, Sterman]

[Fleming, Mantry, Hoang, Stewart]

general dijet case

thrust, jet masses
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Soft Wilson lines event shape operator

perturbative

Se = Ŝe ⌦ Fe

non-perturbative

[VM, Thaler, Stewart]

d�

de
=

d�̂

de
⌦ Fe

Leading power correction 
comes from soft function

Factorization theorem for event shape distributions

1

�0

d�

de
= HQ ⇥ Je ⌦ Se +O

⇣
e0,

⇤QCD

Q

⌘

[Korchemsky, Sterman]

[Korchemsky, Tafat]

Se(`) = h 0 |Y †
n̄Y

†
n �(`�Qê)YnY n̄ | 0 i

[Hoang, Stewart]
[Ligeti, Tackmann, Stewart]

actually, it has perturbative too ! (more on this later)

e = ec + es + e⇤

(

O
 
⇤QCD

Q

!
� ⇤QCD

Q

can drop hadron 
masses here by
power counting

but not here!!

mH ⇠ O(⇤QCD)
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POWER CORRECTIONS 
FOR EVENT SHAPES
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For e � ⇤QCD

Q
Correct up to O(↵s)

�(`�Qê) ' �(`)� �0(`)Qê+ . . .

Se(`) = h 0 |Y †
n̄Y

†
n �(`�Qê)YnY n̄ | 0 i

[Lee & Sterman]

Tree level OPE for nonperturbative corrections
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For e � ⇤QCD

Q
Correct up to O(↵s)

Fe(`) ' �(`)� ⌦1�
0(`)

Shape function can be 
expanded in the tail

�(`�Qê) ' �(`)� �0(`)Qê+ . . .

⌦1 = h 0 |Y †
n̄Y

†
nQêYnY n̄ | 0 i

Se(`) = h 0 |Y †
n̄Y

†
n �(`�Qê)YnY n̄ | 0 i

[Lee & Sterman]

Tree level OPE for nonperturbative corrections
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For e � ⇤QCD

Q
Correct up to O(↵s)

Fe(`) ' �(`)� ⌦1�
0(`)

Leading nonperturbative correction in the tail is a shift of the 
distribution

Shape function can be 
expanded in the tail

�(`�Qê) ' �(`)� �0(`)Qê+ . . .

⌦1 = h 0 |Y †
n̄Y

†
nQêYnY n̄ | 0 i

Se(`) = h 0 |Y †
n̄Y

†
n �(`�Qê)YnY n̄ | 0 i

d�

de
=

d�̂

de
� ⌦1

Q

d

de

d�̂

de
' d�̂

de

⇣
e� ⌦1

Q

⌘
+O

" 
⇤QCD

Qe

!2#

[Lee & Sterman]

Tree level OPE for nonperturbative corrections
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Power correction for Thrust

The main effect of the power correction is shifting the distribution
to the right. The shift is proportional to

Power corrections 
in the peak are 
more complicated 
than a shift

perturbative result

with power correction

Q = 100GeV

1

Q
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Dispersive approach [Dokshitzer & Webber]

Assume that      is replaced by an effective coupling below certain cutoff ↵s µI

Subtract from perturbation theory 
contributions at scales below µI

It is believed that this procedure 
removes all renormalons

Initial approach relied on 
one gluon exchange

The Milan factor accounts 
for two-gluon exchange

[Dokshitzer, Webber
Salam]
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Dispersive approach [Dokshitzer & Webber]

Assume that      is replaced by an effective coupling below certain cutoff ↵s µI

Subtract from perturbation theory 
contributions at scales below µI

It is believed that this procedure 
removes all renormalons

Initial approach relied on 
one gluon exchange

The Milan factor accounts 
for two-gluon exchange

[Dokshitzer, Webber
Salam]

Effect on first moment

Effect on distributions

hei = heiPT + ce
P
Q

d�

de
=

d�̂

de

✓
e� ce

P
Q

◆

Milan Factor ' 1.49

= universality 
constant

ce

(more on this later)

It predicts that leading power correction is universal up to a calculable coefficient

P =
4CF

⇡2
MµI

Q

(
↵0(µI)� ↵s(µR)� �0

↵2
s

2⇡

⇣
ln

µR

µI
+

K

�0
+ 1

⌘)

Thursday, March 14, 13



Shape function approach
Soft function is convolution of perturbative soft function and shape function

Non pert. distribution is convolution of pert. distribution with shape function
This is valid on the peak of the distribution as well

perturbative nonperturbative
(and perturbative...)

Se(`) =

Z
dp Ŝe(`� p)Fe(p)

d�

de
=

Z
d`

d�̂

de

⇣
e� `

Q

⌘
Fe(`)
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Shape function approach
Soft function is convolution of perturbative soft function and shape function

Non pert. distribution is convolution of pert. distribution with shape function
This is valid on the peak of the distribution as well

Effect on moments

Effect on distributions

⌦e
1 = ce ⌦

⇢
1Massless universality [Lee & Sterman]

perturbative nonperturbative
(and perturbative...)

heni = heniPT + nhen�1iPT
⌦e

1

Q

d�

de
=

d�̂

de
� ⌦e

1

Q

d

de

d�̂

de

Se(`) =

Z
dp Ŝe(`� p)Fe(p)

d�

de
=

Z
d`

d�̂

de

⇣
e� `

Q

⌘
Fe(`)
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UNIVERSALITY
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⌦e
1 = ce ⌦

⇢
1

• Dispersive approach [Dokshitzer & Webber 1995]

• SCET-CSS approach [Lee & Sterman 2006]

• Predicts universality for a bunch of event shapes, including recoil sensitive ones.

• They are based on a model and on the one-gluon approximation. Modification of    
(effective coupling) below  a cutoff scale.

• Milan factor takes into account two-gluon effects. [Dokshitzer, Webber, Salam]

•  Predicts universality for non-recoil-sensitive event shapes.

•  They are model-independent, formulated in terms of QCD matrix elements.

•  Do not rely on one-gluon approximation.

Studies of Universality
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• Dispersive approach [Dokshitzer & Webber 1995]

• SCET-CSS approach [Lee & Sterman 2006]

• Predicts universality for a bunch of event shapes, including recoil sensitive ones.

• They are based on a model and on the one-gluon approximation. Modification of    
(effective coupling) below  a cutoff scale.

• Milan factor takes into account two-gluon effects. [Dokshitzer, Webber, Salam]

•  Predicts universality for non-recoil-sensitive event shapes.

•  They are model-independent, formulated in terms of QCD matrix elements.

•  Do not rely on one-gluon approximation.

Both approaches assume 
particles are massless!!

Studies of Universality
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Massless predictions for universality

•    Thrust

•    Two-Jetiness

•    C-parameter

•    Angularities

•    Jet Masses

⌧(a) =
1

Q

X

i

Ei (sin ✓i)
a
(1� | cos ✓i|)1�a

c⌧(a)
=

2

1� a
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Massless Universality in SCET-CSS

In the massless limit one has

Thursday, March 14, 13



t̂

η

δηÊT (η)

Measures all momenta 
flowing in a given rapidity

Massless Universality in SCET-CSS

In the massless limit one has

Transverse energy-flow operator

[Lee Sterman,    Korchemsky Oderda Sterman,
Sveshnikov and F. V. Tkachov
Ore Sterman]

[unfortunately there is no physical limit in which this is 
the correct operator to use for power correction...]

[Bauer, Fleming, Lee, Sterman]
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t̂

η

δηÊT (η)

Measures all momenta 
flowing in a given rapidity

Event shape operator

Massless Universality in SCET-CSS

In the massless limit one has

Transverse energy-flow operator

[Lee Sterman,    Korchemsky Oderda Sterman,
Sveshnikov and F. V. Tkachov
Ore Sterman]

Q

[Bauer, Fleming, Lee, Sterman]

[unfortunately there is no physical limit in which this is 
the correct operator to use for power correction...]
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⌦e
1 =

Z
dy fe(1, y)h 0 |Y

†
n̄Y

†
nET (y)YnY n̄ | 0 i = ce ⇥ ⌦E

Massless Universality in SCET-CSS

In the massless limit one has

Transverse energy-flow operator

[Lee Sterman,    Korchemsky Oderda Sterman,
Sveshnikov and F. V. Tkachov
Ore Sterman]

Event shape 
operator

⌦e
1 = h 0 |Y †

n̄Y
†
nQêYnY n̄ | 0 i

ê =
1

Q

Z
dy ET (y)fe(1, y)
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Massless Universality in SCET-CSS

In the massless limit one has

Transverse energy-flow operator

Operator definition of 
power correction

[Lee Sterman,    Korchemsky Oderda Sterman,
Sveshnikov and F. V. Tkachov
Ore Sterman]

Boost invariance requires this 
term is y-independent

Universal power 
correction

Calculable coefficient, 
depends on the event shape

Event shape 
operator

⌦e
1 = h 0 |Y †

n̄Y
†
nQêYnY n̄ | 0 i

ê =
1

Q

Z
dy ET (y)fe(1, y)

⌦e
1 =

Z
dy fe(1, y)h 0 |Y

†
n̄Y

†
nET (y)YnY n̄ | 0 i = ce ⇥ ⌦E

⌦E
1 = h 0 |Y †

n̄Y
†
nET (0)YnY n̄ | 0 i
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HADRON MASS 
EFFECTS ON POWER 

CORRECTIONS
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Hadron masses and Schemes

What can be measured when a particle hits the detector?

Ideally we would like energy and momentum 
separately measured, but that is not always possible.

If a particle is not identified, mass is not known, no 
information on magnitude of momentum.

One can assume all particles are pions [default scheme]

Alternatively one can use only energy and directions [E scheme]

Finally one can use only momenta and directions [P scheme]

These considerations are irrelevant in perturbation theory,
but have important consequences for power corrections!

E ! |~p |
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Kinematics of Event Shapes
We will concentrate on event shapes
that are not recoil sensitive

and can be written in the dijet limit as

e(N) =
1

Q

X

i2N

m?
i fe(ri, yi)

y =

1

2

log

⇣E + pz
E � pz

⌘

r ⌘ p?

m?

m? =
q

p2T +m2

⌘ = ln

 p
r2 + sinh2 y + sinh y

r

!

v =

p
r2 + sinh

2 y

cosh y

rapidity

transverse velocity

transverse mass

pseudo-rapidity

velocity

All event shapes can be 
expressed

in terms of these 
two variables

m? = p?

v = r = 1

massless limit y = ⌘

)
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• Use the flux tube model (later refined with QCD effects)

• Predict that hadron masses break universality

• Find a privileged scheme (E-scheme) which preserves universality

• Predict that hadron multiplicity translates into log(Q) effects on 
power corrections

Salam & Wicke 2001
have studied mass effects on power corrections

Mass Effects on Power Corrections

⌦1 ! ⌦1 +K
⇣
log

Q

⇤

⌘ 4CA
�0
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Mass Effects in SCET [VM, I. W. Stewart, J. Thaler]
arXiv: 1209.3781

e(N) =
1

Q

X

i2N

m?
i fe(ri, yi) One has to generalize the transverse energy flow operator
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Mass Effects in SCET

t̂

δηδvÊT (r, y)

η(r, y)
v(r, y)

[VM, I. W. Stewart, J. Thaler]
arXiv: 1209.3781

e(N) =
1

Q

X

i2N

m?
i fe(ri, yi)

ET (r, y)|N i =
X

i2N

m?
i �(r � ri)�(y � yi)|N i

v = v(r, y)

⌘ = ⌘(r, y)

ET (v, ⌘) = � v(1� v2tanh2y)
3
2

cosh ⌘
lim

R!1
R3

Z 2⇡

0
d� n̂i T0i(R, v R n̂)

measures momenta of particles with given 
transverse velocity flowing at a given rapidity

Transverse velocity 
operator

One has to generalize the transverse energy flow operator

ê =
1

Q

Z
dy dr ET (r, y)fe(r, y)

two integrals
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⌦e
1 =

Z
dr dy fe(r, y)h 0 |Y

†
n̄Y

†
nET (r, y)YnY n̄ | 0 i = ce

Z
dr ge(r)⌦1(r)

[VM, I. W. Stewart, J. Thaler]
arXiv: 1209.3781

e(N) =
1

Q

X

i2N

m?
i fe(ri, yi) One has to generalize the transverse energy flow operator

Mass Effects in SCET
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Boost invariance requires this 
term is y-independent

[VM, I. W. Stewart, J. Thaler]
arXiv: 1209.3781

e(N) =
1

Q

X

i2N

m?
i fe(ri, yi) One has to generalize the transverse energy flow operator

Mass Effects in SCET

Operator definition of power correction

Same as for massless computation

⌦e
1 =

Z
dr dy fe(r, y)h 0 |Y

†
n̄Y

†
nET (r, y)YnY n̄ | 0 i = ce

Z
dr ge(r)⌦1(r)

ce =

Z 1

�1
dy fe(1, y)

ge(r) =
1

ce

Z
dy fe(r, y)

encodes all mass effects
each         defines a universality class 

of events with same power correction
ge(r)

⌦1(r) = h 0 |Y †
n̄Y

†
nET (r, 0)YnY n̄ | 0 i
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Event shapes considered

Same color means same power correction

Thrust

Jet Masses

C-parameter

Angularities

2-Jettiness

mass scheme (default definition)
ge(r)

r =
p?

m?

C� parameter

Thrust

⌧�1

⌧�1

Jet Masses

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
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Event shapes considered

Thrust

Jet Masses

C-parameter

Angularities

2-Jettiness

Scheme changes
event shape definition

P-scheme
ge(r)

r =
p?

m?

C� parameter

Thrust

⌧�1

⌧�1

Jet Masses

0 0.2 0.4 0.6 0.8 1
0
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0.4

0.6

0.8

1
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Event shapes considered

Thrust

Jet Masses

C-parameter

Angularities

2-Jettiness

Scheme changes
event shape definition

E-scheme
ge(r)

r =
p?

m?

C� parameter

Thrust

⌧�1

⌧�1

Jet Masses

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
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Effective parametrization

hn(r) =
p
2n+ 1Pn(2x+ 1)

ge(r) =
1X

n=0

ben hn(r)

⌦1(r) = ⌦⇢
1 h0(r) +

p
3(2⌦E

1 � ⌦⇢
1)h1(r) + ⌦�

1h2(r) + . . .

        functions are different, but it seems 
they could be approximated well by some 
suitable set of orthogonal polynomial

can be expanded as well⌦1(r)

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

r

geHrL

Thrust
C-parameter

tH-1LP

Angularities
Jet masses, t2

ge(r)
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Effective parametrization

hn(r) =
p
2n+ 1Pn(2x+ 1)

ge(r) =
1X

n=0

ben hn(r)

⌦1(r) = ⌦⇢
1 h0(r) +

p
3(2⌦E

1 � ⌦⇢
1)h1(r) + ⌦�

1h2(r) + . . .

⌦⌧
1 = 1.034⌦E

1 � 0.135⌦⇢
1 + 0.050⌦�

1

⌦C
1 = 1.039⌦E

1 � 0.127⌦⇢
1 + 0.046⌦�

1

⌦
⌧P
�1

1 = 1.022⌦E
1 � 0.156⌦⇢

1 + 0.064⌦�
1

        functions are different, but it seems 
they could be approximated well by some 
suitable set of orthogonal polynomial

can be expanded as well⌦1(r)

small correction

0 0.2 0.4 0.6 0.8 1
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1

r

geHrL

Thrust
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Jet masses, t2

ge(r)
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ANOMALOUS 
DIMENSION OF 

POWER CORRECTION
[VM, I. W. Stewart, J. Thaler]

arXiv: 1209.3781
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Anomalous dimension computation

⌦1(r) = h 0 |Y †
n̄Y

†
nET (r, 0)YnY n̄| 0 i

One needs to compute diagrams 
that probe the operator

The measured probe gluon 
corresponds to a source

A

µA(x) ! A

µA(x) + J

µA(x)

off-shell 
background 
gauge field

massless 
quantum field

r 6= 1

13

FIG. 3. Tree level graphs for ⌦
1

(r, µ).

scheme, with details given in App. C. We regulate the UV
with dimensional regularization (DR) using d = 4� 2✏.

Since ⌦
1

(r) has mass-dimension one and is propor-
tional to the infrared (IR) scale ⇤

QCD

, one must be care-
ful to establish IR regulators for the perturbative calcula-
tion in such a way that there is nonzero overlap with the
operator matrix element. This requires at least one di-
mensionful IR regulator, as well as a mechanism to probe
di↵erent values of r. With this, we can then compute the
anomalous dimension just as we would for any external
operator in QCD. The anomalous dimension will be in-
dependent of the precise IR procedure used to identify
the matrix element.

A convenient choice for the IR regulator is obtained by
coupling a massive adjoint background source JµA to the
Wilson lines in ⌦

1

(r) by the replacement

A

µA(x) ! A

µA(x) + J

µA(x) , (59)

in Eq. (18) and in the QCD Lagrangian. There is no
Lagrangian mass term for the source J

µA, but for it to
serve as an IR regulator, we will consider it to carry a
massive particle momentum q

µ where q

2 = m

2. Recall
from Eq. (25) that the ET (r, 0) operator in ⌦

1

(r) sums
over contributions from individual particles in the final
state. If ET (r, 0) acts on any particle other than J

µA,
then the corresponding phase space integral is scaleless
and dimensionful, and hence vanishes in DR. Thus the
first nonzero contribution occurs where ET (r, 0) acts on
a J

µA (and we then set all other J

µA’s to zero). This
IR regulator is convenient for bookkeeping and does not
overly complicate the evaluation of loop integrals. Ef-
fectively it amounts to considering one of the final state
gluons, namely the one acted upon by ET (r, 0), as having
mass m and thus r 6= 1. For convenience when drawing
Feynman diagrams, we use the same notation for mass-
less gluons and the source, and simply note that we must
sum over the cases where each final state gluon is the
source.

At tree level, as shown in Fig. 3, we have only the
source line. This yields the nonzero matrix element

M

tree

1

(r) =
2↵sCF

⇡

mr

(1� r

2)
3

2

. (60)

Hence our setup provides nonzero overlap with the oper-
ator in ⌦

1

(r).
We now turn our attention to the O(↵2

s) corrections.
Here we must fix a gauge for the A

µA massless gluons.

FIG. 4. Diagrams involving gluon or ghost bubbles with two
cut particles. The 4 additional diagrams obtained by a flip
about the horizontal or vertical axis are not shown. Diagrams
with one cut particle for wavefunction renormalization and
coupling renormalization are also not displayed.

FIG. 5. Purely Abelian O(↵2

s) diagrams. Either gluon line
crossing the cut can be the source. The 4 additional diagrams
obtained by a flip about the horizontal or vertical axis are not
shown.

We have carried out all our calculations both with tradi-
tional Feynman gauge, as well as with a background field
Feynman gauge where the source J

µA takes the place
of the external background field. Both yield the same
results. In addition to J

µA, we must introduce extra
IR regulators specific to individual diagrams. We find
that shifting eikonal propagators involving the loop or
phase-space momentum k

µ by n · k ! n · k + �n and
n̄ · k ! n̄ · k + �n̄ su�ces to regulate other IR diver-
gences.
For the diagrams in Fig. 4 which involve two parti-

cles in the final state through either a ghost bubble, or a
gluon bubble, the sum of graphs does not involve a UV
divergence (moreover these graphs are IR finite). Hence
they can be ignored for the purposes of calculating the
anomalous dimension. The remaining diagrams are ei-
ther Abelian with color factor C

2

F or non-Abelian with
color factor CFCA. Abelian contributions are shown in
Figs. 5 and 6, and in the sum over Abelian diagrams,
the real radiation and virtual contributions exactly can-
cel (for all ✏). It is easy to prove that this cancellation
happens to all orders in perturbation theory. This proof
uses the fact that Y [A + J ] = Y [A]Y [J ] for an Abelian
theory with no light quarks, and that Y [A]Y †[A] = 1.
This leaves just the non-Abelian diagrams coming from

Fig. 6, and triple gluon vertex diagrams in Fig. 7. There
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Anomalous dimension computation

⌦1(r) = h 0 |Y †
n̄Y

†
nET (r, 0)YnY n̄| 0 i

One needs to compute diagrams 
that probe the operator

Self-energy diagrams are IR and UV finite
Abelian contribution exactly 
vanish when adding real and 
virtual radiation

The measured probe gluon 
corresponds to a source
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⌦1(r) = h 0 |Y †
n̄Y

†
nET (r, 0)YnY n̄| 0 i

Only purely non-abelian 
diagrams contribute

We obtain an IR finite anomalous dimension

Anomalous dimension computation

One needs to compute diagrams 
that probe the operator

The measured probe gluon 
corresponds to a source
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Results and consequences

�⌦1
= �↵sCA

⇡
log(1� r2)

⌦

1

(r, µ) = ⌦

1

(r, µ
0

)

⇣ ↵s(µ)

↵s(µ0

)

⌘ 2CA
�0

log(1�r2)

⇠ ⌦

1

(r, µ
0

)

h
1� ↵s(µ0

)CA

⇡
log

⇣ µ

µ
0

⌘
log(1� r2)

i

r-dependent anomalous dimension
no mixing between various r values

RGE solution at NLL

Expanded out result
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Results and consequences

�⌦1
= �↵sCA

⇡
log(1� r2)

⌦

1

(r, µ) = ⌦

1

(r, µ
0

)

⇣ ↵s(µ)

↵s(µ0

)

⌘ 2CA
�0

log(1�r2)

⇠ ⌦

1

(r, µ
0

)

h
1� ↵s(µ0

)CA

⇡
log

⇣ µ

µ
0

⌘
log(1� r2)

i

⌦e
1

(µ) =

Z
dr g

e

(r)⌦
1

(r, µ
0

)
⇣ ↵

s

(µ)

↵
s

(µ
0

)

⌘ 2CA
�0

log(1�r

2
)

⌦

e
1

(µ) = ⌦

e
1

(µ
0

)� ↵s(µ0

)CA

⇡
log

⇣ µ

µ
0

⌘
⌦

e
log

(µ
0

)

⌦

e
log

(µ
0

) =

Z
dr log(1� r

2

) g

e

(r)⌦

1

(r, µ
0

)

r-dependent anomalous dimension
no mixing between various r values

RGE solution at NLL

Expanded out result

Not a resummation formula for ⌦e
1

Unknown function !

New nonperturbative  parameter

Using expanded out result
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Matching computation

�(`�Qepert �Qenp)

' �(`�Qepert)�Qenp�
0(`�Qepert)

' �(`)�Q(enp + epert)�
0(`) Effective theory computation 

(anomalous dimension)

Full theory computation

At one loop one has: This corrects the tree 
level OPE result

Thursday, March 14, 13



Matching computation

�(`�Qepert �Qenp)

' �(`�Qepert)�Qenp�
0(`�Qepert)

' �(`)�Q(enp + epert)�
0(`) Effective theory computation 

(anomalous dimension)

Full theory computation

At one loop one has: This corrects the tree 
level OPE result

Same diagrams as for 
anomalous dimension 

computation, but different 
measurement

EFT diagrams have to 
be subtracted from 
full theory result

Matching coefficient 
compensates  
dependence of 

µ
⌦1
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Matching computation

�(`�Qepert �Qenp)

' �(`�Qepert)�Qenp�
0(`�Qepert)

' �(`)�Q(enp + epert)�
0(`) Effective theory computation 

(anomalous dimension)

Full theory computation

At one loop one has: This corrects the tree 
level OPE result

Fe(`) = �(`) +

Z
dr Ce

1(`, r, µ) ce ge(r)⌦1(r, µ) +O
⇣⇤2

QCD

`3

⌘

Ce
1(`, r, µ) = � � 0(`) +

CA↵s(µ)

⇡
ln(1�r2)

d

d`

✓
1

µ

hµ
`

i

+

◆

+
↵s(µ)

⇡
� 0(`) de1(r) +O(↵2

s)

explicitly checked

needs a full matching 
computation
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EFFECTS ON 
OBSERVABLES
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Effect of hadron masses

15

C

e
1

(`, r, µ) for ⌦
1

(r, µ). The formula in Eq. (16) becomes

Fe(`) = �(`) +

Z
dr Ce

1

(`, r, µ) ce ge(r)⌦1

(r, µ)

+O
⇣⇤2

QCD

`

3

⌘
. (68)

As usual the µ dependence of Ce
1

(`, r, µ) cancels that of
⌦

1

(r, µ). The dependence of Ce
1

(`, r, µ) on ` and µ will
determine the appropriate scale µ where there are no
large logarithms in this Wilson coe�cient. This in turn
will determine the appropriate perturbative scale µ for
the endpoint of the evolution derived in Eq. (64). Since
the ` dependence is treated di↵erently by event shape
distributions and by their first moments, a di↵erent scale
µ will be found for these two observables.

Taking Eq. (63) together with the cancellation of the
µ dependence implies

µ

d

dµ
C

e
1

(`, r, µ) =
CA↵s(µ)

⇡

ln(1�r

2)Ce
1

(`, r, µ) . (69)

At order ↵s using Eq. (16) this becomes

µ

d

dµ
C

e
1

(`, r, µ) = � CA↵s(µ)

⇡

ln(1�r

2) �0(`). (70)

Note that C

e
1

(`, r, µ) must have mass dimension �2. At
O(↵s) the simplest potential solution has the dependence
ln(µ/)�0(`), but by dimensional analysis the only pos-
sibility for  is ` which leads to a singular result. The
correct solution is

C

e
1

(`, r, µ) = � �

0(`) +
CA↵s(µ)

⇡

ln(1�r

2)
d

d`

✓
1

µ

h
µ

`

i

+

◆

+
↵s(µ)

⇡

�

0(`) de
1

(r) +O(↵2

s) , (71)

which can be deduced since the derivative of the plus
function has the right dimension and has the required
logarithmic scale dependence

µ

d

dµ

d

d`

1

µ

h
µ

`

i

+

= � �

0(`) . (72)

In this way, the plus function term in the Wilson coe�-
cient exactly compensates for the first order ↵s(µ) ln(µ)
dependence in ⌦

1

(r, µ). Note that

d

d`

1

µ

h
µ

`

i

+

= � 1

µ

2

h
µ

2

`

2

i

++

+
1

µ

�(`) , (73)

where the ++-distribution induces two subtractions
about ` = 0 and is defined so that its zeroth and first
moments integrate to zero for the limits `/µ 2 [0, 1].

The function d

e
1

(r) in Eq. (71) is also a perturbatively
computable contribution to the Wilson coe�cient. The
matching calculation for this term involves considering
the di↵erence between renormalized Feynman diagrams
for the full theory soft function matrix element

Se(`) = h 0 |Y †
n̄Y

†
n �(`�Qê)YnY n̄ | 0 i , (74)

and for the low-energy matrix elements describing
⌦

1

(r, µ). A complete one-loop calculation of de
1

(r) is be-
yond the scope of our work. In App. D we carry out this
matching procedure for thrust in order to directly derive
the term that involves the derivative of the plus-function
shown in Eq. (71). Many of the complications required
to derive d

e
1

(r) do not enter for this term.
Next consider the impact of Ce

1

(`, r, µ) on the distribu-
tion and first moment event shape observables discussed
in Sec. II C, in order to determine the appropriate scale
µ where large logs are minimized. For the di↵erential
distribution we find

d�

de
=

d�̂

de
+

1

Q

Z
d`

Z
dr

d�̂

de

⇣
e� `

Q

⌘
C

e
1

(`, r, µ)

⇥ ce ge(r)⌦1

(r, µ)

=
d�̂

de
� 1

Q

⇣
⌦e

1

(µ) +
↵s(µ)

⇡

⌦e, d
1

(µ)
⌘d2�̂
de2

(e)

+
⌦e, ln

1

(µ)

Q

↵s(µ)CA

⇡

(
ln

⇣
µ

eQ

⌘d2�̂
de2

(e)

�
Z eQ

0

d`

`


d2�̂

de2

⇣
e� `

Q

⌘
� d2�̂

de2
(e)

�)
, (75)

where the nonperturbative parameter ⌦e, ln
1

(µ) is given
in Eq. (67), and

⌦e, d
1

1

(µ) =

Z
dr de

1

(r) ce ge(r)⌦1

(r, µ) . (76)

The explicit ln(µ/Qe) in Eq. (75) implies that for the
distribution, the appropriate scale to run the power cor-
rection to is µ = Qe.
For the first moment we find

hei =
Z e

max

0

de e

Z
d`

1

�̂

d�̂

de

⇣
e� `

Q

⌘
Fe(`) (77)

=

Z
de

Z
d` ✓

⇣
em�e� `

Q

⌘ ⇣
e+

`

Q

⌘ 1

�̂

d�̂

de
(e) Fe(`)

= hei
pert

+
⌦e

1

(µ)

Q

+
↵s(µ)

⇡

⌦e, d
1

Q

+
⌦e, ln

1

(µ)

Q

CA↵s(µ)

⇡

⇥
Z e

max

0

de
1

�̂

d�̂

de
(e)


ln
⇣

µ

Q(e
max

�e)

⌘
� e

2

e

max

(e
max

�e)

�

where the notation hei
pert

is defined in Eq. (20). Since
the perturbative moments generate a rapidly conver-
gent series, we can expand the perturbative coe�cient
of ⌦e, ln

1

(µ) in (e/em) to obtain

Z e
max

0

de
1

�̂

d�̂

de
(e)


ln
⇣

µ

Q(e
max

�e)

⌘
� e

2

e

max

(e
max

� e)

�

= ln
⇣

µ

Qe

max

⌘
+

hei
pert

e

max

�
⌦
e

2

↵
pert

2e2
max

+ . . . (78)

Thus for the first moment the appropriate scale to run
the power correction to is µ = Qe

max

.
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As usual the µ dependence of Ce
1

(`, r, µ) cancels that of
⌦

1

(r, µ). The dependence of Ce
1

(`, r, µ) on ` and µ will
determine the appropriate scale µ where there are no
large logarithms in this Wilson coe�cient. This in turn
will determine the appropriate perturbative scale µ for
the endpoint of the evolution derived in Eq. (64). Since
the ` dependence is treated di↵erently by event shape
distributions and by their first moments, a di↵erent scale
µ will be found for these two observables.

Taking Eq. (63) together with the cancellation of the
µ dependence implies

µ

d
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C

e
1

(`, r, µ) =
CA↵s(µ)

⇡

ln(1�r

2)Ce
1
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At order ↵s using Eq. (16) this becomes
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2) �0(`). (70)

Note that C

e
1

(`, r, µ) must have mass dimension �2. At
O(↵s) the simplest potential solution has the dependence
ln(µ/)�0(`), but by dimensional analysis the only pos-
sibility for  is ` which leads to a singular result. The
correct solution is
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which can be deduced since the derivative of the plus
function has the right dimension and has the required
logarithmic scale dependence
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In this way, the plus function term in the Wilson coe�-
cient exactly compensates for the first order ↵s(µ) ln(µ)
dependence in ⌦
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(r, µ). Note that
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where the ++-distribution induces two subtractions
about ` = 0 and is defined so that its zeroth and first
moments integrate to zero for the limits `/µ 2 [0, 1].

The function d

e
1

(r) in Eq. (71) is also a perturbatively
computable contribution to the Wilson coe�cient. The
matching calculation for this term involves considering
the di↵erence between renormalized Feynman diagrams
for the full theory soft function matrix element

Se(`) = h 0 |Y †
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n �(`�Qê)YnY n̄ | 0 i , (74)

and for the low-energy matrix elements describing
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1

(r, µ). A complete one-loop calculation of de
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(r) is be-
yond the scope of our work. In App. D we carry out this
matching procedure for thrust in order to directly derive
the term that involves the derivative of the plus-function
shown in Eq. (71). Many of the complications required
to derive d
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1

(r) do not enter for this term.
Next consider the impact of Ce

1

(`, r, µ) on the distribu-
tion and first moment event shape observables discussed
in Sec. II C, in order to determine the appropriate scale
µ where large logs are minimized. For the di↵erential
distribution we find
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Thus for the first moment the appropriate scale to run
the power correction to is µ = Qe
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(r, µ). The dependence of Ce
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(`, r, µ) on ` and µ will
determine the appropriate scale µ where there are no
large logarithms in this Wilson coe�cient. This in turn
will determine the appropriate perturbative scale µ for
the endpoint of the evolution derived in Eq. (64). Since
the ` dependence is treated di↵erently by event shape
distributions and by their first moments, a di↵erent scale
µ will be found for these two observables.

Taking Eq. (63) together with the cancellation of the
µ dependence implies
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which can be deduced since the derivative of the plus
function has the right dimension and has the required
logarithmic scale dependence
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In this way, the plus function term in the Wilson coe�-
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where the ++-distribution induces two subtractions
about ` = 0 and is defined so that its zeroth and first
moments integrate to zero for the limits `/µ 2 [0, 1].
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computable contribution to the Wilson coe�cient. The
matching calculation for this term involves considering
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for the full theory soft function matrix element
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and for the low-energy matrix elements describing
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(r, µ). A complete one-loop calculation of de
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(r) is be-
yond the scope of our work. In App. D we carry out this
matching procedure for thrust in order to directly derive
the term that involves the derivative of the plus-function
shown in Eq. (71). Many of the complications required
to derive d
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1

(r) do not enter for this term.
Next consider the impact of Ce
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(`, r, µ) on the distribu-
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in Sec. II C, in order to determine the appropriate scale
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Thus for the first moment the appropriate scale to run
the power correction to is µ = Qe
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large logarithms in this Wilson coe�cient. This in turn
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which can be deduced since the derivative of the plus
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where the ++-distribution induces two subtractions
about ` = 0 and is defined so that its zeroth and first
moments integrate to zero for the limits `/µ 2 [0, 1].
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matching calculation for this term involves considering
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for the full theory soft function matrix element
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and for the low-energy matrix elements describing
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1

(r, µ). A complete one-loop calculation of de
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(r) is be-
yond the scope of our work. In App. D we carry out this
matching procedure for thrust in order to directly derive
the term that involves the derivative of the plus-function
shown in Eq. (71). Many of the complications required
to derive d

e
1

(r) do not enter for this term.
Next consider the impact of Ce
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in Sec. II C, in order to determine the appropriate scale
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Thus for the first moment the appropriate scale to run
the power correction to is µ = Qe
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the endpoint of the evolution derived in Eq. (64). Since
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µ will be found for these two observables.

Taking Eq. (63) together with the cancellation of the
µ dependence implies

µ

d

dµ
C

e
1

(`, r, µ) =
CA↵s(µ)

⇡

ln(1�r

2)Ce
1

(`, r, µ) . (69)

At order ↵s using Eq. (16) this becomes

µ

d

dµ
C

e
1

(`, r, µ) = � CA↵s(µ)

⇡

ln(1�r

2) �0(`). (70)

Note that C

e
1

(`, r, µ) must have mass dimension �2. At
O(↵s) the simplest potential solution has the dependence
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which can be deduced since the derivative of the plus
function has the right dimension and has the required
logarithmic scale dependence

µ

d

dµ

d

d`

1

µ

h
µ

`

i

+

= � �

0(`) . (72)
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where the ++-distribution induces two subtractions
about ` = 0 and is defined so that its zeroth and first
moments integrate to zero for the limits `/µ 2 [0, 1].
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computable contribution to the Wilson coe�cient. The
matching calculation for this term involves considering
the di↵erence between renormalized Feynman diagrams
for the full theory soft function matrix element

Se(`) = h 0 |Y †
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n �(`�Qê)YnY n̄ | 0 i , (74)

and for the low-energy matrix elements describing
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(r, µ). A complete one-loop calculation of de
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(r) is be-
yond the scope of our work. In App. D we carry out this
matching procedure for thrust in order to directly derive
the term that involves the derivative of the plus-function
shown in Eq. (71). Many of the complications required
to derive d

e
1

(r) do not enter for this term.
Next consider the impact of Ce
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in Sec. II C, in order to determine the appropriate scale
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where the ++-distribution induces two subtractions
about ` = 0 and is defined so that its zeroth and first
moments integrate to zero for the limits `/µ 2 [0, 1].
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matching calculation for this term involves considering
the di↵erence between renormalized Feynman diagrams
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Se(`) = h 0 |Y †
n̄Y

†
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and for the low-energy matrix elements describing
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(r, µ). A complete one-loop calculation of de
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yond the scope of our work. In App. D we carry out this
matching procedure for thrust in order to directly derive
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shown in Eq. (71). Many of the complications required
to derive d
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(r) do not enter for this term.
Next consider the impact of Ce
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Thus for the first moment the appropriate scale to run
the power correction to is µ = Qe
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the endpoint of the evolution derived in Eq. (64). Since
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distributions and by their first moments, a di↵erent scale
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which can be deduced since the derivative of the plus
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where the ++-distribution induces two subtractions
about ` = 0 and is defined so that its zeroth and first
moments integrate to zero for the limits `/µ 2 [0, 1].
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the term that involves the derivative of the plus-function
shown in Eq. (71). Many of the complications required
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about ` = 0 and is defined so that its zeroth and first
moments integrate to zero for the limits `/µ 2 [0, 1].
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the di↵erence between renormalized Feynman diagrams
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and for the low-energy matrix elements describing
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(r, µ). A complete one-loop calculation of de
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yond the scope of our work. In App. D we carry out this
matching procedure for thrust in order to directly derive
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shown in Eq. (71). Many of the complications required
to derive d
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(r) do not enter for this term.
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Thus for the first moment the appropriate scale to run
the power correction to is µ = Qe
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about ` = 0 and is defined so that its zeroth and first
moments integrate to zero for the limits `/µ 2 [0, 1].
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(r) do not enter for this term.
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about ` = 0 and is defined so that its zeroth and first
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to derive d
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to derive d
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Thus for the first moment the appropriate scale to run
the power correction to is µ = Qe

max

.

perturbatively suppressed 
another power correction

Thursday, March 14, 13



CONCLUSIONS

Thursday, March 14, 13



CONCLUSIONS
Operator description of hadron mass effects.

These effects break universality. Not a simple a correction.

Set of privileged classes in which there is universality. 
Approximate universality among classes.

Computation of anomalous dimension predicts log(Q) 
dependence. Complete matching computation is w.i.p.

Small effect on fits to αs: additional 0.0005 error.
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Comparisons to MC generators

Define generalized 
angularities, useful to 

compare to MC
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Comparisons to MC generators

Define generalized 
angularities, useful to 

compare to MC

⌧(n,a) ⌘
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i e

�|yi|(1�a)
g(n,a) = rn

c(n,a) =
2
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(

⌦0
1(µQ)� ⌦n

1 (µQ) =
Q

ca

�
h⌧(0,a)i � h⌧(n,a)i

�

We study the first moment of the distributions
Taking differences of classes we obtain:

Perturbative moment is 
class-independent and 

vanishes in the difference
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Renormalon subtractions
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e) f)
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+ perms

= + + + ...

FIG. 1: Graphs for the hemisphere soft function with bubble chains. The solid lines denote Y -
Wilson lines, and the line with ticks is the final state cut which may also cut a quark bubble.

Here ∆ encodes the minimum hadronic energy deposit in each hemisphere.2 Since the

model parameter ∆ ∼ ΛQCD it has an O(1) effect in the tail region where the soft function

is nonperturbative. Among the model parameters ∆ plays a special role because it enables

a hadronic interpretation for the variables !̃± ≥ ∆ in Smod(!̃±).

Through the convolution in Eq. (8) this gap is transferred to give !± ≥ ∆ in S(!±, µ).

This transfer relies on the fact that we have a partonic threshold at zero-momentum, i.e. that

Spart(!±− !̃±) has support only for !± ≥ !̃±. However, this transfer is not entirely straightfor-

ward because in perturbation theory the partonic threshold has a renormalon which yields an

O(ΛQCD) ambiguity in ∆. In the Borel transform of the hemisphere soft function considered

here, this renormalon corresponds to a pole at u = 1/2. Since the soft function is universal

for massless jets and top quark jets this renormalon is also behind the u = 1/2 Borel pole

identified by Gardi [29] in an analysis of event-shape distributions in full QCD for massless

partons. The nature of this soft function renormalon is similar to the well known O(ΛQCD)

renormalon of the heavy quark pole mass definition, but is not equivalent to it; rather it is

specific to the soft function for jets. For example, the u = 1/2 renormalon pole of the soft

function that occurs in inclusive B decays is solely related to the heavy quark pole mass,

and is eliminated by switching to a short-distance threshold mass, see for example [19]. For

the case of the top jet event shape distribution considered here the pole mass renormalon

2 An even more accurate description of the gap would use !+!− ≥ m2
Xmin

, but here there is a !± beyond

which Smod is exponentially suppressed, so the difference to Eq. (23) is very small.

9

20

be performed using the stationary phase approximation
and vanish as R ! 1 due to the presence of additional
powers of 1/R.

After normal ordering, Eq. (A5) can be written as

lim
R!1

R

3

n̂i T
0i(R, v R n̂) (A6)

=

Z
d3~p

(2⇡)32Ep
a

†
p ap

Ep

v

�

⇣
v � |~p |

Ep

⌘
�

2(p̂� n̂) .

Using the fact that Ep = (p?cosh ⌘)/v and

Z
2⇡

0

d� �

2(p̂� n̂) = cosh2⌘ �(⌘ � ⌘p) , (A7)

we obtain the operator

ÊT (v, ⌘) = v

2

cosh3⌘
lim

R!1
R

3

Z
2⇡

0

d� n̂i T
0i(R,R v n̂), (A8)

which is di↵erential in velocity and pseudo-rapidity and
satisfies:

ÊT (v, ⌘)|Xi =
X

i2X

p

?
i �(v � vi) �(⌘ � ⌘i) |Xi . (A9)

Note that if we integrate this operator over 0 < v < 1,
we recover the expression in Ref. [66] for the energy flow
operator ÊT (⌘).

Finally, to obtain from ÊT (v, ⌘) the desired ÊT (r, y)
that satisfies Eq. (25), one needs to multiply by the Ja-
cobian factor

@(v, ⌘)

@(r, y)
=

sech2y

r

, (A10)

and include a factor 1/r to convert p? to m

?, yielding

ÊT (r, y) = sech2y

r

2

ÊT
�
v(r, y), ⌘(r, y)

�
, (A11)

which agrees with Eq. (26).

Appendix B: Renormalon Computation for Generic
Event Shape

Here we show that the definition �e(R,µ) =
(ce/ce0)�e0(R,µ) in Eq. (58) yields a perturbative cross
section �̃e(x) in Eq. (56) that is independent of the
leading ⇤

QCD

renormalon when probed by a standard
fermion bubble chain. Since the renormalon cancels be-
tween the MS series �̂e(x) and ⌦e

1

(µ), this implies that
⌦e

1

(R,µ) is also free of the ⇤
QCD

renormalon.
The ⇤

QCD

renormalon corresponds to a u = 1/2 pole
in the Borel transform. For a function f(↵s) that is an
infinite series in ↵s(µ), the Borel transform B[f ](u) is
obtained by replacing

⇣
�

0

↵s(µ)

4⇡

⌘n+1

! u

n

n!
. (B1)

Following Ref. [62] we make use of the fact that the per-
turbative soft function carries the leading renormalon,
and hence carry out our computation for S

pert

e (x, µ)
rather than the cross section �̂(x).19 Since the soft func-
tion obeys non-Abelian exponentiation [91, 92] it is useful
to write the perturbative scheme change in Eq. (56) as

ln S̃pert

e (x, µ) = lnSpert

e (x, µ)� ix �e(R,µ) , (B2)

and then demonstrate that ln S̃pert

e (x, µ) does not have a
u = 1/2 pole.
The use of the soft function allows us to perform the

bubble chain analysis for an arbitrary event shape spec-
ified by fe(r, y) and Eq. (9). To study the first contribu-
tion to the u = 1/2 pole, we can work in d = 4 dimensions
and we only need to dress a single real gluon with a bub-
ble chain. We parametrize the gluon phase space with
~p? and y,

d3~p

(2⇡)32Ep
=

dy

4⇡

d2~p?
(2⇡)2

. (B3)

Since the final state gluon is on-shell, we have r = 1. For
the event shape e, the Fourier transform gives
Z

de e�iexQ
�

⇣
e� 1

Q

p?fe(1, y)
⌘
= e

�ix p?fe(1,y)
. (B4)

Taking the sum of all dressed real radiation diagrams
with a single gluon and swapping nf ! �3�

0

/2, we find
the Borel transform

B

⇥
lnSbubbles

e (x, µ)
⇤
(u) (B5)

=
8CF

�
µ

2

e

5/3
�u

�

0

�(1+u)�(1�u)

Z
+1

�1
dy

Z 1

0

dp? p

�1�2u
? e

�ix p?fe(1,y)

=
8CF

�
µ

2

e

5/3
�u

�

0

�(1+u)�(1�u)

Z
+1

�1
dy fe(1, y)

2u

Z 1

0

dh h

�1�2u
e

�ixh

=
8CF

�
µ

2

e

5/3
�u

�

0

�(1+u)�(1�u)
�(�2u)(ix)2u

Z
+1

�1
dy fe(1, y)

2u
.

Here �
0

= 11CA/3�2nf/3, and in the second equality we
used the change of variables h = p?fe(1, y). Expanding
about u = 1/2 and using

R
dy fe(1, y) = ce, we arrive at

the final expression for the u = 1/2 pole

B

⇥
lnSbubbles

e (x, µ)
⇤
(u) = ce

8CF e
5/6

⇡�

0

(u� 1

2

)
(ixµ) . (B6)

Here (ix) corresponds to the �

0(`) present in Eq. (16).
Using Eq. (B6) we can compute the Borel transform

of the subtraction series �e0(R,µ) for the reference event
shape e

0, which is defined by Eq. (58). We find

B

⇥
�e0(R,µ)

⇤
(u) = ce0

8CF e
5/6

⇡�

0

(u� 1

2

)
µ . (B7)

19 Note that x is a dimensionless variable in �̂(x) but is a variable
with mass dimension �1 in Se

pert

(x, µ).

There is a            renormalon in      
It can be removed by appropriate subtractins

⌦1u =
1

2
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and vanish as R ! 1 due to the presence of additional
powers of 1/R.

After normal ordering, Eq. (A5) can be written as

lim
R!1

R

3

n̂i T
0i(R, v R n̂) (A6)

=

Z
d3~p

(2⇡)32Ep
a

†
p ap

Ep

v

�

⇣
v � |~p |

Ep

⌘
�

2(p̂� n̂) .

Using the fact that Ep = (p?cosh ⌘)/v and

Z
2⇡

0

d� �

2(p̂� n̂) = cosh2⌘ �(⌘ � ⌘p) , (A7)

we obtain the operator
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Using Eq. (B6) we can compute the Borel transform

of the subtraction series �e0(R,µ) for the reference event
shape e

0, which is defined by Eq. (58). We find

B

⇥
�e0(R,µ)

⇤
(u) = ce0

8CF e
5/6

⇡�

0

(u� 1

2

)
µ . (B7)

19 Note that x is a dimensionless variable in �̂(x) but is a variable
with mass dimension �1 in Se

pert

(x, µ).

allows to compute the renormalon
for all event shapes simultaneously
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