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Introduction

Motivation

@ the density frontier: ultra-relativistic many-body dynamics

@ early Universe:

baryon asymmetry of the Universe
electroweak phase transition
reheating/preheating

relic densities

\4

v

v

@ ‘terrestrial:’
» quark gluon plasma/glasma/color glass condensates
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Introduction

Current Approaches

@ (semi-classical) Boltzmann transport equations

» effective resummation of finite-width effects
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@ (semi-classical) Boltzmann transport equations
> effective resummation of finite-width effects

o Kadanoff-Baym = quantum Boltzmann equations
» incorporation of off-shell effects
» truncated gradient expansion in time derivative
» separation of time scales and quasi-particle approximation
» varying definitions of physical observables,
e.g. particle number density
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Introduction
Current Approaches

@ (semi-classical) Boltzmann transport equations
> effective resummation of finite-width effects

o Kadanoff-Baym = quantum Boltzmann equations
» incorporation of off-shell effects
» truncated gradient expansion in time derivative
» separation of time scales and quasi-particle approximation
» varying definitions of physical observables,
e.g. particle number density

e underlying perturbation series contain pinch singularities: 62(p? — m?)
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Canonical Quantisation

Boundary Conditions

@ No assumption of adiabatic hypothesis.

@ QM pictures have a finite microscopic time of coincidence #;:

Ds(x;t) = it xst) = Pu(ti,x; t)

Peter Millington (University of Sheffield) TFT to All Orders in Gradients Discrete 2012, IST, Lisboa 5/15



Canonical Quantisation
Boundary Conditions

@ No assumption of adiabatic hypothesis.
@ QM pictures have a finite microscopic time of coincidence #;:
Ps(x;t) = P1(ty, x;t;) = Pu(t,x; k)
= interactions switched on at ;
= initial density matrix p(%; 1;) specified fully in on-shell Fock states

= finite lower bound on time integrals in path-integral action
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Canonical Quantisation

Canonical Commutation Relations

@ Interaction-picture creation and annihilation operators satisfy:

[a(p, 1), ol (0, 75 %)] = (20)°2E(p)d® (p — p)e E@E-D)
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Canonical Quantisation

Canonical Commutation Relations

@ Interaction-picture creation and annihilation operators satisfy:

[a(p, 1), ol (0, 75 %)] = (20)°2E(p)d® (p — p)e E@E-D)

e Ensemble Expectation Value (EEV) at macroscopic time ¢t = & — ;:

_ trp(fiti)e
(o) = tr p(tf; ;)
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Canonical Quantisation

Canonical Commutation Relations

@ Interaction-picture creation and annihilation operators satisfy:

[a(p. B 1), ol (0, 73 1)] = (2m)°2E(p)o®) (p — p')e @1

e Ensemble Expectation Value (EEV) at macroscopic time ¢t = & — ;:

oy, _ ol

fy Ui
tr p(tf; ;)

@ Most general EEVs permitted:

(alp, b ) a (0, 13 1)), = (2m)°2E(p)6® (p — p')
+ 2EY2(p)EV2(p')f(p, P’ 1)
<0’T(p/a%f7iz)a(pa%fviz»t = 2E1/2(p)E1/2(p,)f(p pa )
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Schwinger—Keldysh CTP Formalism

- —1 i J (z T ~ o~
Zlp, JL, t] = tr {Te Jo, da - (@)l )}PH(tf;ti) [Te

w € [li=—3 0 =+3]

ifntd‘lz J+(x)<I’H(x)]

u}
)

I
il
tht
n
N
Py
P
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Schwinger—Keldysh CTP Formalism

- —1 Y J_(x T ~ ~ i 4o o -
Zlp.Jit] = tr [T ] i [t

o~

m € [ti=—3 1 =+3]

Imt
20) = 4 Cy
Ret
- 2(1/2) = t; —ie/2
1) = & —ic c 21/2) =ty e/
macroscopic time t = ReZ(u) — i;
L ] -
initial conditions: observation: ~
macroscopic time t = 0 macroscopic time t = t; — t;

= finite upper and lower bounds on time integrals in path-integral action.
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Non-Homogeneous Free Propagators

Propagator | Double-Momentum Representation
.AO / ‘iz _ (_)7' 9 45(4) /
Feynman iArmy (P P b3 z)—pg_M2—+(_)i6( )6 (p—p)
D - ) /s
Ovon) | Sonfam[28(5 = M2)F(p, o/ )P0 2m 2y 250 = M)
F:éq_)ve_ iAoy (p, 0, by 1) = 2m0(+(—)po)d(p° — M?)(2m)*6™ (p — p')
Wightman | +2712p0['/26(p* — M2)(p, p', £) X707V 2 2ph | /25 (p? — M)
Retarded iAD no_ i om\4s@ (p_ o
p,p)= - ™ p—p
(Advanced) na (P2 7) (po + (—)i€)*> — p? — MZ( ) ( )
Pauli- iAO(p, p/) _ 271'8(]70)(5([)2 _ M2)(2ﬂ.)45(4) (p _ p/)
Jordan
Hadamard A (p, p', Ty 1) = 216 (p® — M?)(2m)*6 (p — p')
adamar 1/2 2 ar2\9F ’ i(po—p,)tr /11/2 2 ar2
+2m[2po| /76(p” — M*)2f(p, p’, t)e 0% 2m|2po| 76 (p" — M7)
Principal- | A% () ) = P (27)46@ (p — o
part »(p,p") 2 —z (2m) 0 (p =)
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Diagrammatics

L = %GNCI)@”(D — %M2<I>2 + auxTaux — m?xty — g®xTx
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Diagrammatics

L = %8uq)8“<1> — %M2<I>2 + OuxTorx — m2xTx — g®xTx

1. time-dependent, energy-non-conserving vertices:
13
~ —zg—smc l ( Z p1> 5] 6B <Z pi>
i
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Diagrammatics

L = %8uq)8“<1> — %M2<I>2 + OuxTorx — m2xTx — g®xTx

1. time-dependent, energy-non-conserving vertices:

ol (SH) ()

2. momentum-non-conserving, non-homogeneous free propagators
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Physically Meaningful Observables

@ Construct from EEVs of field operators:

(s oy Ty, = T 1‘;) —

tr p(ty; t:)
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Physically Meaningful Observables

@ Construct from EEVs of field operators:

(s oy Ty, = T 1‘;) —

tr p(ty; t:)

@ Physically meaningful observables must be equal-time and
picture-independent.
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Physically Meaningful Observables

@ Construct from EEVs of field operators:

<¢($;¥i)‘b(y§%i)>t = trﬂ(tf’ tr)p(gf ;3 =

@ Physically meaningful observables must be equal-time and
picture-independent.

@ Particle number density: count charges not quanta of energy
= no need for quasi-particle approximation.
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Physically Meaningful Observables

@ Construct from EEVs of field operators:

<¢(-’L‘;¥i)q)(y;¥i)>t = tfﬂ(tf’ tr)p(gf ;3 o

@ Physically meaningful observables must be equal-time and
picture-independent.

@ Particle number density: count charges not quanta of energy
= no need for quasi-particle approximation.

o By writing the Noether charge in terms of a charge density, we may
define the particle number density:

n(p,X t — de d P —zPXG(

po)poidc(p+ L, p— £, 40)

0—)t
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Master Time Evolution Equations
Partially inverting the CTP Schwinger—Dyson equation:

d dPy _;
ofp+E,p—2,1) —//ﬂ—‘)e Pt 9 p . P O(po)Ac(p+ 2, p— 2, 10)

2T 27
dpo dPy _; *
NIk P°t9<po)(9<p+§,pf§,t;o> + 7 -5+ 5.60))
T 27
= [ 4P g 50 + o Lot 60)
— [ R o) (¢o+ £ 50 + - bt £50)
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Master Time Evolution Equations
Partially inverting the CTP Schwinger—Dyson equation:

dpo dPy
afp+5,p— 5.1 —//ﬂ—oe P 2p PO(po)Ac(p+ 5.p— £,40)

2 27
dpo dPy .
+ [ SRS P°t9(po)(9(p+§,pf§,t;0) + 7 (p7§7p+§,t;0))
2 27
dpo dPy . .
:// 0 S0 (o) (G(p+ G- 5.60) + 60— Fop+ 5.60))

Force and collision terms:

d'q . ,
y(p«k §7p7§7t70) = _/# ZHP(p+§7q7taO) ZA<(q7p_§7t70)7
2 P P _ 1 [dYy . P . P

No nested Poisson brackets as in gradient expansion of Kadanoff~-Baym equations.
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Simple Example

Time-Dependent Width

o L = %8M<I>8“<I> — %M2<I>2 + 9uxTo*x — m*xTx — g®xTx

@ t < 0: ®'s and x's in non-interacting equilibria at same temperature
@ t = 0: interactions switched on
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Simple Example
Time-Dependent Width

o L = %(%@8“@ — %M2¢‘2 + 9uxTo*x — m*xTx — g®xTx

@ t < 0: ®'s and x's in non-interacting equilibria at same temperature

@ t = 0: interactions switched on

ST IS

lgl=1 Gev
lgl=10 Gev

|g1=100 Gev

Mt /1000
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Simple Example
Time-Dependent Width

° L = 10,200 — IM*®* + 0.xT0"x — m*xTx — g®xTx
@ t < 0: ®'s and x's in non-interacting equilibria at same temperature

@ t = 0: interactions switched on

T T T lgl=1 Gev
1.010 T T T T
1.3F — |ql=1 Gev 1
lgl=10 Gev
1.2F --- |g|=100 Gev ]
I =
v 1af p L)
~ o
= 1T
= M
o —
le, 1. all
o
les
0.
0.8 L L 0.990 L L L L
0 1 2 3 0 1 2 3 4 5
Mt /1000 Mt /1000
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Simple Example

Evanescent Processes

lgl=1 Gev lgl=1 Gev lgl=1 Gev
1.500 T 0.20p T 0.10p T
o .3 °
M i o0.10 ER)
= 1.000 = = o0.00
- =, 0.00 o
I, 1) I,
0.500 L -0.10 L -0.104 L
0 1 2 0 1 2 0 1 2
ME/1000 Mt /1000 Mt /1000
lgl=10 Gev lgl=10 Gev lg1=10 Gev
1.500 T .01
~ H
* H
- 3
= 1.000fY - .00
e o
r.. Ie,
0.500 L .01
) 1 2 0 1 2
Mt /1000 Mt /1000 Mt /1000
1g1=100 Gev |g|=100 Gev lg|=100 Gev
1.500 T 0.20pr T 0.01pr T
N 3 s
4 i o010 EE
= 1.000f 1 = = 0.00
- . 0.00F N -
Ies 1) I
0.500 L -0.10% L -0.014 L
0 1 2 0 1 2 0 1 2
Mt/1000 Mt /1000 Mt /1000
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damping
(center)
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annihilation
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Simple Example

Time Evolution Equations

Truncating the master time evolution equations in a loopwise sense:

1 1
Oife(lpl, t) = Z /zwsqu) ) 2B, (k) 2E,(p — k)

{a} +1

X

% e {(aEq,(p) — a1 By (k) — as By (p — k)) ﬂ

X

{W + 285i {(OéEq)(p) + a1 By (k) + a2 By (p — k)) ;] }

{[0(=a) + fa(lpl, )] [0(0r) (1 + S (IK], 1)) + O(—1) £ (K], )]
x [0(az)(1+ £ (Ip — K[, 1)) + 6(—az) fi(Ip — kI, 1)]

[0(a) + fa (P, )] [0(a) i (K], 1) + 0(—a) (1 + £ (K], 1))]
x [0(c2) £ (Ip — K|, #) + 0(—02) (1 + £ (Ip — k[, )] }

X

Still valid to all orders in gradient expansion.
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Conclusions

@ Obtain master time evolution equations valid to all orders in gradient
expansion and to all orders in perturbation theory.
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Conclusions

@ Obtain master time evolution equations valid to all orders in gradient
expansion and to all orders in perturbation theory.

@ Loopwise truncation of time evolution equations resum all loop
insertions and remain valid to all orders in gradient expansion.
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Conclusions

@ Obtain master time evolution equations valid to all orders in gradient
expansion and to all orders in perturbation theory.

@ Loopwise truncation of time evolution equations resum all loop
insertions and remain valid to all orders in gradient expansion.

@ Underlying non-equilibrium field theory free of pinch singularities.
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Conclusions

@ Obtain master time evolution equations valid to all orders in gradient
expansion and to all orders in perturbation theory.

@ Loopwise truncation of time evolution equations resum all loop
insertions and remain valid to all orders in gradient expansion.

@ Underlying non-equilibrium field theory free of pinch singularities.

@ Non-homogeneous free propagators and time-dependent vertices
break space-time translational invariance from tree-level.
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Conclusions

@ Obtain master time evolution equations valid to all orders in gradient
expansion and to all orders in perturbation theory.

@ Loopwise truncation of time evolution equations resum all loop
insertions and remain valid to all orders in gradient expansion.

@ Underlying non-equilibrium field theory free of pinch singularities.

@ Non-homogeneous free propagators and time-dependent vertices
break space-time translational invariance from tree-level.

@ Early-time dynamics consistently describe energy-violating processes,
leading to non-Markovian evolution of memory effects.
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Backup Slides

Particle Number Density

@ Charge operator:

i / a5 [F (a3 ) (0 ) — (0 B) @ (3 )|

d3 -
/d3x /ﬁ Q(p, X, Xo; ;)

Q(z0; &)

[

@ Insert unity and symmetrise in z and y:

dBp
1= 4, [ — X P (x—y) _
/d y/(27‘(‘)3 € 6(1:0 yO)
@ Charge-density operator:
Q(pa X7 X07 zz) - %/d4R e—ip-R 5(R0)
x [F(X = Bidrt (X + £38) — 7(X — ZE)S(X + &%) + (R — —R)]
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Backup Slides

Particle Number Density

o Take EEV in equal-time limit:

(Q(p, X, #; 1)), = lim z/d4Re

Xo—>tf
X 0(Ro) Oy |[iA<(R, X, Ui 1) — iA<(—R, X, 173 1)]

@ Separate particles (+ve freq.) and anti-particles (—ve freq.):
1

0(Rp) = — lim

2T e— 0+

1 _ 1
Ry + e Ry — e
o +ve freq. part of iAL(R, X, ;1) and

—ve freq. part of iA(—R, X, ;1)

= particle number density
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Backup Slides

Particle Number Density

@ Fourier transform w.r.t. R and shift ¥f — ff -1 =t
= particle number density:

. dpo
n(p,X,t) = Xlolfgt )

X [0(p0)id<(p, X, 150) = 6(=po)ide(~p, X, 1;0)]

@ Also counts off-shell contributions.

@ Inserting equilibrium propagators:

n(p,X,t) = fe(E(p)) = m
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Backup Slides

Pinch Singularities: 6%(p® — M?)

o early times: 6%(p? — M?) — 4(p* — M?)di(po — pp)d(p"* — M?)

@ intermediate times:
» pinch singularities grow: t3(p? — M?)
» equilibration occurs: f(t) — fo, = 6f(t) = df(0)e I?

o late times: f — fe; and pinch singularities cancel

< finite time domain

< f's in free propagators evaluated at time of observation
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Backup Slides

Phase-Space Evolution

ME= 0 ME= 1 M= 2
0.5 0.5 T 0.5 T -
0.4 0.4 0. 2h |\ S
0.3} 0.3, ! 0.3\ iy

® 0.2 @ 0.2 ® 0.2 4
0.1F M _ 0.1 0.1 4]

0.0 2 0.0 0.0 <
0 5101520 0 5101520 0 5101520 % 3t

| k| /Gev Ik| /Gev | k| /Gev 2
o 2]

0.5 0. 0. =
0. 0. 0. 21

0. 0. 0. o

® 0. ® o. ® 0. = LU
0. 0. 0. =
0.0 0.0 0. o

0 5101520 0 5101520 Z 1M
| k| /Gev | k| /GeVv s
L]

NL. -2
0. 0.5 0.5 ©
0. 0.4 0.4 %
0. 0.3] 0.3 -

® o. ® .24 ® 0.2 S
0. 0.1\ 0.1
0. > 0.0 0.0

0 5101520 0 5101520 0 5101520
| k| /Gev Ikl /Gev |k| /Gev
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Backup Slides

Non-Markovian Oscillations

|lgl=10 Gev

30

wi(lgl,u,t)/M

_ u;, b=+1 - u;, b=-1
-_— u,, b=+1 - u,, b=-1 ]
-_— uz, b=+1 - uz, b=-1
L L L L L
200 400 600 800 1000
Mt
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Backup Slides

Kadanoff-Baym Equations
Kinetic equation:

4
0-0xds(a. %)~ [0 @n) 6@ s (Q X + 0px + 205 )

({M2(a+ £ 0HAR( = £.0} + {Tnlg+ £, X)HA(a— .00} )

y 4

({1 (a+ £ 0HA( = £.X0) = {lc(o+ £, )HA (- §. 50} )

Diamond operators:

s g me, < L(24 98 o4 o
OP,X{A}{B} = 2{A7 B}p,X = 2(5‘1}“ 0X,, + OXH Opp
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Backup Slides

Not Just a Complicated Zero

|pl=1 Gev
n 0.200¢ 3
| & o-100f 3
:m E 0.000 E v/\ I\VI\VV,\ A ;
Y« -0.100F E
() o E E
E -0.200 PRI B USSR S RS S R T
0.00 0.02 0.04 0.06 0.08 0.10
Mt /1000
|pl=10 Gev
n 0.
ol n o
gl
“
S| & 1 1 1 1 ]
2 - 002 " PR PR PR

0.00 0.02 0.04

0.06 0.08 0.10

Mt /1000
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Backup Slides

Inclusion of Thermal Masses

@ Local self-energy —)\[XTx]Q:

(.o B k) = —(2m)'6" (p — p)el 0~ 9 mf (i1 1)
@ Thermal mass:

S A d3k d3k’ 1
mth(tﬁti) = \/T E k’)

{x(k>k/a t)e i[E(k)—E(k)]i +fxc*(—k, K, t)efi[E(k)fE(k’)]if}

> = mi, (I 1)

e Coupling to system of ODEs (spatially homogeneous case):

@ Quasi-particle approximation: m

3
domat) = g [ Gy 51kl + DL (k. )]
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