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BCSBCS--BEC crossover. Universality of the uBEC crossover. Universality of the unitary regimenitary regime..

Dilute neutron matter and ultra cold atomic gases.Dilute neutron matter and ultra cold atomic gases.

Equation of state for the uniform Fermi gas in the unitary  Equation of state for the uniform Fermi gas in the unitary  
regime. regime. Critical temperatureCritical temperature..

Measurements of the entropy and the critical temperature in Measurements of the entropy and the critical temperature in 
a harmonic trap: a harmonic trap: experiment vs. theory.experiment vs. theory.



SScattering at low energiescattering at low energies
(s(s--wave scattering)wave scattering)
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What is the unitary regime?What is the unitary regime?
A gas of interacting fermions is in the unitary regime if the average 
separation between particles is large compared to their size (range of 
interaction), but small compared to their scattering length.

The only scale:The only scale: 3
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System is dilute but System is dilute but 
strongly interacting!strongly interacting!



1/a
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a<0
no 2-body bound state

a>0
shallow 2-body bound state

Expected phases of a two species dilute Fermi system Expected phases of a two species dilute Fermi system 
BCSBCS--BEC crossoverBEC crossover

BCS SuperfluidBCS Superfluid

Molecular BEC andMolecular BEC and
Atomic+Molecular Atomic+Molecular 
SuperfluidsSuperfluids

weak interactionsweak interactions

Strong interactionStrong interaction
UNITARY REGIMEUNITARY REGIME
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EASY!EASY! EASY!EASY!
weak interactionweak interaction



Bertsch ManyBertsch Many--Body X challenge, Seattle, 1999Body X challenge, Seattle, 1999
What are the ground state properties of the manyWhat are the ground state properties of the many--body system composed of body system composed of 
spin spin ½½ fermions interacting via a zerofermions interacting via a zero--range, infinite scatteringrange, infinite scattering--length contactlength contact
iinteraction. nteraction. 

In 1999 it was not yet clear, either theoretically or experimentIn 1999 it was not yet clear, either theoretically or experimentally, ally, 
whether such fermion matter is stable or not! A number of peoplewhether such fermion matter is stable or not! A number of people argued thatargued that
under such conditions fermionic matter is unstable.under such conditions fermionic matter is unstable.

- systems of bosons are unstable (Efimov effect)
- systems of  three or more fermion species are unstable (Efimov effect)

• Baker (winner of the MBX challenge)  concluded that the system is stable.
See also Heiselberg (entry to the same competition)

• Carlson et al (2003) Fixed-Node Green Function Monte Carlo
and Astrakharchik et al. (2004) FN-DMC provided the best theoretical 
estimates for the ground state energy of such systems:

• Thomas’ Duke group (2002) demonstrated experimentally that such systems
are (meta)stable.  

Why? Besides pure theoretical curiosity, this problem is relevanWhy? Besides pure theoretical curiosity, this problem is relevant to neutron stars!  t to neutron stars!  

A little bit of historyA little bit of history

( 0) 0.44Tξ = ≈



Neutron matterNeutron matter

““Screening effectsScreening effects”” are significant!are significant!
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ss--wave pairing gap in infinitewave pairing gap in infinite neutron matter with realisticneutron matter with realistic NNNN--interactionsinteractions
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Nuclear density



Neutron matterNeutron matter ≈ −
≈0
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Ultra cold atomic gasesUltra cold atomic gases
In dilute atomic systems experimenters can control nowadaysIn dilute atomic systems experimenters can control nowadays
almost anything:almost anything:
•• The number of atoms in the traThe number of atoms in the trap: tp: typically about 10ypically about 1055--10106 6 atoms atoms 

divideddivided 5050--50 among50 among the lowest two hyperfine statesthe lowest two hyperfine states..
•• The density of atomsThe density of atoms
•• Mixtures of various atomsMixtures of various atoms
•• The temperature of the atomic cloudThe temperature of the atomic cloud
•• The strength of this interaction is fully tunable!The strength of this interaction is fully tunable!

Who does experiments?Who does experiments?
•• JinJin’’s group at Boulder  s group at Boulder  
•• GrimmGrimm’’s group in Innsbrucks group in Innsbruck
•• ThomasThomas’’ group at Dukegroup at Duke
•• KetterleKetterle’’s group at MIT s group at MIT 
•• SalomonSalomon’’s group in Pariss group in Paris
•• HuletHulet’’s group at Rices group at Rice

Physics Today, v54, 20 (2001)



Evidence for fermionic Evidence for fermionic 
superfluidity: vortices!superfluidity: vortices!

M.W. Zwierlein et al., 
Nature, 435, 1047 (2005)

6system of fermionic   atomsLi
Feshbach resonance: Feshbach resonance: 

B=834GB=834G

BEC side:
a>0

BCS side:
a<0

UNITARY REGIMEUNITARY REGIME



Superfluid to Normal Fermi Liquid TransitionSuperfluid to Normal Fermi Liquid Transition

BogoliubovBogoliubov--Anderson  phononsAnderson  phonons
and quasiparticle contributionand quasiparticle contribution
(d(dashedashed linlinee ))

BogoliubovBogoliubov--Anderson phonons Anderson phonons 
contribution only (contribution only (dotted linedotted line))

QuasiQuasi--particle contribution onlyparticle contribution only
(d(dottedotted line)line)

Normal Fermi Gas
(with vertical offset, solid line)(with vertical offset, solid line)
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This is the same behavior as for a gas ofThis is the same behavior as for a gas of
noninteractingnoninteracting (!) bosons below(!) bosons below
the condensation temperature.the condensation temperature.

Low temperature behaviour of a Fermi gas in the unitary regimeLow temperature behaviour of a Fermi gas in the unitary regime
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THEORYEXP

0
ho
FE N ε=

(0) - Fermi energy 
at the center of the trap

Fε

Entropy as a function of energy (relative to the ground state) for the unitary
Fermi gas in the harmonic trap. Inset: log-log plot of energy as a function of
temperature.

Comparison with experiment Comparison with experiment 
John Thomas’ group at Duke University,

L.Luo, et al. Phys. Rev. Lett. 98, 080402, (2007)



The radial (along shortest axis) density profiles of the atomic cloud in 
the Duke group experiment at various temperatures. 
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1200 1/ 0.75FB G k a= ⇒ ≈−

THEORY
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ho
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Ratio of the mean square cloud size at B=1200G to its value at unitarity
(B=840G) as a function of the energy. Experimental data are denoted
by point with error bars.
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SummarySummary

We presented the first model-independent comparison of recent
measurements of the entropy and the critical temperature, performed
by the Duke group: L.Luo, et al. Phys. Rev. Lett. 98, 080402, (2007),
with our recent finite temperature Monte Carlo calculations.
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A.Bulgac, J.E. Drut, P. Magierski, 
Phys. Rev. Lett 99, 120401 (2007)

The results are consistent with the predicted value of the critical
temperature for the uniform unitary Fermi gas: 0.23(2) Fε



ConclusionsConclusions

Fully nonFully non--perturbative calculations for a spin perturbative calculations for a spin ½½ many fermion many fermion 
system in the unitary regime at finite temperatures are feasiblesystem in the unitary regime at finite temperatures are feasible andand
apparently the system undergoes a phase transition in the bulk aapparently the system undergoes a phase transition in the bulk at t 
TTcc = 0.2= 0.233 ((22) ) εεFF

Chemical potential is constant up to the critical temperature Chemical potential is constant up to the critical temperature –– notenote
similarity with Bose systems!similarity with Bose systems!

Below the transition temperatureBelow the transition temperature,, both phonons and fermioniboth phonons and fermionicc
quasiparticles contribute almost equaly to the specific heat. Inquasiparticles contribute almost equaly to the specific heat. In mormore    e    
thanthan one way the system is at crossover between a Bose and Fermione way the system is at crossover between a Bose and Fermi
systemssystems..

There are reasons to believe that below the critical temperature this
system is a new type of fermionic superfluid, with unusual properties.  

Pairing dependence on the density. Pairing field in an  inhomogePairing dependence on the density. Pairing field in an  inhomogeneous nuclear matter.neous nuclear matter.
We should try to get away from the heavily phenomenological approach which 
dominated nuclear pairing studies most of last 40 years and put more effort in an 

ab initio and many-body theory of pairing and be able to make reliable predictions,
especially for neutron stars and nuclei far from stability. The studies of dilute atomic gases with 

tunable  interactions could serve as an extraordinary testing ground of theories.

What we can learn from physics of cold Fermi atoms?What we can learn from physics of cold Fermi atoms?
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Quest for uQuest for unitary point critical temperaturenitary point critical temperature

Boris Svistunov’s talk (updated), Seattle 2005

E. Burovski, N. Prokofev, B. Svistunov, M. Troyer
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•• Why this value for the bosonic mass?Why this value for the bosonic mass?

•• Why these bosons behave like noninteracting particles?Why these bosons behave like noninteracting particles?
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Theoretical approach:   Fermions on 3D lattice

- Spin up fermion:

- Spin down fermion:

External conditions:
  - temperature
 - chemical potential
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More details of the calculations:More details of the calculations:

•• Lattice sizes used from Lattice sizes used from 883 3 xx 257257 (high Ts) to (high Ts) to 883 3 x 1x 1732732 (low Ts)(low Ts), <N>=50,, <N>=50,
and and 663 3 xx 257 257 (high Ts) to (high Ts) to 6633 x 1x 1361361 (low Ts)(low Ts), <N>=30. , <N>=30. 

•• Effective use of FFT(W) makes all imaginary time propagators diEffective use of FFT(W) makes all imaginary time propagators diagonal (either in agonal (either in 
real space or momentum space) and there is no need to store largreal space or momentum space) and there is no need to store large matricese matrices..

•• Update field configurations using the Metropolis importance samUpdate field configurations using the Metropolis importance sampling algorithmpling algorithm..

•• Change randomly at a fraction of all space and time sites the sChange randomly at a fraction of all space and time sites the signs the auxiliary igns the auxiliary 
fields fields σσ((rr,,ττ) so as to maintain a running average of the acceptance rate bet) so as to maintain a running average of the acceptance rate betweenween
0.4 and 0.6 0.4 and 0.6 ..

•• Thermalize for 50,000 Thermalize for 50,000 –– 100,000 MC steps or/and use as a start100,000 MC steps or/and use as a start--upup field field 
configuration a configuration a σσ(x,(x,ττ))--field configuration from a different Tfield configuration from a different T

•• At low temperatures use Singular Value Decomposition of the evoAt low temperatures use Singular Value Decomposition of the evolution operator lution operator 
U({U({σσ}) }) to stabilize the numericsto stabilize the numerics..

•• Use Use 2200,00000,000--2,000,000 2,000,000 σσ(x,(x,ττ))-- field configurations for calculationsfield configurations for calculations

•• MC correlation MC correlation ““timetime”” ≈≈ 1150 50 –– 2200 time steps00 time steps at T at T ≈≈ TTcc



Open questions and future prospects:Open questions and future prospects:

•• We have a theoretical tool that enable us to study various aspecWe have a theoretical tool that enable us to study various aspectsts
of strongly interacting Fermi system.of strongly interacting Fermi system.

Phase diagram for polarized Phase diagram for polarized 
and diluted Fermi system.and diluted Fermi system.

Pairing dependence on the density. Pairing field in an  inhomogePairing dependence on the density. Pairing field in an  inhomogeneous nuclear matter.neous nuclear matter.
We should try to get away from the heavily phenomenological approach which 
dominated nuclear pairing studies most of last 40 years and put more effort in an 

ab initio and many-body theory of pairing and be able to make reliable predictions,
especially for neutron stars and nuclei far from stability. The studies of dilute atomic gases with 

tunable  interactions could serve as an extraordinary testing ground of theories.

Generalization to finite effective range.Generalization to finite effective range.
Equation of state for dilute neutron Equation of state for dilute neutron 

matter (neutron star crust: specific heat, matter (neutron star crust: specific heat, 
neutrino scattering)neutrino scattering)

Extension to denser 
nuclear matter

Dilute Fermi Dilute Fermi 
gases off the unitary gases off the unitary 

regime: Tregime: TC C (k(kFFa)a)

What we can learn from physics of cold Fermi atoms?What we can learn from physics of cold Fermi atoms?

Universal energy density functionalUniversal energy density functional



ExperimentExperiment
John Thomas’ group at Duke University,

L.Luo, et al. Phys. Rev. Lett. 98, 080402, (2007)
6Dilute system of fermionic   atoms in a harmonic trapLi

•• The number of atoms in the traThe number of atoms in the trap: N=1.3(0.2) x p: N=1.3(0.2) x 10105 5 atoms atoms 
divideddivided 5050--50 among50 among the lowest two hyperfine statesthe lowest two hyperfine states..

•• Fermi energy: Fermi energy: 

•• Depth of the potential:Depth of the potential:
•• How they measure: energy, entropy and temperature?How they measure: energy, entropy and temperature?
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•For the weakly interacting gas (                                )  the energy
and  entropy is calculated. In this limit one can use Thomas-Fermi 
approach to relate the energy to the given density distribution. 
The entropy can be estimated as for the noninteracting system with 
1% accuracy. In practice: 

•The magnetic field is changed adiabatically (S=const.) to the value 
corresponding to the unitary limit: 
•Relative energy in the unitary limit is calculated from virial theorem: 

•Temperature is calculated from the identity: 
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Theory: local density approximation (LDA)Theory: local density approximation (LDA)
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The overall chemical potential         and the temperature T are constant
throughout the system. The density profile will depend on the shape of
the trap as dictated by:

λ

Using as an input the Monte Carlo results for the uniform system and 
experimental data (trapping potential, number of particles), we determine 
the density profiles.



Open questions:Open questions:

- Pairing gap ( ) ?TΔ =
/ 0.1 :    0.55At small temperatures: F FT ε ε≤ Δ≈

Δ

F

For comparison:
In atomic nuclei 0.03εΔ≤

- Energy density functional for an inhomogeneous system at
finite temperatures

- Structure of the wave function in homogeneous system.



From: E.Burovski, N.Prokof’ev, B.Svistunov, M.Troyer,
cond-mat/0602224
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Robert B. Laughlin, Nobel Lecture, December 8, 1998Robert B. Laughlin, Nobel Lecture, December 8, 1998
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Thermodynamics of the unitary Fermi gasThermodynamics of the unitary Fermi gas
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One fermionic atom in magnetic fieldOne fermionic atom in magnetic field

 FF m
 ;  F I J J L S= + = +

rr r r r r

Nuclear spin      Electronic spin

Collision of two atoms:Collision of two atoms: At low energies (low density of atoms) only L=0 
(s-wave) scattering is effective.

Two hypefine states are Two hypefine states are 
populated in the trappopulated in the trap

•• Due to the high diluteness atoms in the same hyperfineDue to the high diluteness atoms in the same hyperfine
state do not interact with one anotherstate do not interact with one another..

•• Atoms in different hyperfine states experience interactions Atoms in different hyperfine states experience interactions 
only in sonly in s--wave.wave.
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