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Abstract. The propagation of heavy flavor through the quark gluon plasma has been treated
commonly within the framework of Langevin dynamics, i.e. assuming the heavy flavor
momentum transfer is much smaller than the light one. On the other hand a similar suppression
factor RAA has been observed experimentally for light and heavy flavors. We present a thorough
study of the approximations involved by Langevin equation by mean of a direct comparison with
the full collisional integral within the framework of Boltzmann transport equation. We have
compared the results obtained in both approaches which can differ substantially for charm quark
leading to quite different values extracted for the heavy quark diffusion coefficient. In the case
of bottom quark the approximation appears to be quite reasonable.

1. Introduction
The experimental efforts at Relativistic Heavy Ion Collider (RHIC) and Large Hadron Collider
(LHC) energies is to create and study the properties of matter called quark gluon plasma (QGP).
The heavy flavors, namely, charm and bottom quarks are particularly playing a vital role to
serve this purpose. The most common approach to study heavy flavors propagation in QGP
is the Fokker-Planck [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13] equation that can be realized
from the Boltzmann equation which constitutes a significant simplification i.e. the heavy flavor
momentum transfer is small or the scattering are sufficiently forward peaked. Thus it is a
approximation of the full collision term of the Boltzmann equation. Such an approximation is
expected to be asymptotically valid for m/T →∞, here we present a first study of the validity
of such an approximation for b and c quark at temperature typically reached in ultrarelativistic
heavy ion collisions at LHC.

2. Relativistic Langevin Equation
The relativistic Langevin equations of motion corresponds to evolve the particles in the phase
space according to the following equations [1],

dxi =
pi

E
dt,

dpi = −Γpidt + Cijρj

√
dt (1)

where Γ and Cij describe the drag force and the stochastic force in terms of independent
Gaussian-normal distributed random variables ρ, which obey < ρiρj >= δij and < ρi >= 0,
respectively. To study the momentum evolution of charm and bottom quarks, we use the Ito
discretization.



3. Relativistic Boltzmann Transport Equation
The relativistic Boltzmann equation can be written as follows [14, 15]:

pµ∂µf(x, p) = C(x, p) (2)

where C(x, p) is the Boltzmann collision integral, the main ingredient of the cascade codes.
If we define ω(p, k), the rate of collisions which change the heavy quark momentum from p

to p− k, then we have [2]

C(x, p) =
∫

d3k [ω(p + k, k)f(p + k)− ω(p, k)f(p)] (3)

The first term in the integrand represents the gain of probability through collisions which knock
the heavy quark into the volume element, and the second term represents the loss out of that
volume element. If we expand ω(p + k, k)f(p + k) around k,

ω(p + k, k)f(p + k) ≈ ω(p, k)f(p) + k
∂

∂p
(ωp) +

1
2
kikj

∂2

∂pi∂j
(ωp) (4)

We obtain the Fokker Planck/Langevin Equation. In the following we will discuss a first
comparison between the full Boltzmann equation and the Langevin equation coming from Eq. 4.

4. Numerical results and discussion
The basic ingredients required for solving the Langevin equation are the drag and diffusion
coefficients and the initial momentum distributions of heavy quarks. We are using f c

t=0 =
4.1 ∗ 102/(0.7 + 0.09p)15.44 and f b

t=0 = 1/(57.74 + p2)5.04 as the initial momentum distribution
of the charm and bottom quarks respectively. For the sake of comparison, we are solving
the Langevin equation in a box where the bulk consists of only gluon at T=0.4 GeV. The
elastic collisions of heavy quarks with gluon has been considered within the pQCD framework
to calculate the drag and diffusion coefficients. In the present calculation we used αs = 0.35
and the Debye screening mass as mD = gT . It can be mentioned that the experimental data
on the nuclear suppression factor and the elliptic flow of nonphotonic electrons provide the
best agreement to the experimental data for the spatial diffusion coefficient Dx = 6/2πT [12].
Keeping this in mind we enhanced the pQCD cross sections by a factor 2 to match our diffusion
coefficients as Dx = 6/2πT , so that we could extract conclusion of phenomenological interest
from our calculation. On the other hand the relativistic Boltzmann equation also solved in a
identical environment as the Langevin equation with the enhanced pQCD cross sections by a
factor 2, in a Montecarlo cascade [14] based on the stochastic interpretation of the transition
rate discussed in Ref [15].

In Fig 1 the ratio of Langevin to Boltzmann spectra for the charm quark has been displayed
as a function of momentum at different times to quantify how much the ratio deviates from 1.
We started the simulation at t = 0 with the same initial distribution for both Lanvevin and
Boltzmann equations which leads to a ratio 1. So any deviation from 1 would reflect how much
the Langevin deviations differ from the Boltzmann as a approximation. From Fig 1 it is observed
that for t = 4 fm the deviation of Langevin from Boltzmann is around 25% and for t = 6 fm the
deviation is around 35%− 40% at p = 7 GeV, which suggests Langevin approach overestimates
the interaction considerably due to approximation it involved. we have seen that the effect can
be significantly larger or smaller depending on the value of the drag and diffusion coefficients
and/or on the angular depndence of the collisions. The same quantity is depicted in Fig 2 as a
function momentum at different times for bottom quark. From Fig 2 it is shown that the ratio
is almost unity at all the times considered in the manuscript. Therefore, for bottom quark the
Langevin approach is really a good approximation of Boltzmann equation.
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Figure 1. Ratio between the Langevin (LV) and Boltzmann (BM) spectra for charm quark as
a function of momentum at different time
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Figure 2. Ratio between the Langevin (LV) and Boltzmann (BM) spectra for bottom quark as
a function of momentum at different time

We calculate the nuclear suppression factor, RAA, using our initial t = 0 and final t = tf charm
quark distribution as RAA = ft=f

ft=0
. The nuclear suppression factor, RAA, has been displayed in

Fig 3 as a function of momentum from both Langevin and Boltzmann side at t = 6 fm. From
Fig 3 it is observed that the nuclear suppression factor differ substantially from Langevin to
Boltzmann. Since the diffusion coefficient is very important for the phenomenological study,
it will be very useful from phenomenological point of view to study how much the diffusion
coefficient change from Langevin side to reproduce the same nuclear suppression factor of
Boltzmann equation. It is observed that (Fig 3) we need to change (reduced) the diffusion
coefficient of Langevin equation by 30% to get similar nuclear suppression factor as of Boltzmann
equation, although it is not anyway possible to reproduce the same momentum dependence.
Heavy flavor supression within Boltzmann tranport approach can be found in Ref. [16](see also
Ref. [17]) .

5. SUMMARY AND CONCLUSIONS
We present a thorough study of the approximations involved by Langevin equation by mean
of a direct comparison with the full collisional integral within the framework of Boltzmann
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Figure 3. The nuclear suppression factor, RAA as a function of momentum from the Langevin
(LV) equation and Boltzmann (BM) equation for charm quark in a box at T=0.4 GeV

transport equation in a box where the bulk consists of only gluon at T=0.4 GeV. We found that
the Langevin approach is a good approximation for bottom quark where as for charm quark
Langevin approach deviates of about a 30% at intermediate momentum for a time evolution of
5-6 fm/c typical of the QGP created in heavy-ion collisions respect to the spectra calculated
from the solution of the full Boltzmann transport equation. It has also been found that to get a
similar suppression factor form both the approach we need to reduce the diffusion coefficient of
the Langevin approach by around 30%. These results can have significant effects on the heavy
ion phenomenology at RHIC and LHC energies. Calculation for a realistic fireball evolution as
created in ultra-relativistic heavy-ion collisions is undergoing.

Acknowledgements
We acknowledge the support by the ERC StG under the QGPDyn Grant n. 259684

References
[1] Rapp R and Hees H van 2010 Hwa R C, Wang X N (Ed.) Quark Gluon Plasma 4, World Scientific, 111

[arXiv:0903.1096 [hep-ph]]
[2] Svetitsky B 1988 Phys. Rev. D 37, 2484
[3] Mustafa M G, Pal D and Srivastava D K 1998 Phys. Rev. C 57, 889
[4] Moore G D, Teaney D 2005 Phys. Rev. C 71 064904
[5] Hees H van, Greco V and Rapp R 2006 Phys. Rev. C 73, 034913
[6] Hees H van, Mannearelli M, Greco V and Rapp R 2008 Phys. Rev. Lett. 100 192301
[7] Gossiaux P B, Aichelin J 2008 Phys. Rev. C 78 014904 ; Gossiaux P B, Aichelin J, Gousset T and Guiho V

2010 J. Phys. G 37 094019
[8] Akamatsu Y, Hatsuda T, Hirano T 2009 Phys. Rev. C 79 054907
[9] Das S K, Alam J, Mohanty 2009 Phys. Rev. C 80 054916 ; Majumdar S, Bhattacharyya T, Alam J, Das S K

2012 Phys. Rev. C 84 044901
[10] Alberico W M et al. 2011 Eur. Phys. J. C 71 1666; Alberico W M et al. 2013 Eur. Phys. J. C 73 2481
[11] Young C, Schenke B, Jeon S and Gale C 2012 Phys. Rev. C 86, 034905
[12] Cao S, Bass S A Bass 2011 Phys. Rev. C 84 064902
[13] Lang T, Hees H, Steinheimer J and Bleicher M, arXiv:1208.1643 [hep-ph]
[14] Ferini G, Colonna M, Toro M Di and Greco V, 2009 Phys. Lett. B670,325; Greco V, Colonna M, Toro M Di

and Ferini G, 2009 Progr. Part. Nucl. Phys. 62, 562
[15] Xu Z, Greiner C 2005 Phys. Rev. C 71, 064901
[16] Uphoff J, Fochler O, Xu Z and Greiner C 2011 Phys. Rev. C 84 024908
[17] Younus M, Coleman-Smith C E,Bass S A and Srivastava D K, arXiv:1309.1276 [nucl-th]


