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ABSTRACT: The following set of lectures cover introductory material on quantum-mechanical
Feynman path integrals. We define and apply the path integrals to several particles mod-
els in flat space. We start considering the nonrelativistic bosonic particle in a potential
for which we compute the exact path integrals for the free particle and for the harmonic
oscillator and then consider perturbation theory for an arbitrary potential. We then move
to relativistic particles, bosonic and fermionic (spinning) ones, and start considering them
from the classical view point studying the symmetries of their actions. We then consider
canonical quantization and path integrals and underline the role these models have in the
study of space-time higher-spin fields.
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1 Introduction

The notion of path integral as integral over trajectories was first introduced by Wiener
in the 1920’s to solve problems related to the Brownian motion. Later, in 1940’s, it was
reintroduced by Feynman as an alternative to operatorial methods to compute transition
amplitudes in quantum mechanics: Feynman path integrals use a lagrangian formulation
instead of a hamiltonian one and can be seen as a quantum-mechanical generalization of
the least-action principle (see e.g. [1]).

In electromagnetism the linearity of the Maxwell equations in vacuum allows to for-
mulate the Huygens-Fresnel principle that in turn allows to write the wave scattered by a
multiple slit as a sum of waves generated by each slit, where each single wave is character-
ized by the optical length I(z;, x) between the i-th slit and the field point x, and the final
amplitude is thus given by A =), e (@) whose squared modulus describes patterns of
interference between single waves. In quantum mechanics, a superposition principle can
be formulated in strict analogy to electromagnetism and a linear equation of motion, the
Schrédinger equation, can be correspondingly postulated. Therefore, the analogy can be
carried on further replacing the electromagnetic wave amplitude by a transition amplitude
between an initial point 2’ at time 0 and a final point = at time ¢, whereas the optical
length is replaced by the classical action for going from z’ and x in time ¢ (divided by &,
that has dimensions of action). The full transition amplitude will thus be a “sum” over all

paths connecting z’ and z in time ¢:

K(z,2';t) ~ Z S/ (1.1)
{z(7)}

In the following we try to make sense of the previous expression. Let us now just try to
justify the presence of the action in the previous expression by recalling that the action
principle applied to the action function S(z,t) (that corresponds to S[z(7)] with only
the initial point 2’ = z(0) fixed) implies that the latter satisfy the classical Hamilton-
Jacobi equation. Hence the Schrodinger equation imposed onto the amplitude K (x, 2';t) ~
etS(@t)/h yields an equation that deviates from Hamilton-Jacobi equation by a linear term
in A. So that A measures the departure from classical mechanics, that corresponds to
h — 0, and the classical action function determines the transition amplitude to leading
order in h. It will be often useful to parametrize an arbitrary path x(7) between z’ and x
as (1) = zq (1) +q(7) with z4(7) being the “classical path” i.e. the path that satisfies the
equations of motion with the above boundary conditions, and ¢(7) is an arbitrary deviation

(see Figure 1 for graphical description.) With such parametrization we have

K(z,2'5t) ~ Z eiSlra(m)+a(m/h (1.2)
{a(n)}

and z(7) represents as a sort of “origin” in the space of all paths connecting =’ and z in
time ¢.
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Figure 1. A useful parametrization of paths

2 Path integral representation of quantum mechanical transition ampli-
tude: non relativistic bosonic particle

The quantum-mechanical transition amplitude for a time-independent hamiltonian oper-
ator is given by (here and henceforth we use natural units and thus set A = ¢ = 1; see
Appendix A for a brief review on the argument) !
K(z,2';t) = (z|e” ™2’y = (x,t|2’, 0) (2.1)
K(z,2';0) = §(xz — ') (2.2)

and describes the evolution of the wave function from time 0 to time ¢

Y(z,t) = /dm’ K(z,2';t)y(a’,0) (2.3)

and satisfies the Schrodinger equation
10K (z,2';t) = HK (z,2';t) (2.4)
with H being the hamiltonian operator in coordinate representation; for a non-relativistic
particle on a line we have H = —%j—; +V(x). In particular, for a free particle V = 0, it is

easy to solve the Schrédinger equation (2.4) with boundary conditions (2.2). One obtains

Kz, a';t) = Ng(t) eiSa@at) (2.5)
with
m
N2
Se(z,2';t) = m(x%x) : (2.7)

LA generalization to time-dependent hamiltonian H(t) can be obtained with the replacement e itH

Te o 4TH() and Te being a time-ordered exponential.



The latter as we will soon see is the action for the classical path of the free particle.

In order to introduce the path integral we “slice” the evolution operator in (2.1) by
defining € = t/N and insert N — 1 decompositions of unity in terms of position eigenstates
1 = [ dz|z)(z|; namely

K(z,2';t) = (z|e i HeieH . gmieH 5/ (2.8)
N-1

N-1
- / (H dwi) (ale Han_1) [ (ejle ;) (2.9)
i=1 j=1

with zxy = z and 2o = 2/. We now insert N spectral decomposition of unity in terms of
momentum eigenstates 1 = [ Z£|p)(p| and get

K(z,2';t) = / <H d:v@) (H dzjf) (@nle™™ M pn) (pxlen-1)

k=1
N-1 '
x T @sle™ M ps) (pjlz)- (2.10)
j=1
For large N, assuming H =T +V = ﬁpQ + V(q), we can use the “Trotter formula” (see
e.g. [2])
<6—16H) — (e—zeVe—zeT + O(l/N2)) ~ (G_ZEVB_Z€T> (211)

that allows to replace e *H with eVe~T in (2.10), so that one gets (zjle~*H|p;) ~

ei@ipi—eH(25p5)) wwith (z|p) = €**P. Hence,

with
1
H(xj,p;) = %PJQ' + V() (2.13)

the hamiltonian function. In the large N limit we can formally write the latter as

K(z,2';t) = /xf:(t)=l“ Dz Dpexp [z /Ot dr (pa': - H(x,p))] (2.14)

0)=a’
I d=(=), Dp= ][ dp(r) (2.15)
o<r<t o<r<t

that is referred to as the “phase-space path integral.” Alternatively, momenta can be inte-
grated out in (2.10) as they are (analytic continuation of) gaussian integrals. Completing
the square one gets

K(z,2';t) /(Hd )(m )N/2 [g ( <—%1>2_v(xj)>] (2.16)



that can be formally written as

z(t)=x

K(x,2';t) = / Dy S12(7)] (2.17)
z(0)=a’
with

Sla(r)] = /0 t ar(%4 ~V(a(r))) . (2.18)

Expression (2.17) is referred to as “configuration space path integral” and is interpreted as
a functional integral over trajectories with boundary condition x(0) = 2’ and z(t) = =.

To date no good definition of path integral measure Dzx is known and one has to rely
on some regularization methods. For example one may expand paths on a suitable basis
to turn the functional integral into a infinite-dimensional Riemann integral. One thus
may regularize taking a large (though finite) number of vectors in the basis, perform the
integrals and take the limit at the very end. This regularization procedure, as we will see,
fixes the path integral up to an overall normalization constant that must be fixed using
some consistency conditions. Nevertheless, ratios of path integrals are well-defined objects
and turn out to be quite convenient tools in several areas of modern physics. Moreover
one may fix —as we do in the next section— the above constant using the simplest possible
model (the free particle) and compute other path integrals via their ratios with the free
particle path integral.

2.1 Wick rotation to euclidean time: from quantum mechanics to statistical
mechanics

As already mentioned path integrals were born in statistical physics. In fact we can easily
obtain the particle partition function from (2.17) by, (a) “Wick rotating” time to imaginary
time, namely it = 8 = 1/kf (where 6 is the temperature) and (b) taking the trace

Z(B) =tre = /dac (zle PH|z) = /dw K(x,x,: —if3)

= Dz e~ 5#(7)] (2.19)

where the euclidean action

Spla(r)] = /O "ir (5% + Vi) (2.20)

has been obtained by Wick rotating the worldline time i7 — 7, and PBC stands for periodic
boundary conditions and means that the path integral is taken over all closed paths.

2.2 The free particle path integral

We consider the path integral (2.17) for the special case of a free particle, i.e. V' = 0. For
simplicity we consider a particle confined on a line and rescale the worldline time 7 — t7
in such a way that free action and boundary conditions turn into

1

Dol dr i, 20 =2, 2(1) =2 (2.21)

Stla(r)] = % )



where z and 2’ are points on the line. The free equation of motion is obviously # = 0 so
that the aforementioned parametrization yields

x(7) = wa(r) + (1) (2.22)
rg(t)=a'+(x—2)r=2+ @ —2)(1—-7), q0)=4¢q(1)=0 (2.23)
and the above action reads
1 1
Silza +q) = o / dr (&2 + 6% + 28ad) = o (x — ') + o / dr ¢ (2.24)
o J, 2 o J,
= Stlzal + Sylq]

and the mixed term identically vanishes due to equation of motion and boundary conditions.
The path integral can thus be written as

(1)=0
Kj(w,a';t) = /11l / '
q(0)=0

so that by comparison with (2.5,2.6,2.7) one can infer that, for the free particle,

q(1)=0 ol
/ Dqeshd = | (2.26)
q(o):O 127t

Alternatively, one can expand ¢(7) on a basis of function with Dirichlet boundary condition

‘ o g fa(1)=0 1
Dg eS:la™] — if;(a—a')? /( Dg sl @ (2.25)
q

0)=0

on the line
o
q(T) = Z qn, sin(nm) (2.27)
n=1
with ¢, arbitrary real coefficients. We can thus define the measure as
> mn?m
Dq = Ag dan\| = — (2.28)

with A an unknown coefficient that we fix shortly

q(1)=0 mopl o e mn2m .m 2
Dq e'2t Jo @ — A/ danelﬁ 2n(mman)” — 4 2.29
/q(o):o 71;[1 4qt ( )

from which A = /5% follolws. The latc;c/er results easily generalize to d space dimensions
1)=0 jm 12 2
where A = qu((o)):o Dq ei3i Jo & = (),
The expression (2.28) allows to use the so-called mode regularization to compute more

generic particle path integrals where interaction terms may introduce computational am-
biguities. Namely: whenever an ambiguity appears one can always rely on the mode ex-
pansion truncated at a finite mode M and then take the large limit at the very end. Other
regularization schemes that have been adopted to such purpose are: time slicing that rely
on the well-defined expression for the path integral as multiple slices (cfr. eq. (2.16))
and dimensional reqularization that regulates ambiguities by dimensionally extending the
worldline (see [3] for a review on such issues). However dimensional regularization is a
regularization that only works in the perturbative approach to the path integral, by regu-
lating single Feynman diagrams. Perturbation theory within the free particle path integral
is a subject that will be discussed below.



2.2.1 The free particle partition function

The partition function for a free particle in d-dimensional space can be obtained as

25(8) = / o K(z,2,: —if) = <2’:5>d/2 / i =V <2’:5>d/2 (2.30)

V being the spatial volume. It is easy to recall that this is the correct result as
Z;8) =% —pp*/2m _ VY / gy e—Br2/2m _y, (T 2 (2.31)
= e = e = - .
! > (2m)d b 278

with # being the “density of states”.

2.2.2 Perturbation theory about free particle solution: Feynman diagrams

In the presence of an arbitrary potential the path integral for the transition amplitude is
not exactly solvable. However if the potential is “small” compared to the kinetic term one
can rely on perturbation theory about the free particle solution. The significance of being
“small” will be clarified a posteriori.

Let us then obtain a perturbative expansion for the transition amplitude (2.17) with
action (2.18). As done above we split the arbitrary path in terms of the classical path
(with respect to the free action) and deviation ¢(7) and again making use of the rescaled
time we can rewrite the amplitude as

1)=0
/ " Dy e i @i o)
(e—a'y2 J_a(0)=0 , (2.32)

q(1)=0 L s
/ Dq e'2t fol ¢
q(0)=0

m

K(z,2';t) = Ng(t) e'2

We then Taylor expand the potential in the exponent about the classical free solution: this
gives rise to a infinite set of interaction terms (7 dependence in z. and ¢ is left implied)

1 1 1
Sint = 7f/v dr (V(:Ccl) + V/(xcl)q + ?V@) (xcl)q2 + gv(m (xcl)q3 + - )
0 . :

S O T 2

Next we expand the exponent e*®nt so that we only have polynomials in ¢ to integrate

with the path integral weight; in other words we only need to compute expressions like

q(1)=0 .m 1 .2
/ - Dq e*2tJo T q(11)q(T2) -+ - q(T0)
L = (a(m)a(r) -+ a(m)) (2:34)

0 S
/ Dq e'at Jo d
q(0)=0

and the full (perturbative) path integral can be compactly written as

K(z,2';t) = Nj(t) ei%<x—fc’)2<e—itf5 V<$cl+q>> (2.35)



and the expressions < f (q)> are referred to as “correlation functions”. In order to com-
pute the above correlations functions we define and compute the so-called “generating
functional”

q(1)=0 (1 , , A

zlj] = / Dq ei3i Jo @+ifsai = Nf(t)<ezfo1 ‘U> (2.36)
q(0)=0

in terms of which

(a(ra(r)--alm)) = (i} o

Z[0] 65(m1)dj(72) - - 05(7n)
By partially integrating the kinetic term and completing the square we get

Z[j] = e3 fijlj/

q(0)=0

Z[j]‘jzo . (2.37)

q(l)ZO -m 1 29
Dq 'zt Jo @ (2.38)

where D~1(7,7'), “the propagator”, is the inverse kinetic operator, with D = %82, such
that

DD (r,7") = 6(r,7") (2.39)

in the basis of function with Dirichlet boundary conditions, and G(7 fo (7', 7).

By defining D~!(7,7') = LA(7,7') we get

) =é(r,7") (2.40)
O(r —7)r -7 +0(7 —7)(7 - )7 (2.41)

*A(r, T
= A(r,7)

where “dot” on the left (right) means derivative with respect to 7 (7/). The propagator
satisfies the following properties

A, 7)) = A7, 7) (2.42)
A(1,0) = A(1,1) =0 (2.43)

from which ¢(0) = ¢(1) = 0. Therefore we can shift the integration variable in (2.38) from
q to ¢ and get

Z[j] = Ny(t) ezn [ 387 (2.44)
and finally obtain
(ar)a(m)+-alr)) = (<0 st et I (29)

In particular:
1. correlation functions of an odd number of “fields” vanish;

2. the 2-point function is nothing but the propagator

<q(71)q(72)> - _i%A(Tl772) =" T



3. correlation functions of an even number of fields are obtained by all possible contrac-
tions of pairs of fields. For example, for n = 4 we have (q1g2g3q4) = (—z’%)2(A12A34+
A13A94 + A14A23) where an obvious shortcut notation has been used. The latter
statement is known as the “Wick theorem”. Diagrammatically

T T T T T T

<Q1 QQQ3Q4> = + +
T3 T4
T3 T4 T3 Ta

Noting that each vertex and each propagator carry a power of ¢/m we can write the
perturbative expansion as a short-time expansion (or inverse-mass expansion). It is thus
not difficult to convince oneself that the expansion reorganizes as

K(z,2';t) = Ng(t) e'2 (== exp {connected diagrams}

—=o

+

= N¢(t) e'5 (=) exp Lo + 0<> + + oo (2.46)

where the diagrammatic expansion in the exponent (that is ordered by increasing powers
of t/m) only involves connected diagrams, i.e. diagrams whose vertices are connected by
at least one propagator. We recall that Ny (t) = \/% , and we can also give yet another
representation for the transition amplitude, the so-called “heat-kernel expansion”

oo
K(z,2;t) = ,/% 5 =N g (2, 2!t (2.47)
n=0

where the terms a,(z,2) are known as Seeley-DeWitt coefficients. We can thus express
such coefficients in terms of Feynman diagrams and get

aog(z,2’) =1 (2.48)
1
aj(z,2') = o= —i/o dr V(zq(T)) (2.49)
oofa’) = 40 + <)
1 2 1
- <—z’ /0 dr V(xcl(T))> R a4 VO ar -1 e
where in (2.50) we have used that (¢(7)q(7)) = —itA(r,7) = —itr(r —1). Let us

now comment on the validity of the expansion: each propagator inserts a power of t/m.



Therefore for a fixed potential V', the larger the mass, the larger the time for which the
expansion is accurate. In other words for a very massive particle it results quite costy to
move away from the classical path.

2.3 The harmonic oscillator path integral

If the particle is subject to a harmonic potential V(x) = %mwzﬁ the path integral is again
exactly solvable. In the rescaled time adopted above the path integral can be formally
written as in (2.17) with action

m

Sale(r)] = 5; | dT[ ~ (wh)22?] . (2.51)

Again we parametrize (1) = x(7) + ¢(7) with

xcl + ( ) Tel = 0
2q(0) =12, zq(1) =2 p = zq4(7) =2 cos(wtT) +

(a(0) = q(1) = 0)

and, since the action is quadratic, similarly to the free particle case there is no mixed term
between xy(7) and q(7), i.e. Splx(7)] = Splza(7T)] + Sklg(T)] and the path integral reads

x — ' cos(wt) .
@) sin(wtt)  (2.52)

Kp(z,2';t) = Ny (t) enlzel (2.53)
with
_mw oy o
Shlza) = > sin(wl) ((m + z'%) cos(wt) Qxx) (2.54)
q(1)=0 im (1 ar (62— (wt)262
Na(t) :/ Dg et (o) (2.55)
(0)=0

We now use the above mode expansion to compute the latter:

- 20 @/

q(1)=0 e
Dq ei5t Jo (@ —(wt)?q?)

Dq et 5 fo
(0)=0
/dqn zmtz w 7w _1/2
\/ 127t dqn L S \/ 127t H ( )

_ \/E <Si;‘Zit)>l/2 . (2.56)

It is not difficult to check that, with the previous expression for Ny, (t),

3) satisfies the Schrédinger equation with hamiltonian H = 21,1 dd; +

Above w, = &
path integral (2.5

~10 -



%mw2x2 and boundary condition K (z,2’;0) = §(z —2’). The propagator can also be easily

generalized

1

Au(r,7) = ———
(7 7) wt sin(wt)

{9(7‘ — 7Y sin(wt(7 — 1)) sin(wt’)
1O(r — 1) sin(wt(r' — 1)) sin(th)} (2.57)

and can be used in the perturbative approach.
In the limit ¢ — 0 (or w — 0), all previous expressions reduce to their free particle
counterparts.

2.3.1 The harmonic oscillator partition function

Similarly to the free particle case we can switch to statistical mechanics by Wick rotating
the time, it = § and get

q(1)=0
K(z,2';—if) = esh[%l]/ Dq e—Snld) (2.58)
q(0)=0
where now
m !
Spla] = / ar (# + (wB)s?) (2.59)
28 Jo
is the euclidean action and
Shlzea) = M#O(JBW) [(1‘2 + 2'?) cosh(Bw) — 2za’ (2.60)
q(1)=0 e 1/2
Dq e~ 5nld = (> (2.61)
/q(O)O 27 sinh(Bw)
that is always regular. Taking the trace of the amplitude (heat kernel) one gets the partition
function
20(9) = [ do Ki(o.zi-ip) = [ Dae St =3
PBC
1 1 e 7

V2 (cosh(Bw) — 1)V/?2 1 —e P (2.62)
where PBC' stands for “periodic boundary conditions” x(0) = z(1) and implies that the
path integral is a “sum” over all closed trajectories. Above we used the fact that the
partition function for the free particle can be obtained either using a transition amplitude
computed with Dirichlet boundary conditions 2(0) = (1) = z and integrating the over the
initial=final point z, or with periodic boundary conditions x(0) = x(1), integrating over
the “center of mass” of the path zy = fol drz(T).

- 11 -



Buw(n+d).

It is easy to check that the latter matches the geometric series Ze In

n=0
particular, taking the zero-temperature limit (8 — o), the latter singles out the vacuum

energy Zp(f5) ~ e P% so that for generic particle models, the computation of the above
path integral can be seen as a method to obtain an estimate of the vacuum energy. For
example, in the case of an anharmonic oscillator, if the deviation from harmonicity is small,
perturbation theory can be used to compute the correction to the vacuum energy.

2.3.2 Perturbation theory about the harmonic oscillator partition function
solution

Perturbation theory about the harmonic oscillator partition function solution goes essen-

tially the same way as we did for the free particle transition amplitude, except that now we

may use periodic boundary conditions for the quantum fields rather than Dirichlet bound-

ary conditions. Of course one can keep using DBC, factor out the classical solution, with

20 (0) = (1) = z and integrate over . However for completeness let us choose the former

parametrization and let us focus on the case where the interacting action is polynomial
Sintlz] = 5 fo ar Y’ n>2 %x”; we can define the generating functional

Z[j] = D e~ Snlaltf iz (2.63)
PBC

that similarly to the free particle case yields
Z[j] = Zn(B) e2 /3PS (2.64)
and the propagator results

(a(r)a(r)) = DM 7 =) = Gulr = 7')

G0+ (@A) Culr ) = 37 —7) (2.65)

in the space of functions with periodicity 7 2 7+ 1. On the infinite line the latter equation
can be easily inverted using the Fourier transformation that yields

1
GL(U) = %G_me‘ s U=T7T— 7'/ . (266)

In order to get to Green’s function on the circle (i.e. with periodicity 7 = 7+ 1) we need
to render (2.66) periodic [4]. Using Fourier analysis in (2.65) we get

B z27rku_ B 1 12T AU
m 2 (P P . DO+ G e
(2.67)

where in the second passage we inserted an auxiliary integral. Now we can use the Poisson
resummation formula ), f(k) = >, f(n) where f(v) is the Fourier transform of f(x),

- 12 —



T

Figure 2. Shortest distance on the circle between 7 and 7/

with v being the frequency, i.c. f(v) = [ dzf(z)e~™2. In the above case 5(n) = ei2min,
Hence the leftover integral over A yields

Gu(u) =Y GL(u+n) (2.68)

nez

that is explicitly periodic. The latter sum involves simple geometric series that can be

summed to give

1 cosh (wB(5 — [u]))

Gl = G ™ i ()

(2.69)

This is the Green’s function for the harmonic oscillator with periodic boundary conditions
(on the circle). Notice that in the large § limit one gets an expression that is slightly
different from the Green’s function on the line (cfr. eq.(2.66)), namely:

1 {6_&‘”" ) lu| < %

Gy (u) = e Bl 1oy < 1,

C 2mw

(2.70)

Basically the Green’s function is the exponential of the shortest distance (on the circle)
between 7 and 7/, see Figure 2. The partition function for the anharmonic oscillator can
be formally written as

Zan(B) = Zp(B) e Smtl0/%] o3 J)iGuwi

§=0
_ Zh(ﬁ) e{connected diagrams} ) (2‘71)
As an example let us consider the case
1 I
g 3 A 4 // I//
Sint[z] = B d7'<§x + Ix ) =0(e- 4 & (2.72)
0 . . N | AN
so that, to lowest order
Zan(B) = Zn(B)exp § B | =3 ¢ + p [9 e -7y s (--0]4- (2.73)

1}
~ 7’

~13 -



and the single diagrams read

LIREN

_ A 2 B—o0 _ N
/(\‘_ A dr (G,(0))” — T ()’ (2.74)
(9N 2 N 92
\—,0---0\-, = (g) /(;/(; (GW(O)) GW(T 7') —r = W (275)
AN 1,1 2
€«--+_ (9 2 R, 3/3—>OO: g
et T (3!) /0/0 (Gulr =) = it (2.76)

Then in the zero-temperature limit

Zan(B) = e 0 (2.77)

w A 1142
E,=—(1 - 2.78
07 2 < T Tomz? 144m3w5> (2.78)

gives the sought estimate for the vacuum energy. However, the above expression (2.73) with
diagrams (2.74,2.75,2.76) computed with the finite temperature Green’s function (2.69)
yields (the perturbative expansion for) the finite temperature partition function of the
anharmonic oscillator described by (2.72).

2.4 Problems for Section 2

m(z—a')?
2t .

(1) Show that the classical action for the free particle on the line is S¢[zy] =
(2) Compute the 6-point correlation function.

(3) Compute the Seeley-DeWitt coefficient ag(z, z’) both diagrammatically and in terms
of vertex functions.

(4) Compute the classical action (2.54) for the harmonic oscillator on the line.

(5) Show that the transition amplitude (2.53) satisfies the Schrodinger equation for the
harmonic oscillator.

(6) Show that the propagator (2.57) satisfies the Green equation (02 + (wt)?)A,(7,7") =
S(r, 7).

) Show that the propagator (2.66) satisfies eq. (2.65).

) Using Fourier transformation, derive (2.66) from (2.65).
(9) Using the geometric series obtain (2.69) from (2.68) .

)

Check that, in the large S limit up to exponentially decreasing terms, expressions
(2.74,2.75,2.76) give the same results, both with the Green’s function (2.66) and
with (2.70).

(11) Compute the next-order correction to the vacuum energy (2.78).
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(12) Compute the finite temperature partition function for the anharmonic oscillator given
by (2.72) to leading order in perturbation theory, i.e. only consider the eight-shaped
diagram.

3 Path integral representation of quantum mechanical transition ampli-
tude: fermionic degrees of freedom

We employ the coherent state approach to generalize the path integral to transition am-
plitude of models with fermionic degrees of freedom. The simplest fermionic system is a
two-dimensional Hilbert space, representation of the anticommutators algebra

{a,a'} =1, a*=(a")?=0. (3.1)
The spin basis for such algebra is given by (|—),|+)) where
al=)=0, |+)=dl-), [-)=al+) (3-2)

and a spin state is thus a two-dimensional object (a spinor) in such a basis. An alternative,
overcomplete, basis for spin states is the so-called “coherent state basis” that, for the
previous simple system, is simply given by the following bra’s and ket’s

€) = e€10) = (1 +aTO)0)  — ale) = £l6)
(@il = (0™ = (0|(1 +7a) — (7la’ = (7] (3.3)

and can be generalized to an arbitrary set of pairs of fermionic generators; see Appendix B
for details. Coherent states (3.3) satisfy the following properties

(i) = ™ (3.4
[ dnd iy ol =1 (3.5)
/ d¢ ePME = §5(X — 7) (3.6)
[ dn e =505 ) (3.7)
A= [ dndg e (nlale) = [ dedn e (alAlg) (3.8)

Let us take |¢) as initial state, then the evolved state will be

[6(1)) = e"]9) (3.9)

that in the coherent state representation becomes
d(A;t) = (Ag(t)) = (Ale™™|p) = /dﬁdne_’_’"G\le_”HInW(ﬁ; 0) (3.10)

where in the last equality we have used property (3.5). The integrand (A|e~*H|n) in (3.10)
assumes the form of a transition amplitude as in the bosonic case. It is thus possible to
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represent it with a fermionic path integral. In order to do that let us first take the trivial
case H = 0 and insert N decompositions of identity [ d&;d¢; e=%%|¢&;)(&;| = 1. We thus get

N N
(Aln) = /Hdﬁid& exp [)\&v - G- fil)] , ENEA &= (3.11)
i=1 i=1
that in the large N limit can be written as
= [ DEpg ¢ (312)
with

sie.q=i( [ aréén - eem) - (313)

In the presence of a nontrivial hamiltonian H the latter becomes

(1) i
<XI6‘“H\77>=/€1 ADE_Dﬁ e!Slet] (3.14)
£(0)=n
1
S, € = dr (i€é(T) — H(E,€)) — i€ .
6.8 = [ ar (i€ - 116.6)) — ige) (3.15)

that is the path integral representation of the fermionic transition amplitude. Here a few
comments are in order: (a) the fermionic path integral resembles more a bosonic phase
space path integral than a configuration space one. (b) The boundary term ££(1), that
naturally comes out from the previous construction, plays a role when extremizing the
action to get the equations of motion; namely, it cancels another boundary term that
comes out from partial integration. It also plays a role when computing the trace of an
operator: see below. (c) The generalization from the above naive case to (3.14) is not a
priori trivial, because of ordering problems. In fact H may involve mixing terms between
a and af. However result (3.14) is guaranteed in that form (i.e. the quantum H(a,a')
is replaced by H(&,€) without the addition of counterterms) if the hamiltonian operator
H(a, aT) is written in (anti-)symmetric form: for the present simple model it simply means
Hs(a,a') = co + cia + caal + c3(aa’ — a'a). In general the hamiltonian will not have
such form and it is necessary to order it H = Hg + “counterterms”, where “counterterms”
come from anticommunting a and af in order to put H in symmetrized form. The present
ordering is called Weyl-ordering. For details about Weyl ordering in bosonic and fermionic
path integrals see [3].
Let us now compute the trace of the evolution operator. It yields

, o En=x 1z
tr e = / dnd e’ (Xe ™M |n) = / dn / DEDEdN XMW ifo (E6=H) (3 16)
£(0)=n
then the integral over \ give a Dirac delta that can be integrated with respect to n. Hence,

tr e_itH _ / DEDéj elfol(zgg_H(Evg)) (317)
£(0)=—¢(1)
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where we notice that the trace in the fermionic variables corresponds to a path integral with
anti-periodic boundary conditions (ABC), as opposed to the periodic boundary conditions

of the bosonic case. Finally, we can rewrite the latter by using real (Majorana) fermions
defined as

Lo, .0 fo L0 9
—_ + 2 , = — — 1 3.18
& ﬂ(w Vi), € \@(1# ¥*) (3.18)
and
tr e = D1 et o et =HW)) (3.19)
ABC

In particular

9 —trl = Dy eilo 3% =19, (3.20)
ABC

For an arbitrary number of fermionic operator pairs a; , al

;> ¢ =1,...,1, the latter of course

generalizes to

9D/2 _ 11 — Dy éido 3¥e9" =1, D=2 (3.21)
ABC

that sets the normalization of the fermionic path integral with anti-periodic boundary
conditions. The latter fermionic action plays a fundamental role in the description of
relativistic spinning particles, that is the subject of the next section.

3.1 Problems for Section 3

1) Show that the ket and bra defined in (3.3) are eigenstates of a and a' respectively.

2) Demonstrate properties (3.4)-(3.7).

(

(2)

(3) Test property (3.8) using A = 1.
(4)

4) Obtain the equations of motion from action (3.15) and check that the boundary terms

cancel.

4 Relativistic particles: bosonic particles and O(N) spinning particles

We consider a generalization of the previous results to relativistic particles in flat space.
In order to do that we start analyzing particle models at the classical level, then consider
their quantization, in terms of canonical quantization and path integrals.

4.1 Bosonic particles: symmetries and quantization. The worldline formalism

For a nonrelativistic free particle in d-dimensional space, at the classical level we have

t

that is invariant under a set of continuous global symmetries that correspond to an equal
set of conserved charges.
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e time translation dz° = &' — E = %5{2, the energy

e space translations éz' = @' — P’ = mi', linear momentum

e spatial rotations 0z’ = Y27 — LY = m(2's? — 274"), angular momentum
e Galilean boosts 6z = vit — a:f) Cal = acf) + P't, center of mass motion.

These symmetries are isometries of a one-dimensional euclidean space (the time) and a
three-dimensional euclidean space (the space). However the latter action is not, of course,
Lorentz invariant.

A Lorentz-invariant generalization of the free-particle action can be simply obtained
by starting from the Minkowski line element ds? = —dt? + dx?. For a particle described
by x(t) we have ds? = —(1 — x?)dt? that is Lorentz-invariant and measures the (squared)
proper time of the particle along its path. Hence the action (referred to as geometric
action) for the massive free particle reads

S[x] = —-m /Ot dt\/1 — %2 (4.2)

that is, by construction, invariant under the Poincare group of transformations
o /M =AM ¥ +at, M= (t,z), A€ SO(1,3), a* € RY3

the isometry group of Minkowski space. Conserved charges are four-momentum, angular
momentum and center of mass motion (from Lorentz boosts). The above action can be
reformulated by making z° a dynamical field as well in order to render the action explicitly
Lorentz-invariant. It can be achieved by introducing a gauge symmetry. Hence

1
Slx] = —m/o At/ —nuaHiv (4.3)

where now "= %, and 7, is the Minkowski metric. The latter is indeed explicitly Lorentz-
invariant as it is written in four-tensor notation and it also gauge invariant upon the

0

reparametrization 7 — 7/(7). Action (4.2) can be recovered upon gauge choice z° = tr.

Yet another action for the relativistic particle can be obtained by introducing a gauge
fields, the einbein e, that renders explicit the above gauge invariance.

Sla,e] = /Oldf <216932 - m22€> . (4.4)

For an infinitesimal time reparametrization
or = —=&(1), dxt =&, de= (ef). (4.5)

we have §S[z,e] = [dr(¢L)* = 0. Now a few comments are in order: (a) action (4.3) can
be recovered by replacing e with its on-shell expression; namely,
2 —i?

].
) .
= + —_ = e = N 4.
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(b) unlike the above geometric actions, expression (4.4), that is known as Brink-di Vecchia-
Howe action, is also suitable for massless particles; (c¢) equation(4.4) is quadratic in = and
therefore is more easily quantizable. In fact we can switch to phase-space action by taking
Py = 8871; = &,/e (e has vanishing conjugate momentum, it yields a constraint)

Slz,p,e] = /01 dr [p“a'c“ - e% (p2 + m2)] (4.7)

which is like a standard (nonrelativistic) hamiltonian action, with hamiltonian H = e% (p2+
m2) = eHy and phase space constraint Hy = 0. The constraint Hy works also as gauge
symmetry generator dx# = {x#, £Hy} = {p* and, by requiring that 65 = 0, one gets de = é.
Here { , } are Poisson brackets.

Upon canonical quantization the dynamics is governed by a Schrodinger equation with
hamiltonian operator H and the constraint is an operatorial constraint that must be im-

posed on physical states

i07|p(1)) = H|p(7)) = eHolo(T)) = 0 (4.8)
= (P +m?)|g) (4.9)

with |¢) being 7 independent. In the coordinate representation (4.9) is nothing but
Klein-Gordon equation. In conclusion the canonical quantization of the relativistic, 1d-
reparametrization invariant particle action (4.4) yields Klein-Gordon equation for the wave
function. This is the essence of the “worldline formalism” that uses (the quantization) of
particle models to obtain results in quantum field theory (see [5] for a review of the method).
Another important comment here is that the local symmetry (1d reparametrization) en-
sures the propagation of physical degrees of freedom; i.e. it guarantees unitarity. Before
switching to path integrals let us consider the coupling to external fields: in order to achieve
that, one needs to covariantize the particle momentum in Hy. For a coupling to a vector

field

Py = Tu=pp—qAy = A{m,m}=qFu (4.10)
1
Ho =3 (n“”w,my + m2> (4.11)
and
! 1
Slz,pe; Ap] = / dr [pu:'c“ - e§(w2 + m2)] (4.12)
0

with ¢ being the charge of the particle and F},, the vector field strength. Above the vector
field is in general nonabelian A, = A}T, and T, € Lie algebra of a gauge group G. For
the bosonic particle, (minimal) coupling to gravity is immediate to achieve, and amounts
to the replacement 7, — g (x); for a spinning particle it would be rather more involved
(see e.g. [6]), but will not be treated here. In order to switch to configuration space we just
solve for 7, in (4.12), 7, = 1w d" /e and get

1
. - i'Q_E 2 L
S[x,e,Au]_/O dr[ o — Sm? 4 gt A, (4.13)
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so, although the hamiltonian involves a term quadratic in A,,, the coupling between particle
and external vector field in configuration space is linear. Moreover, for an abelian vector
field, action (4.13) is gauge invariant upon A, — A, + d,a. For a nonabelian vector field,
whose gauge transformation is 4, — U~1(A4, —i9,)U, with U = € action (4.13) is not
gauge invariant; however in the path integral the action enters in the exponent so it is
possible to give the following gauge-invariant prescription

eSleeda gy (Peis[g”e3‘4“]> (4.14)

i.e. we replace the simple exponential with a Wilson line. Here P defines the “path
. 1.

ordering” that, for the worldline integral e*¢ Jo # 4y is nothing but the “time-ordering”

mentioned in footnote 1; namely

) i 1 1 T1
Pt # A _ 1 4 g /0 dr i A, + (iq)’ /0 dr @A, /0 dry i Ay 1 (4.15)

that transforms covariantly Pe' Jo #Au _y =1peiafy & A U, so that the trace is gauge-
invariant, and that, for abelian fields, reduces to the conventional expansion for the expo-
nential.

Let us now consider a path integral for the action (4.13). For convenience we consider
its Wick rotated (i7 — 7) version (we also change ¢ — —¢q)

1

1

Sla,e; A, = / dr[ood? + Sm? 4 igit A, (4.16)
0 26 2

for which the path integral formally reads

D.fCDe e—S[I,C;AM]

Vol (Gauge) (.17

where “Vol (Gauge)” refers to the fact that we have to divide out all configurations that
are equivalent upon gauge symmetry, that in this case reduces to 1d reparametrization.
The previous path integral can be taken over two possible topologies: on the line where
z(0) = 2’ and z(1) = x, and on the circle for which bosonic fields have periodic boundary
conditions, in particular z(0) = z(1). However, such path integrals can be used to compute
more generic tree-level and (multi-)loop graphs [7, 8].

4.1.1 QM Path integral on the line: QFT propagator

Worldline path integrals on the line are linked to quantum field theory propagators. In
particular, for the above 1d-reparametrization invariant bosonic model, coupled to external
abelian vector field, one obtains the full propagator of scalar quantum electrodynamics
(QED), i.e. a scalar propagator with insertion of an arbitrary number of couplings to A,,.

On the line we keep fixed the extrema of x(7) and the gauge parameter is thus con-
strained as £(0) = £(1) = 0, and the einbein can be gauge-away to an arbitrary positive
constant é = 2T where

ZTE/OldTe, 5(2T):/01d7 (e€)* =0 (4.18)
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and therefore
De = dT' D¢ (4.19)

where D¢ is the measure of the gauge group. Moreover there are no Killing vector as
(é€)® = 0 on the line has only a trivial solution £ = 0. Hence the gauge-fixed path integral

reads
' > s(l)=e —S[2,2T:A,]
<¢(m)¢(m)>A: - ar (0)_,17“ 2T Au (4.20)
and
! 1
S[m,QT;AH]:/O dT<E:'c2+Tm2+iqj7“AH> (4.21)

is the gauge-fixed action. For A, = 0 it is easy to convince oneself that (4.20) reproduces
the free bosonic propagator; in fact

0o z(1)=z #2 0o
/ dT / D e hoGr+Tm*) = / AT (2] TP+m) |27y = (z] - |a) .
0 z(0)=x 0 ps+m

(4.22)

In perturbation theory, about trivial vector field background, with perturbation by A, (x) =
> ezeipi'x, i.e. sum of external photons, expression (4.20) is nothing but the sum of the
following Feynman diagrams

00 z(1l)=z
/ dT/ (1) D o= S@2T3A,] _ + §
0 T

(0)=z'
+1\ ,JJJJF.L\‘\/JF (4.23)

as two types of vertices appear in scalar QED

i94,(30,0 — 60,0)  — L PAAG — >< (4:24)

i.e. the linear vertex and the so-called “seagull” vertex. It is interesting to note that the
previous expression for the propagator of scalar QED was already proposed by Feynman
in his famous “Mathematical formulation of the quantum theory of electromagnetic in-
teraction,” [9] where he also included the interaction with an arbitrary number of virtual
photons emitted and re-absorbed along the trajectory of the scalar particle.
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4.1.2 QM Path integral on the circle: one loop QFT effective action

Worldline path integrals on the circle are linked to quantum field theory one loop effective
actions. With the particle model of (4.16) it yields the one loop effective action of scalar
QED. The gauge fixing goes similarly to previous case, except that on the circle we have
periodic conditions £(0) = £(1). This leaves a non-trivial solution, £ = constant, for the
Killing equation that corresponds to the arbitrariness on the choice of origin of the circle.
One takes care of this further symmetry, dividing by the length of the circle itself. Therefore

< dT .
I'[A,] = a Dz ¢~ S2T5A] (4.25)
a T
0 PBC

yields the worldline representation for the one loop effective action for scalar QED. Pertur-
batively the latter corresponds to the following sum of one particle irreducible Feynman

diagrams

T[A) =) (4.26)

i.e. it corresponds to the sum of one-loop photon amplitudes. The figure above is meant to
schematically convey the information that scalar QED effective action involves both types
of vertices. Further details about the many applications of the previous effective action
representation will be given by Christian Schubert in his lectures set [10].

4.2 Spinning particles: symmetries and quantization. The worldline formal-
ism
We can extend the phase space bosonic form by adding fermionic degrees of freedom. For

example we can add Majorana worldline fermions that carry a space-time index p and an
internal index ¢ and get

1
. 1 . .
L[z, p, 9] = /0 dT(p“:L‘”“ + QWW)  i=1,...,N. (4.27)

The latter expression is invariant under the following set of continuous global symmetries,
with their associated conserved Noether charges

e time translation: éx* = {p*, op, = (51/12‘-‘ =0 — Hy= %PMP“
e supersymmetries: dz# = iemf, opt =0, &bé‘ = —ept — @ :p,ﬂﬁf
e O(N) rotations: dz# = dp, =0, !’ = Oti_j(;w;% — Jij = iwuﬂﬁ?

with arbitrary constant parameters &, €;, «;j, and o;; = —a;j. Conserved charged also
work as symmetry generators 8z = {z, g} with z = (z,p, ) and G = ZAG 4 = EHy+ie;Q; +
%aijjij, and { , } being graded Poisson brackets; in flat space the generators G 4 satisfies
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a first-class algebra {G4,Gp} = C{5Gc, see [6] for details. Taking the parameters to be
time-dependent we have that the previous symplectic form transforms as

1
: 1
(Hsf[a:,p, w] = / dr (fHo +16;Q; + iaijjij) (4.28)
0

so that we can add gauge fields E = (e, x;, ai;) and get the following locally-symmetric
particle action

! A . 1
S[x,p,zp, E} = / dr (pux“ + iwuﬂﬁf - BHO — ZXiQi — iaijJij> . (4.29)
0

This is a spinning particle model with gauged O(N)-extended supersymmetry. The fact
that the symmetry algebra is first class ensures that (4.29) is invariant under the local
symmetry generated by G' = Z4(7)G 4, provided the fields E transform as

e = 5 + QZXZQZ
0Xi = & — aijQj + ajX; (4.30)

0aij = Qij + Qimmj — Qim Qi

from which it is clear that they are gauge fields.

Upon canonical quantization Poisson brackets turn into (anti-)commutators [p,,, z"] =
—id,, , {y ,w;»’} = 0;;n", where { , } now represent anti-commutators. One possible rep-
resentation of the previous fermionic algebra, that is nothing but a multi-Clifford algebra,
is the spin-basis, where ¢! are represented as Gamma-matrices. So, in the spin-basis and
in bosonic coordinate representation the wave function is a multispinor ¢q,...q, () where
Y acts as Gamma-matrix on the i—th a—index. First class constraints again act d la
Dirac-Gupta-Bleuler on the wave function. In particular the susy constraints

Ql|¢> =0 — (’Yﬂ)ai&iaugbar“&imaN (:C) =0 (4'31)

amount to N massless Dirac equations, whereas the O(N) constraints

Jz]’¢> =0 — (,Yu)ocidi (fYM)aj&j¢a1~~-di-~dj--~oq\] (Z) =0 (432)

are “irreducibility” constraints, i.e. they impose the propagation of a field that is described
by a single Young tableau of SO(1, D —1), with N/2 columns and D/2 rows. The previous
set of constraints yields Bargmann-Wigner equations for spin-N/2 fields in flat space. For
generic N only particle models in even dimensions are non-empty, whereas for N < 2
the O(N) constraints are either trivial or abelian and the corresponding spinning particle
models can be extended to odd-dimensional spaces.

Coupling to external fields is now much less trivial. Coupling to gravity can be achieved
by covariantizing momenta, and thus susy generators; however, for N > 2, in a generically
curved background the constraints algebra ceases to be first class. For conformally flat
spaces the algebra turns into a first-class non-linear algebra that thus describes the prop-
agation of spin-/N/2 fields in such spaces [6].
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4.2.1 N =1 spinning particle: coupling to vector fields

We consider the spinning particle model with NV = 1 that describes the first quantization
of a Dirac field. For the free model, at the classical level, the constraint algebra is simply

{Q,Q} = —2iHy, {Q,Ho}=0 (4.33)

that is indeed first class. To couple the particle model to an external vector field we
covariantize the momentum as in (4.10), and consequently

Q=myt, {Q,Q}=-2iH (4.34)
with
, .
H = S mym, + %quwwv (4.35)

and the phase-space locally symmetric action reads

1 i X
Step e i = [ dr[p,i + G - el —ix@) (136)

whereas

Lol N S
Steveoxi A = [ dr[gnu@r — i) @ — i) + o

+ qit Ay — €Q%Fﬁw¢uwy} (4.37)

is the locally symmetric configuration space action where, along with the bosonic coupling
found previously, a Pauli-type coupling between field strength and spin appears.

4.2.2 QM Path integral on the circle: one loop QFT effective action

We now consider the above spinning particle models on a path integral on the circle,
i.e. we consider the one loop effective actions produced by the spin-N/2 fields whose first
quantization is described by the spinning particle models. On the circle (fermionic) bosonic
fields have (anti-)periodic boundary conditions. It is thus not difficult to convince oneself
that gravitini y; can be gauged-away completely. For the N = 1 model of the previous
section this yields the spinor QED effective action

T[A4,] = / dr / Dz Dep e~ Sl 2T0:4,] (4.38)
o 2T Jppc ABC
with
D TP .
Slz,,2T,0; A,] = /0 dT[E.T +iwuw“ﬂquu—quFwww”} (4.39)

being the (euclidean) gauge-fixed spinning particle action, that is globally supersymmetric.
Perturbatively the previous path integral is the sum of one particle irreducible diagrams
with external photons and a Dirac fermion in the loop.

— 24 —



For arbitrary N we will not consider the coupling to external fields as it too much
of an involved topic to be covered here. The interested reader may consult the recent
manuscript [11] and references therein. Let us consider the circle path integral for the
free O(IN)—extended spinning particle. The euclidean configuration space action can be
obtained from (4.29) by solving for the particle momenta and Wick rotating. We thus get

oo " R T |
Slz, ¢, E] = /0 dr [;Jhw(ﬂﬁu = Xa¥p) (@ = xayy) + SYud" = iaiﬂbm%ﬁf (4.40)
that yields the circle path integral
1
= DzDeDa DyDy e SlEvEl 4.41
Vol (Gauge) /ppc ABC ( )

Using (4.30), with antiperiodic boundary conditions for fermions, gravitini can be gauged
away completely, x; = 0. On the other hand O(N) gauge fields enter with periodic bound-
ary conditions and cannot be gauged away completely. In fact, as shown in [12] they can be
gauged to a skew-diagonal constant matrix parametrized by n = [IN/2] angular variables,
0i.. The whole effective action is thus proportional to the number of degrees of freedom of
fields described by a Young tableau with n columns and D/2 rows. Such Young tableaux
correspond to the field strengths of higher-spin fields. For D = 4 this involves all possible
massless representations of the Poincaré group, that at the level of gauge potentials are
given by totally symmetric (spinor-) tensors, whereas for D > 4 it corresponds to conformal
multiplets only.

4.3 Problems for Section 4

(1) Use the Noether trick to obtain the conserved charges for the free particle described
by the geometric action (4.2).

(2) Repeat the previous problem with action (4.3).

(3) Show that the interaction term L;n; = qi*A,, with A* = (¢, A), yields the Lorentz
force.

(4) Show that, with time-dependent symmetry parameters, the symplectic form transforms
as (4.28).

(5) Show that action (4.39) is invariant under global susy 6z = ey, Syt = —s-eik.
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5 Final Comments

What included in the present manuscript is an expanded version of a set of lectures given
in Morelia (Mexico) in November 2012, where we reviewed some elementary material on
particle path integrals and introduced a list of (more or less) recent topics where parti-
cle path integrals can be efficiently applied. In particular we pointed out the role that
some locally-symmetric relativistic particle models have in the first-quantized description
of higher spin fields [13]. However the list of topics reviewed here is by no means complete.
Firstly, coupling to external gravity has been overlooked (it has been partly covered in [10].)
In fact, path integrals in curved spaces involve nonlinear sigma models and perturbative
calculations have to be done carefully as superficial divergences appear. Although this
issue is well studied and understood by now, it had been source of controversy (and errors)
in the past (see [14] for a review.) Moreover, for the O(N) spinning particle models dis-
cussed above, coupling to gravity is not straightforward as (for generic N) the background
appears to be constrained [6] and the symmetry algebra is not linear and thus the topic is
an on-going research argument (see [11] for some recent results.)

Some other modern applications of particle path integrals that have not been cov-
ered here, include: the numerical worldline approach to the Casimir effect [15], AdS/CFT
correspondence and string dualities [16], photon-graviton amplitudes computations [17],
nonperturbative worldline methods in QFT [4, 18], QFT in curved space time [19], the
worldgraph approach to QFT [8], as well as the worldline approach to QFT on manifolds
with boundary [20] and to noncommutative QFT [21].

A Natural Units

In quantum field theory it is often convenient to use so called “natural units”: for a generic
physical quantity X, its physical units can always be express in terms of energy, angular-
momentum X velocity and angular momentum as

[X] = E4(Le)PL¢ = m@1Pt (A1)
with
a=a—f3—vy
b=p—-2a (A.2)
c=7+2a.

Therefore, if velocities are measured in units of the speed of light ¢ and angular momenta
are measured in units of the Planck constant &, and thus are numbers, we have the natural
units for X given by

X]|, , =E*", (ho)|,, =1, Al , =1 (A.3)

and energy is normally given in MeV. Conversion to standard units is then easily obtained
by using
he=1.97x 107" MeV -em, 7 =6.58 x 10722 MeV -5 . (A.4)
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For example a distance expressed in natural units by d = 1 (MeV)~!, corresponds to
d=1.97x 10~ cm.

B Fermionic coherent states

This is a compendium of properties of fermionic coherent states. Further details can be
found for instance in [22].
The even-dimensional Clifford algebra

(M YNy = sMN - MN =1,...,2 (B.1)

can be written as a set of | fermionic harmonic oscillators (the index M may collectively
denote a set of indices that may involve internal indices as well as a space-time index), by
simply taking complex combinations of the previous operators

m o __ 1 m -+l

a _ﬁ(w + it +) (B.2)
T_i m o m+l _

am—ﬂ@} ) +>, m=1,...,1 (B.3)
{a™ al} = &7 (B.4)

and it can be thus represented in the vector space spanned by the 2! orthonormal states
k) = Hm(a;fn)km |0) with a,,|0) = 0 and the vector k has elements taking only two possible
values, ky,, = 0,1. This basis (often called spin-basis) yields a standard representation of
the Clifford algebra, i.e. of the Dirac gamma matrices.

An alternative overcomplete basis is given by the coherent states that are eigenstates

of creation or annihilation operators
al,em m m m
) =e™<"10) = a™|g) =£™1E) = [6)¢ (B.5)
(@l = ™" = (alaf, = (Alin = Tn (7] - (B.6)

Below we list some of the useful properties satisfied by these states. Using the Baker-
Campbell-Hausdorff formula eXe¥ = e¥ eXelXY] valid if [X,Y] = c-number, one finds

(i[¢) = €™ (B.7)
that in turn implies
(7™ €) = €™ (al€) = 5l (B.5)
(7lal,|€) = T (7€) (B.9)
so that {52-,7,} = 6;". Defining
dij=di---dijy ,  dé =det-- - de (B.10)
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so that didé = dijdé dijad€? - - - dijydé', one finds the following relations
/ dijdé e”T¢ =1 (B.11)
[ dnds 7€ yn| = 1 (B.12)

where 1 is the identity in the Fock space. One can also define a fermionic delta function
with respect to the measure (B.10) by

= X) = (0= A (' = X = [ dg A, (B.13)

Finally, the trace of an arbitrary operator can be written as

T A= [ dndg e (-nlalg) = [ dedn 7 (alAlg). (B.14)

As a check one may compute the trace of the identity
Trl = / dédi €76 (7€) = / dedi e¥1¢ =2t (B.15)

C Noether theorem

The Noether theorem is a power tool that relates continuous global symmetries to conserved
charged. Let us consider a particle action S[x]: dynamics associated to this action is the
same as that obtained from the action S’[z] that differs from S[x] by a boundary term,
i.e. S'[x] = S[x]. Then, if a continuous transformation of fields 6z = aAx?, parametrized
by a continuous parameter «, yields S[x + aAz] = S'[x], Va'(7), the action is said to
be symmetric upon that transformation. Moreover, taking the parameter to be time-
dependent the variation of the action will be given by

§S = Sz + aAx] — §'[z] = /dT aqQ . (C.1)

The latter in general does not vanish. However it does vanish (Va(7)) on the mass shell of
the particle, i.e. imposing equations of motion. Hence

d

%Q}onfshell =0 (02)

in other words, Q‘on—shell is a conserved quantity. The formal construction that lead
to (C.1) is often called the “Noether trick”.
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