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Why study B physics?
Most Standard Model extensions contain new CP-violating phases and new quark-flavor 
changing interactions, so we expect new-physics effects in the flavor sector

Flavor factories, Tevatron, and LHC have been
pouring  out data to pin down the CKM matrix
elements & CP-violating phase

Current and upcoming experiments will improve
existing measurements and observe some rare
decay processes for the first time
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Comparison with Standard-
Model predictions limited in 
most cases by theoretical 
uncertainties, often from 
hadronic matrix elements
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Why lattice QCD?

To accurately describe weak
interactions involving quarks,
must include effects of
confining quarks into hadrons
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Absorb nonperturbative QCD effects into 
quantities such as decay constants, form 
factors, and bag-parameters that must be 
computed with Lattice QCD

(Experiment) = (known) x (CKM factors) × (Hadronic Matrix Element)
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“Gold-plated” lattice processes

Easiest quantities to compute with controlled systematic errors and high precision 
have only hadron in initial state and at most one hadron in final state, where the 
hadrons are stable under QCD (or narrow and far from threshold)

Includes π, K, D, Ds, B, Bs masses, decay constants, semileptonic and rare decay form 
factors, and neutral meson mixing parameters

Enable determinations
of all CKM matrix
elements except |Vtb|

Excludes ρ, K* mesons and other resonances, fully hadronic decays such as K→ππ and 
B→DK, and long-distance dominated quantities such as D0-mixing

4

�

⇧⇧⇧⇧⇧⇧⇧⇧⇧⇧⇤

Vud Vus Vub

⇥ � ⌃� K � ⌃� B � ⌃�
K � ⇥⌃� B � ⇥⌃�

Vcd Vcs Vcb

D � ⌃� Ds � ⌃� B � D⌃�
D � ⇥⌃� D � K⌃� B � D�⌃�

Vtd Vts Vtb

⇥Bd|B̄d⇤ ⇥Bs|B̄s⇤

⇥

⌃⌃⌃⌃⌃⌃⌃⌃⌃⌃⌅



R. Van de Water CKM 2012: Recent lattice-QCD results for |Vub|

Typical systematics in lattice calculations

(1) Monte carlo statistics & fitting

(2) Tuning lattice spacing and quark masses

Require that lattice results for a few quantities (e.g. mπ, mK, mDs, mBs, fπ) agree with 
experiment

(3) Matching lattice gauge theory to continuum QCD

Use fixed-order lattice perturbation theory, step-scaling, or other partly- or
fully-nonperturbative methods

(4) Chiral extrapolation to physical up, down quark masses

(5) Continuum extrapolation

Simulate at a sequence of quark masses & lattice spacings and extrapolate to
mlat → mphys & a→0 using functional forms derived in chiral perturbation theory

Verify understanding and control of systematic uncertainties in lattice calculations by 
comparing results for known quantities with experiment 
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nf=2+1 sea quarks

Major breakthrough for lattice QCD

Realistic QCD calculations that include
the effects of the dynamical u, d, & s
quarks in the vacuum

Lattice QCD simulations now regularly 
include nf=2+1 sea quarks

6

[HPQCD, MILC, & Fermilab Lattice Collaborations
Phys.Rev.Lett.92:022001,2004]

Before After

valence
quarks

sea quark-
antiquark

pair
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In this talk I only 
present results for 

2+1 flavors 
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Determining |Vub|

Can be obtained from B-meson decays to exclusive final states, e.g.:

|Vub| extractions that rely on different experimental measurements and theoretical inputs 
provide valuable consistency checks
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Lattice actions and parameters

Most advanced “2+1” flavor calculations by Fermilab/MILC and HPQCD both use the 
publicly available MILC gauge configurations, but different heavy-quark formulations

Multiple lattice spacings and light pion masses enable control of systematic errors

Because of the intermediate charm-quark mass (ΛQCD < mc < a-1), can treat charm with 
“light quark” or “heavy quark” actions

Additional independent calculations with different lattice fermion actions in 
progress by ALPHA, ETMC, RBC/UKQCD, ...
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** For dynamical staggered simulations, the RMS sea pion mass is given.
       For staggered valence quarks, the lightest Goldstone pion mass is given.

**
light-quark b-quark mmin

⇡ (MeV)
Collaboration action action a (fm) sea/val.
Fermilab/MILC Asqtad staggered “Fermilab” Clover 0.06–0.15 330/250
HPQCD Asqtad staggered HISQ staggered/NRQCD 0.045–0.12 340/270
RBC/UKQCD domain-wall static b 0.11 430/430
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Test lattice-QCD calculations for b-quarks with analogous calculations in the charm sector 
using same actions and analysis methods

Indicate that lattice-QCD calculations with heavy quarks are reliable with controlled systematic 
errors
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Experimental validation
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* Experimental values for fD and fDs use |Vcd|
and |Vcs| from CKM unitarity
[Rosner & Stone, arXiv:1201.2401 for PDG]

In this paper, we discuss three topics: the normalization and q2-dependence of the D ! Kl!
form factor; the decay constants of the D+ and Ds mesons; and the mass of the Bc meson. Each
of these lattice-QCD calculations was subsequently confirmed by experimental measurements,
satisfying a long-standing demand of experimental physicists [6]. The quantities discussed here
were ideal candidates: they are straightforward to compute; they test the controversial aspects
in complementary ways; and the first “good” experimental measurements were expected on the
same time scale. The success of the predictions is extremely encouraging. In particular, the
calculations for D mesons are, in lattice QCD, similar to those for B mesons, whose b quarks
are considered likely to exhibit new, non-Standard interactions.

2. Semileptonic D Decays
Semileptonic decays such as D ! Kl! proceed as follows. A quark (in this case, a charmed
quark) emits a virtual W boson, thereby turning into a quark of a di!erent flavor (in this case,
a strange quark). The W immediately disintegrates into a lepton-neutrino (l!) pair. The rate
depends on q2, which is the invariant-mass-squared of l!. Some of the q2 dependence stems from
QCD through a function called a form factor (in this case, denoted f+(q2)). The momentum
transfer q2 falls in the range 0 " q2 " q2

max = (mD#mK)2. In lattice QCD, discretization e!ects
are smallest when the spatial momentum p of the kaon is small, which puts q2 close to q2

max.
Experiments usually measure the branching fraction and quote the normalization f+(0),

after making assumptions about the q2 dependence. While our results were still preliminary [7],
experimental results came out for the normalization of D ! Kl! [8] and D ! "l! [9]. The
agreement with our final results [10] is excellent. For example, we find fD!K

+ (0) = 0.73(3)(7) [10]
while the BES Collaboration measures fD!K

+ (0) = 0.78(5) [8].
In principle, the shape of the form factors can be computed directly in lattice QCD. In

practice, we calculated at a few values of p and used a fit to the Ansatz of Bećirević-Kaidalov
(BK) [11] to fix the q2 dependence. It was important, therefore, to measure the q2 dependence
experimentally. In photoproduction of charm o! fixed nuclear targets, the FOCUS Collaboration
was able to collect high enough statistics to trace out the q2 distribution of the decay [12].
This setup does not yield an absolutely normalized branching ratio, so one is left to compare
f+(q2)/f+(0).

In Fig. 1(a) we plot our result for f+(q2)/f+(0) vs. q2/m2
D!

s
. The errors from f+(0) must

be propagated to non-zero q2, so for f+(q2)/f+(0) the errors grow with q2. Figure 1 shows 1-#
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Figure 1. Form factor for D ! Kl! vs. q2/m2
D!

s
: (a) shape f+(q2)/f+(0) compared with

FOCUS [12]; (b) shape and normalization f+(q2) compared with Belle [14].
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Leptonic B→τν decay

|Vub| can be obtained from experimental measurement of BR(B→τν) given calculation of 
the leptonic decay constant fB:

Caveat: B→τν sensitive to
contributions from charged Higgs
in SUSY 2HDM or other
non-Standard Model particles

Conversely, B→τν a promising
new-physics search channel provided
lattice-QCD calculation of fB and
an independent determination of |Vub|
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New results for fB and fBs

Several new lattice-QCD results and ongoing calculations of B-meson decay constants

First published results for fB and fBs from Fermilab Lattice and MILC with Fermilab
b-quark action [Phys.Rev. D85 (2012) 114506]

Finalized work presented at conferences with increased statistics, better b-quark 
mass tuning, and more sophisticated analysis of heavy-quark discretization errors

New results from HPQCD
with NRQCD b-quarks
[Phys. Rev. D 86 (2012) 034506]

Improved upon earlier work by
Asqtad → HISQ valence quarks,
including more chiral ensemble, and
better tuning of quark masses
and lattice scale

12

HPQCD
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New approach: fBs with HISQ valence quarks

HPQCD also using highly-improved staggered (HISQ) action for b quarks

Same formulation as in D(s)-meson decay constant and form-factor calculations  

Can simulate at masses close to the physical b-quark (~0.85mb) on the finest 
available MILC lattices with a~0.045 fm

Requires mass extrapolation up to
physical b-quark

Obtain very precise fBs because

No valence-quark chiral extrapolation

No operator matching needed for HISQ

Check method by calculating the mass
difference mBs-mηb/2 to ~2%

Also combine result with determination of ratio fB/fBs using NRQCD b-quarks to obtain
more precise value for fB

13

[Phys.Rev. D85 (2012) 031503]
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[O. Witzel for RBC/UKQCD]

In progress: fB(s) with domain-wall light quarks

RBC and UKQCD Collaborations have begun lattice B-physics program using domain-
wall light quarks and relativistic b-quarks [arXiv:1206.2554]

Relativistic heavy-quark method extends Fermilab approach by tuning all parameters 
of the lattice b-quark action nonperturbatively

Recently completed numerical
simulations for fB(s) on five sea-quark
ensembles at two lattice spacings
a~0.11 and a~0.08 fm

Once analysis is complete, expect to
obtain competitive uncertainties to
existing calculations

Will provide independent crosscheck
of HPQCD and Fermilab/MILC,
who both use same gauge configurations

14
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Combining (2+1)-flavor lattice average for fB with either BaBar [arXiv:1207.0698] or 
Belle [BELLE-CONF-1201, arXiv:1208.4678] hadronic plus semileptonic tagging 
combinations leads to the following determination(s) of |Vub|:

Decay-constant averages

15

∼2% error in fBs∼2.5% error in fB

Differ by ~1.5σ assuming 
expt. error uncorrelated}|Vub|BaBar = (5.3 ± 0.7)⇥ 10�3

|Vub|Belle = (3.9 ± 0.5)⇥ 10�3
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Semileptonic B→πlν decay

Experimental measurement of B → πlν differential decay rate also allows the 
determination of |Vub| given a calculation of the hadronic form factor:

Error in exclusive |Vub| currently limited by hadronic form-factor uncertainty

No new lattice-QCD form factor calculations since 2008, but several begun/
revived in the past year 
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Published results for B→πlν form factor

2009 result from Fermilab/MILC [Phys.Rev. D79 (2009) 054507] using Fermilab b-
quarks still most precise published lattice-QCD calculation of the B → πlν form factor 

Analysis includes numerical data at several sea-quark masses and two lattice spacings to 
control extrapolation to physical light-quark masses and continuum

Minimum q2 value ≈18 GeV2

limited by range of validity of
chiral perturbation theory and
large statistical errors when
pion energy becomes large

Shape and normalization consistent
with single lattice-spacing result
from HPQCD
[Phys.Rev.D73:074502,2006,
Erratum-ibid.D75:119906,2007]
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Works-in-progress

Chris Bouchard improving upon 2006 HPQCD calculation using NRQCD b-quarks with:

Asqtad → HISQ valence quarks
with random wall sources to
reduce statistical errors

More sophisticated 2-point and
3-point correlator fits

Better tuning of quark masses
and lattice scale

Aims to halve previous form-factor errors

Updated Fermilab/MILC analysis underway by Daping Du using same b and light-
quark actions as in publication with quadrupled statistics, lighter pions, and finer lattice 
spacings

New RBC/UKQCD form-factor calculation using domain-wall light quarks begun by 
Taichi Kawanai
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Few percent determination of exclusive |Vub| challenging because errors in 
experimental branching fraction smallest at low momentum-transfer (q2), whereas errors 
in lattice form factor determination smallest at high q2

➡ To obtain best possible |Vub| must extend lattice-QCD numerical form-factor data 
to full kinematic range including accurate estimate of uncertainty due to q2 
extrapolation

➡ Use general properties of analyticity, unitarity, and crossing-symmetry to 
constrain the shape [Bourrely et. al. (1981); Boyd, Grinstein, & Lebed 
(1996)...]

Determination of |Vub|

19
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Change variable q2 to a new variable “z” that maps momentum-transfers below the Bπ 
production threshold onto z=[-1,1]

In terms of z, semileptonic form factors have simple form:

Two choices for 𝜙 are from OPE “BGL” [Boyd, Grinstein, Lebed ,NPB461 (1996) 

493-511] and 𝜙=1 “BCL” [Bourrely, Caprini, Lellouch,PRD79 (2009) 013008, Erratum-
ibid. D82 (2010) 099902]

Unitarity constrains
size of coefficients:

20

Constraint holds
 for any value of N

N�

k=0

a2
k � 1

“Arbitrary” analytic function -- choice 
only affects particular values of 

coefficients (ak’s)

Accounts for
 subthreshold 
(e.g. B*) poles

P (t) !(t, t0) f(t) =
!!

k=0

ak(t0)z(t, t0)
k

Series expansion of B→πlν form factor
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Advantage of series parameterization

21

Small range of |z| + bound on series coefficients ⟹
only need small number of parameters to obtain form factor to high precision

Data described by normalization and slope, and constrains size of possible curvature

Series parameterization is model-independent and systematically improvable
Can quantify agreement between lattice and experiment using coefficients

As data gets more precise can add more terms in z
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Fit method

Minimize error in exclusive |Vub| by fitting lattice-QCD and experimental data together 
to series expansion leaving relative normalization factor (|Vub|) as a free parameter
[c.f. Arnesen et. al. Phys. Rev. Lett. 95, 071802 (2005),
FNAL/MILC, Phys.Rev. D79 (2009) 054507]

Approach used by BABAR, Belle,
and HFAG for PDG 2012 (shown)

Simultaneous fit of experimental
branching ratio(s) with FNAL/MILC
form factor including correlations

Obtain |Vub| with ~9% uncertainty,
but note poor p-value

➡ Due to inconsistency of
experimental measurements?
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Outlook for exclusive |Vub|
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Comparison of |Vub| determinations

Persistent ~3σ tension between inclusive and exclusive |Vub| is long-standing puzzle

➡ Suggests underestimated uncertainties?

Picture further clouded by 
inconsistent experimental 
measurements of BR(B→τν)

BR(B→τν) will be measured to 
greater precision at Belle II 
and super-B

Eventually |Vub| can be 
obtained from other exclusive 
decay channels such as 
Bs→Kµν

24
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|Vub| x 103

Exclusive B->/li: FNAL/MILC ’08 + HFAG ’12

SM Prediction [Laiho, Lunghi, RV, arXiv:1204.0791]

Inclusive: BLNP

B->oi: BaBar ’12

B->oi: Belle ’12
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Plans to improve lattice calculations

(1) Increased computing power will reduce most sources of uncertainty through:

Higher statistics

Physical light-quark masses that eliminate the chiral extrapolation

Finer lattice spacings

Better light-quark and b-quark actions with smaller discretization errors and absolute 
operator renormalization

(2) Will begin to study other semileptonic decays such as:

Bs → Klν (easy on the lattice but not-yet-measured experimentally)

B → ρlν (hard on the lattice because the ρ is unstable)

(3) Sub-percent precision will require including previously neglected effects such as:

Isospin breaking in sea sector 

Electromagnetic corrections 

Dynamical charm quark

25



R. Van de Water CKM 2012: Recent lattice-QCD results for |Vub|

Plans to improve lattice calculations

(1) Increased computing power will reduce most sources of uncertainty through:

Higher statistics

Physical light-quark masses that eliminate the chiral extrapolation

Finer lattice spacings

Better light-quark and b-quark actions with smaller discretization errors and absolute 
operator renormalization

(2) Will begin to study other semileptonic decays such as:

Bs → Klν (easy on the lattice but not-yet-measured experimentally)

B → ρlν (hard on the lattice because the ρ is unstable)

(3) Sub-percent precision will require including previously neglected effects such as:

Isospin breaking in sea sector 

Electromagnetic corrections 

Dynamical charm quark

25

All items in progress
except B → ρlν...
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Summary

Lattice QCD can reliably compute nonperturbative matrix elements needed to 
extract CKM matrix and test the Standard Model in the quark-flavor sector

Determinations of |Vub| from exclusive final states need hadronic matrix elements

New results for B(s)-meson leptonic decay constants published this year

Improvements to established decay constant and B → πlν form factor calculations
are ongoing

B-physics calculations also underway by new collaborations and with new lattice 
fermion actions

Will provide independent checks and more precise determinations of hadronic matrix 
elements in the next few years

Lattice-QCD calculations essential to maximize impact of LHCb and (super)-B factories

With improved experimental and theoretical precision, measurements in the 
quark-flavor sector can be a powerful diagnostic tool to reveal the 
underlying nature of new physics discovered at the LHC or elsewhere

26
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Advertisement: latticeaverages.org and FLAG-2

Because there are now reliable and independent lattice-QCD results for an increasing 
number of quantities relevant to flavor physics, need averages

(1) Laiho, Lunghi, Van de Water

Phys.Rev. D81 (2010) 034503, www.latticeaverages.org

Light-quark and heavy-quark quantities + unitary-triangle fits with LQCD inputs

(2) Flavianet Lattice Averaging Group (FLAG-1)

Members from EU [Eur.Phys.J. C71 (2011) 1695, http://itpwiki.unibe.ch/flag/ ]

Light-quark quantities only

Flavor Lattice Averaging Group (FLAG-2)

Members from all big US, EU, and Japanese lattice-QCD collaborations

Light-quark and heavy-quark quantities

Expect first review at end of 2012
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fD and fDs

fD and fDs can be
used to obtain
|Vcd| and |Vcs| via:

Currently only two 2+1 flavor lattice-QCD results for fD and fDs

HPQCD Collaboration results more precise because they use the highly-improved 
staggered quark (HISQ) action for the u,d,s, and c quarks

Small discretization errors; axial current does not get renormalized

29
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LQCD LQCDExpt. Expt. Conversely, can use |Vcd| and |Vcs| from 
CKM unitarity to obtain “experimental” 
values for fD and fDs

[Rosner & Stone, arXiv:1201.2401] 

➡ Lattice-QCD and experimental 
determinations agree within 2σ



R. Van de Water CKM 2012: Recent lattice-QCD results for |Vub|
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Sum Rules (2009)
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4 % error

Belle (2006)

HPQCD (2011)

Other theory
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Lattice QCD

HPQCD Collaboration developed a new method for obtaining the form factor at zero 
momentum transfer (q2=0) [Na et al., PRD 82 (2010) 114506, PRD 84 (2011) 114505]

Compute scalar form factor f0(q2)
and exploit kinematic identity
f+(0) = f0(0)

Matrix element of scalar current
does not get renormalized

Use highly-improved staggered
quark (HISQ) action for u,d,s,
and c quarks

Reduced lattice-QCD errors significantly:

New result: D→πlυ & D→Klυ form factors
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fD��
+ (0) = 0.666(20)stat.(21)sys. fD�K

+ (0) = 0.747(11)stat.(15)sys.
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D→πlυ and D→Klυ form factors factors can be combined with experimentally-
measured branching fractions to obtain |Vcd| and |Vcs| in the Standard Model

Results enable percent-level test of
unitarity of 2nd row of the CKM matrix:

|Vcd|, |Vcs|, and 2nd row unitarity
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0.1 0.15 0.2 0.25
|Vcd|

(Fermilab/MILC 2005)

PDG 2010: Neutrino exp.

HPQCD 2011

PDG 2010: Semileptonic decay

|Vcd| = 0.225 (6)exp.(10)lat.

PDG 2010: Unitarity

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1
|Vcs|

HPQCD (2010)
|Vcs| = 0.961 (11)(24)

PDG 2010: direct estimation
Semi-leptonic decay: |Vcs| = 0.98 (1)(10)

Leptonic decay: |Vcs| = 1.030 (38)

PDG 2010: CKM Unitarity

Average: |Vcs| = 1.023 (36)

|Vcs| = 0.97345 (16)

|Vcd|2 + |Vcs|2 + |Vcb|2 = 0.976(50)

d�(D � K(⇥)⌃�)
dq2

=
G2

F

24⇥3
|⌦pK(�)|3|Vcs(d)|2|fD�K(�)

+ (q2)|2


